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PEEFACE. 



In preparing this Key two objects have been kept in 
view. It is intended first to save the time and lighten the 
work of teachers, and secondly to remove the diflBculties of 
private students, leaving however suflScient demands upon 
their thought and intelligence to make the solutions in 
themselves a useful geometrical exercise. The Examples 
therefore have not in the majority of cases been worked 
out in detail, and the drawing of figures has been left 
to the reader. 

The absence of figures may possibly give rise to some 
little difficulty in Examples which admit of a variety of 
cases, especially those in Book iii. depending on angles in 
the same segment or on intersecting circles. It would of 
course be impossible within reasonable limits of space to 
deal separately with all the cases that may arise in every 
Example of this kind : we have therefore selected that case 
which we think would most naturally occur to a student 
in trying the problem for himself; and, when necessary, we 
have given some indication of the particular figure to which 
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the proof refers. Other cases the student may easily, if 
he chooses, investigate for himself; the modifications which 
he ¥dll most frequently have to make will be the use of 
subtraction instead of addition of lines or angles, and the 
application of ill. 22 instead of its kindred proposition 
III. 21. 

As beginners are sometimes at a loss to know the form 
in which they may present the solution of an elementary 
geometrical question, the exercises occurring on pages 17 — 
17 B have been worked out fully and placed in an Intro- 
duction. 

The Key is arranged for use with the Edition of our 
Euclid bearing the date 1892. For the convenience of those 
who use an earlier Edition, we here give a list of the few 
alterations which on careful revision we have thought well 
to make in the Examples of the book. 

On Page 148 (Euclid), Ex. 40, read, "Produce a given 
straight line so that the rectangle contained by the whole line 
thus produced and the part produced, may be equal to the square 
on cmother given line" 

Page 148, Ex. 41. Bead, "Produce a given straight line 
so that the rectangle contained by the whole line thus produced 
and the given line shall be equal to the sqiiare on the part pro- 
duced" 

Page 217, Ex. 10. Head, "In any triangle, if a circle is 
described from the middle point of one side as centre and with a 
radius equal to half the sum of the other two sides, it will touch 
the circles described on these sides as diameters." 

Page 235, Ex. 18. Add, "and F, B, C, G are concyclic." 
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Page 247, Ex. 7. Bead, "P and Q" instead of "A and B." 

Page 249. Interchange the order of Examples 31 and 32. 

Page 258, Ex. 20. Bead, ''Three circles" instead of "Two 
circles." 

Page 268. Ex. 14 is removed; Ex. 15 becomes Ex. 14. 

Page 277. The letters E, E, are interchanged with F, Fj in 
the figure and in Ex. 1. 

Page 280. In place of Ex. 27 reculy "Given a vertex, the 
centre of the circumscribed circle, and the centre of the inscribed 
circle, construct the triangle." 

Page 283. Exx. 38 and 39 are removed to page 382, where 
they take the place of Exx. 59 and 60. 

For Ex. 38 read, " Given the base and vertical angle of a 
triangle, shew that one angle and one side of the pedal triangle 
are constant." 

For Ex. 39 read, " Given the base and vertical angle of a 
triangle, find the locus of the centre of the circle which passes 
through the three escribed centres.*' 

Page 284. In place of Ex. 13 read, "Given the orthocentre, 
the centre of the nine-points-circle, and the middle point of the 
base, construct the triangle." 

H. S. HALL. 
F. H. STEVENS. 

October, 1892. 
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SOLUTIONS TO EXERCISES ON PAGES 17— 17 b. 

Page 17. 

1. From centre C with rad. L describe a cutting AB in 
E, F. 

Then CE = CF [Def. 11.] 

Thus E and F are the required pts. 

The pts. can only be found provided the given length L is 
such that the circle meets AB. 

2. Join CA; from centre C, with rad. equal to CA, describe 
a cutting PQ in B. 

Then CA = CB, [Def. 11.] 

.'. ACAB is isosceles. 

The will generally cut PQ in another pt. D, so that CAD is 
a second triangle satisfying the given conditions. 

3. Join AC, and let L be the given length of each side. 

From centre C, with rad. L, draw the EBD. 

From centre A, with rad. L, draw the 0FBD, cutting the 
former in B, D. 

Then ABCD shall be the required rhombus. 

For by constr. and Def. 11, each of the sides AB, BC, CD, DA 
is equal to L. 

4. From centre A, with rad. AN draw NCL. 

From centre B, with rad. BM draw MCK, cutting the 
former in C. Join AC, BC. 

Then AC = AN, [Def. 11.] 

and BC = BM. [Def. 11.] 

.-. ACB is the required triangle. 
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5. Join AC ; and on AC describe an equil. A DAC. 

From centre C, with rad. CB, describe OBQH, cutting CD in 
Q. 

From centre D, with rad. DG, describe OQFK, cutting AD at F. 

Then AF shall be equal to BC. 

Because C is the centre of BQH, 

/. CB = CG. 

And because D is the centre of OGFK, 

.'. DF = DQ; 

and DA, DC are equal; [Def. 19.] 

.'. the remainder AF = the remainder CG. 

And it has been shewn that CG = CB. 

.'. AF = CB. 

Page 17 A. 

1. (i) Because O is the centre of the larger O , 

.-. CD = OE. 
Because O is the centre of the smaller 0, 

.*. OA = OB. 
.*. the remainder AD = the remainder BE. 

(ii) In the A» ODB, OEA, 

OB = OA, and OD = OE, [Del 11.] 

and the cont^. z. at A is common to the two A*; 

.'. DB = AE [l. 4.] 

and the A ^ are equal in all respects. 

(iii) Because GAB is an isosceles A , 

.'. L DAB = L EBA. [l. 5.] 

(iv) The A* ODB, OEA are equal in all respects, [proved in 

.•. ^ ODB = i. OEA. 
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2. (i) In the A" BLM, CMN, 

LB = MC, and BM = CN, [Def. 28, Ax. 7.] 
and L LBM = L MCN, being rt. /. ■; 

.-. LM = MN. [i. 4.] 

(ii) In the A» ABM, DCM, 

AB = DC, and BM = MC, 
and Z.ABM = z.DCM; 

.-. AM = DM. [l. 4.] 

The other two cases follow in a similar manner by i. 4. 

(iii) from the equal A' AND, AMB. 

(iv) from the equal A* BNC, DMC. 

Page 17 B. 

3. In the A" GAM, OBM, 

DA = OB, being radii of a 0, 
CM 16 common to the two A", 
• and L ACM = L BOM ; [Hyp.] 

.-. AM = BM. [l. 4.] 

4. The z. ABC = the Z.ACB, 

and the l DBC = the l DCB; [i. 5.] 

/. the whole l ABD = the whole l ACD. 

5. In the A » ABD, ACD, 

AB = AC, and BD = DC, [l. 5.] 

aad L ABD = l ACD [Ex. 4.^ 

.'. the A" ABD, ACD are equal in all respects, [i. 4.' 
so that u BAD = L CAD, 

and ^BDA = Z.CDA. 

6. Because A PQR is isosceles, 

.'. L PQR = L PRQ ; [i. 5.] 

and because A 8QR is isosceles, 

.'. L SQR = L SRa 

.•. L PQS = L PRS. [Ax. 3.] 
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Again, in the A* PQS, PRS, 

PQ = PR, and Q8 = SR, 
and the cont^. L PQS = the cont<*. z. PRS; 

.*. A PQS = A PRS in all respects [i. 4.] 

so that z_QPS = z.RPS. 

7. In the A» BAE, CAE, 

BA = AC and AE is common to both ; 
also L BAE = L CAE, [Ex. 5." 

.-. BE = EC. [i. 4.' 

8. Because DA = DC, [Def. 29.] 

.'. L DAC = L DCA. 

Similarly, L BAC = L. BCA, 

.*. ^DAB = Z-DCB. 

9. In the A» BCD, ADC, 

BC = AD, and DC is common to both, 
and L BCD = l ADC; 

.-. BD=AC. [l. 4.] 

10. In the A « BLM, CNM, 

BL = CN, and BM = MC, 
and L LBM = L NCM, [l 5.] 

/. LM=MN. [i. 4.] 

Join LM. 
Then each of the A' ALN, LMN is isosceles, 

.*. Z.ALN = z.ANL, 
and Z. MLN = iL MNL, [l. 5.] 

.*. Z.ALM = z.ANM 
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BOOK I. 

Page 13. 

1. Let AB be the given line, X the line to which the sides 
re to be equal. From centre A with rad. X draw O FCD. From 
^ntre B with rad. X draw 0GCE cutting the former in C. 
oin CA, CB. Then CAB is the A, for by constr. and def. 11 
sbch of the sides CA, CB = X. 

2. Let AB be the given line ; produce AB to D making BD 
qual to AB, and produce BA to E making AE equal to AB. From 
Bntre A with rad. AD draw O DCF ; from centre B with rad. BE 
raw 0ECQ. Join AC, BC. Then ACB is the A. 

3. Since DBA is equilat., BD = BA. If BA = BC, then BD = BC, 
rhich is the rad. of 0CGH. Thus D lies on its O^, 

[For solutions to the Exercises on Pages 17 — 17b see Introduction.] 

Page 23. 

1. The point F would fall in one of the following ways : 

(1) above DE and below A, in which case the proof would 

still hold, 

(2) on the pt. A, in which case the constr. fails, 

(3) above the pt. A, in which case the constr. fails because 

the line AF does fiot fall within the given angle. 

2. The A* DAF, EAF are equal in all respects [i. 8, Cor.]. 
H. K. E. i^ 1 
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Page 2L 

1. With fig, of Prop. 10, CA=CB, CD ia common, and 
i.ACD= ^BCD. 

/. A*ACD, BCD are equal in all respects [i. 4], 

2. Bisect the given st. line, and with the half line for the 
equal sides describe an isosc. A as in Ex. 1, page 13. 

Page 25. 

3. Take a pt. X on CF, or CF produced. Then DC = CE, CX 
is common, and L OCX = L ECX, being rt. L ". .*, DX = EX. 

Page 27. 

1. Let A be the vertex and BC the base bisected at D. Then 
BD = DC, AD is common, and AB = AC. .'. L BDA= L CDA [l. 8]. 

2. -Let X, Y be the middle pts. of the equal sides AC, AB. 
Then in A»BXC, CYB the sides XC, CB are equal to YB, BC 
respectively, and the contained l ^ are equal ; .'. BX = CY. 

3. Let BD = CE in BC the base of isosc. A ABC. Then 
A^ ABD, ACE are equal in all respects [i. 4]. 

4. Let BD be a diagonal of a quadril. which has AB = DC, 
BC = DA. Then A" ABD, BCD have their sides respectively equal; 
.'. z. DAB = ^ DCB. Similarly for the other pair of angles. 

5. Here ^YAB= Z.YBA; and Z.XAB= Z.XBA; 

.'. ^XAY= Z.XBY. 
Join XY, then it easily follows that A XAY = AXBY in all respects. 

6. ABC D is a rhombus and BD a diagonal. Then A^ABD, i 
CBD are equal in all respects [i. 8]. 

7. Let BX, CY bisect z." ABC, ACB of isosc. A ABC, and let 
them meet in O. Then l ^ OBC, OCB being halves of equal angles 
are themselves equal; .'. OBC is isosceles [i. 6]. 

8. Here BA, AC = CA, AG respectively, and BO = OC. [Ex. 7.] 
.'. lBAO= lCAO. 
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9. Let D, E, F be middle pts. of BC, CA, AB respectively; 
len in A» AFE, BFD, AF = BF, AE = BD, and L FAE= l FBD. 

/. FE = FD. Similarly DE = FE = FD. 

10. In A' CBF, BCE, CF = BE by constr., BC is common, and 
.FCB= ilEBC, /. BF=CE. 

11. ABCD the rhombus has diags. BD, CA meeting at X. 
"hen AB = BC, BX is common and L ABX = L CBX [Ex. 6]. 
. A^ ABX, CBX are equal in all respects [i. 4]. 

12. In A* BAY, CAX, z. at A is common and BA, AY = CA, 
X. /. A' are equal in all respects; .'. z.ABY= z-ACY. But 
_ABC= ^ACB; /. Z-OBC= ^lOCB; that is, BOC is isosceles. 
Lgain AB = AC and AG is common, and BO = DC ; 

.*. L BAG = L GAG. 

Let AG meet BC in Z. Then BA, AZ = CA, AZ, and 
. BAZ = L. GAZ ; .'. A^ BAZ, GAZ are equal in all respects. 

13. AB the base, P the length of perp. Bisect AB in C. 
)raw CX perp. to AB and equal to P. Join AX, BX. Then 
\" ACX, BCX are equal in all respects; .'. AX = BX. 

14. A, B the given pts., XY the given line. Join AB, and 
»isect it in C. Draw GP perp. to AB meeting XY in P. Then 
^■ACP, BCP are equal in all respects; .*. AP=BP. The.con- 
truction fails when GP is par^, to XY ; this will be the case when 
^B is perp. to XY, as will be seen later. 

Page 29. 

1. In A ABC let BG be produced both ways to X and Y. 
rhen L ' ABC, ACB are supplementary to equal angles, and are 
-heref ore equal 

2. In the ^g. the z-^XGB, YGB together make up half the 
^ » AOB, BGC ; that is, half of 2 rt. l ». 

3. Since XGY is a rt. z. , and AGB, BGC together = 2 rt. Z- *; 
;. AGX and CGY = a rt. z. . 

4. The L CGX is supplementary to l AGX, and 

L AGX = L BGX. 

The second case is similar. 
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Page 30. 



By Ex. 6, p. 27, u BAO = l DAO. .'. A» BAO, DAO are equal 
in all respects [i. 4]; .*. z-DOA= Z.AOB. Again, the A*AOB, 
COB are equal in all respects [i. 8]; .'. z. AOB = ^ COB = a rt. l» 

.'. L * DOA, AOB are together equal to 2 rt, l *. 

.*. OB and OD are in one st. line. 

Page 33. 

1. If any two st. lines would meet at a pt. A if produced, 
and are cut by another st. line BC, the interior angles on the 
same side, viz. l ^ ABC, ACB are together less than 2 rt. l ^, 

2. In the fig. to the Prop, let CB be produced to E. Then 
the L^ DCA, ACB, CBA, ABE together = 4 rt. z.« [i. 13]. Of 
these, L ' ABC, ACB are less than 2 rt. u *; .'. l ^ ACD, ABE are 
together greater than 2 rt. l^, 

3. Join A to X in BC; then z. AXC is greater than z. ABC, 
and Z-^XB is greater than z. ACB. .'. z.* ABC, ACB are together 
less than z. ^ AXC, AXB ; that is, less than 2 rt. z. ^ [i. 13]. 

Page 38. 

1. A A must have two acute z. * [i. 17]. .'. the rt. ^ is the 
greatest z. , and has the greatest side opposite to it. 

2. Let ABC be a A having z_ABC= Z.ACB. Then AB can- 
not be > AC, for then the l ACB would be > the z. ABC. Similarly 
AB cannot be < AC. 

3. Here the z. ACB > the z. ADC [i. 16]; .*. the l ABC 
> the z. ADC; :, in AABD, AD > AB. 

4. Let ABCD be the quadril. having AB the least and CD the 
greatest side. Join BD. Then the z. ABD > the z. ADB because 
AD > AB ; and the L CBD > the z. CDB, because DC > BC. That 
is, the whole z. ABC > the whole L ADC. 

The other case can be proved similarly by joining AC. 

5. Let X be the pt. in base BC ; then the z. AXB > the l ACX, 
and z. ACX is not less than z_ ABC; .*. the Z.AXB >the z. ABX; 
that is, AB > AX. 
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6. Here the L OCB > the l OBC ; .'. OB > OC. 

7. BC is less than BA and AC together ; take AG from both, 
then difT. of BC and AC is less than BA. 

8. Let A BCD be a quadriL whose sides BA, CD meet in O. 
Then AG and CD are together > AD. .'. the sum of OA, AB, BC, 
CD, CD > the sum of AD, AB, BC, CD. 

That is, perim, of A OBC > perim. of quadriL 

9. Let O be the pt. ; then AO + OB > AB ; OB + OC > BC ; 
OC + OA > CA. 

Hence twice the sum of OA, OB, 00 > the sum of AB, BC, CA. 

10. Let ABCD be the quadriL; BD, AC its diags.; then 

AB+BC>AC; AD + DC > AC. 
Hence perim. > twice diag. AC. Similarly perim. > twice diag. BD. 
That is, twice perim. > twice sum of diagonals. 

11. Let the bisector of A meet BC in X ; then l AXC is 
greater than XAB, that is, than l XAC ; .'. AC > CX. Similarly 
AB > BX. .'. AB + AC > BX + XC. 

12. Produce AD to X. Then l BDX is greater than l BAD, 
and ^ CDX is greater than l CAD. .'. z. BDC is greater than 
BAC. 

13. Let O be the pt. ; then by i. 21, 

OA + OB < CA + CB, 

OB + OC < AB-4-AC, 

OC + OA < BC+ BA; 

,'. by addition, twice the sum of OA, OB, OC < twice the sum of 
AB, BC, CA. 

Page 40. 

See fig. to Prop. 22. Let FG be the given base. Then with 
centres F and Q draw O" with radii equal to the two given st. 
lines ; let these meet at K. Then KFG ils the required A. 

If FK > FG + GK, then FK > FH, and the circle with centre F 
would fall outside the other circle, and there would be no pt. of 
intersection K. Similarly if GK > GF + FK. If FG > FK + KG the 
two circles would lie wholly outside each other. 
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Page 44. 

Here BX = XC and XA is common to the two A' AXB, AXC; 
.*. z. AXB is greater or less than l AXC according as AB > or < AC 
[i. 25], and the required result follows by i. 13. 

Page 49. 

1. By hypoth. Z.XBC= i.YCB, /.XCB= Z.YBC, and BC is 
common; .'. AXBC= AYBC in all respects [i. 26]. 

2. Let BX, CY be perps. to AC, AB. Then l BXC= l. BYC, 
z-XCB= z_YBC, and BC is common; .'. A* BXC, BYC are equal 

in all respects [i. 26]. 

3. Let O be any pt. on bisector of l BAC; OP, OQ perps. on 
AC, AB ; then A*AOP, ACQ are clearly equal in all respects [i. 26]; 

.'. op = oa 

4. Here angles at O are equal [i. 15] ; l AXC = BYO, being 
rt. z_"; and AO = OB; .'. A" AOX, BOY are equal in all respects 
[i. 26]. 

5. Follows at once from i. 26, since in the two A * we have 
two angles and adjacent side equal. 

6. Let P be the given pt., AB the given st. line. Draw PC 
perp. to AB, and PD, PE on the same side of PC to meet AB in D 
and E. Also let PD be nearer to PC than PE. Then PD>PC 
[i. 19]. 

Again l PEC is acute, and L PDE is obtuse ; .'. PD < PE. In 
the same way it may be shewn that PD is less than any line which 
is more remote from PC. If PF be drawn on the other side of PC 
making l CPF equal to CPD, the A" CPD, CPF are equal in 
all respects [i. 26]. Thus PF = PD. And as before it can be 
shewn that PF is greater than any line nearer to PC, and less than 
any line more remote. 

8. Let the two intersecting lines meet at O forming l POQ. 
Bisect L POQ by OX meeting the other given st. line AB in X. 
From X draw XP, XQ perp. to the given lines. Then XP = XQ by 
I. 26. 

If AB is pari to the bisector of the L POQ, the pt. X cannot be 
found. 



EXERCISES ON BOOK L PAGES 49 — 59. 7 

9. Let O be the given pt. through which the line is to be 
drawn, A, B the other given pts. Join AB and bisect it in C. Join 
OC, and from A and B draw perps. AP, BQ to it. Then A" APC, 
BCQ are equal in all respects [i. 26]. The solution is impossible 
when O is in the same st. line as AB. 



Page 54. 

1. The A" AOC, BOD are equal in all respects [i. 4]. 

.'. L. GAG = L GBD, 
and these are alternate. 

4. Let PG^ QR be par^. to AB, BC respectively. Join BQ and 
produce it to G. Then l PQG = int. opp. l ABQ, and l RQG = int. 
opp. ^GBQ. 

Hence the sum or diff. of z. * PQG, RQG = the sum or diff. of- 
Z- " ABQ, CBQ ; .'. L PQR = L ABC. Similarly for the other angles. 

Page 57. 

1. Let PQ drawn par^. to base BC cut the sides in X and Y. 
Then z." AXP, AYQ are respectively equal to the alt. z." ABC, 
ACB, and these are equal since the A is isosceles. 

2. Let Z- AGB be bisected by GP, and from P draw PQ par^. to 
OB. Then l QPG = alt. l PGB = l POa 

3. Let O be the given pt., AB the given st. line ; at B make 
z. ABX equal to given l . From O draw a line par^. to BX. 

4. Let AD be drawn perp. to BC. Then AD bisects l BAG 
[i. 26], and is also par^. to XYZ. 

.'. L ZYA= Z. BYX = L BAD = L DAG = L YZA. 

5. Let BA be produced to D, and let AX bisect l DAC, and be 
par*, to BC. Then ext. l DAX =int. opp. l ABC, and 

L XAC = alt. L ACB. .'. L ABC = L ACB. 

Page 59. 

1. (i) Let AD be par^. to base BC ; then l BCA = ^ CAD. .'. the 
three z. * of A ABC = z. ^ CBA, BAD, which are equal to 2 rt. l^ 
Ft. 291 
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(ii) Let AX oe drawn to a pt. in base BC ; then 

ext. L AXC = sum of int. l ' XBA, BAX ; 

and ^ AXB = sum of ^ * XAC, ACX. 

Thus the three a " of A are together equal to sum of z. ^ AXB, 
AXC, that is to 2 rt. i. ^ 

2. Let ABC be the A ; produce BC to X and Y ; then 

L XBA= u ■ BAC and BCA ; 
L YCA = L ' CBA, BAC. 

;. the 2 ext. z. * = the three z_ * of A together with l BAC. 

3. Let XP be perp. to AP, and XQ perp. to AQ; also let 
XP, AQ meet at O. Then l AOP = l XOQ [i. 15] ; 

rt. z.APO = rt. ^XQO; 

.'. L PAO = L QXO. [i. 32.] 

4. Let A ABC be rt. angled at C, and let D be the middle pt. 
of the hypot. AB. 

Draw DE, DF perp. to AC, BC, and therefore par*, to BC and 
AC respectively. Then in A" AED, DFB, l ADE = int. l DBF. 

rt. L AED = rt. z. DFB, and AD = DB ; 

.-. DF=AE. [l. 26.] 

Also from the A^ EDC, FDC, it may be shewn that DF = EC 
[i. 26]. 

.'. AE = EC. 

Hence the A* DEA, DEC are identically equal [i. 4]. 

.'. L DAC = L DC A, and hence ii DCB = z. DBC. 

6. Let ABC be the rt. l. On BC describe an equilat. 
A BDC ; bisect L DBC by BE ; then l ABC is trisected by BD, BE 
For z. DBC = two-thirds of a rt. l [i. 32], .'. z.* DBE, EBC are 
each one-third of a rt. z. . 

7. Let the bisectors be BO, CO ; then u BOC = supp*. of 
sum of L ^ OBC, OCB = supp*. of L ABC. 

8. Let A BCD be the quadril. with z. ^ at D and C bisected by 
DO, CO. 

Then twice the sum of z. * DOC, ODC, OCD=4 rt. z_ * = the sum 
of the four angles of the quadril. Hence 2 z. DOC = the simi of 
Z. ' at A and B. 
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Page 61. 

1. (i) The six z. * are together equal to 8 rt. L* [i. 32, Cor. 1], 

/. each L =^rt. z. . 

(ii) The eight l ■ are together equal to 12 rt. ^ ". 

.*. each ^ = ^ rt. z_ . 

2. The interior ^ = ^ rt. z_ ; 

.'. the exterior z_=2rt. ^■-^rt. i.=frt. ^. 

3. Take the fig. on p. 60. Join DA, DB; then the five-sided 
fig. is divided into 3 A". Thus the interior angles are together 
equal to 6 rt. ^ *. .*. the int. l. ■ together with 4rt. /_" = 10rt. 

L K Similarly the corollary may be proved for a hg, of any 
number of sides. 

4. The n angles + 4 rt. z. ■ = 2w rt. ^ ". 
.'. the n angles = (2w - 4) rt. l *, 

.*. each L = right angles. 

5. Take the fig. of page 60. Let AB, DC meet in Q; BC, 
ED in H; CD, AE in K; DE, BA in L; EA, CB in M. Then by 
Prop. 32, Cor. 2 the base z. * of the exterior A* are together equal 
to 8 rt. Z- *. And the sum of all the z. " of these A ' = twice as 
many rt. z.* as the fig. has sides. .*. the ^" at the vertices 
together with 8 rt. z. ^ = twice as many rt. z_ * as the fig. has 
sides. 

Page 64. 

1. The sum of each pair of adjacent l ^ is equal to 2 rt. lK 
.*. <fec. 

2. In fig. ABCD, if AB = CD, and BC = AD, the A"* BCD, BAD 
are equal in all respects [i. 8, Cor.]. .'. z. ABD = z. BDC ; .*. <fec. 

3. Z- DAB = L BCD, and z. ABC = L ADC. .'. sum of 2 
adjacent -^ * = | sum of z. * of fig. = 2 rt. z. " ; .'. the opposite sides 
are par^. 

4. By Ex. 2 the fig. is a par™. Also by Ex. 1 it is rect- 
angular, and since it is equilat., it is a square. 

5. In &g, on p. 63 let AD meet BC in O. Then 

Z- ABO = alt. z- OCD, z. AOB = z_ COD, and AB = CD. 
.'. A* AOB, COD are equal in all respects. 
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The same diagram and letters will serve for examples 6 — 10 inclusive. 

6. A*AOB, COD are equal in all respects [i. 4]. Hence AB, 
CD are equal and parallel. 

7. L ABO = L ACO being halves of equal l *. .*. AB = AC. 

8. In A'ABD, BDC, AB = DC, BD is common, AD=BC; 
.*. z. ABD = L BDC. .'. each is a rt. z. [i. 29]. 

9. In A^ ABD, BDC if ^ " ABD, BDC are not equal, AD is not 
equal to BC [i. 25], 

10. Let the line meet AB in P, CD in Q; then A^ OPB, OQC 
are equal in all respects [i. 26]. .'. OP = OQ. 

11. In par°". ABCD, EFGH, AB = EF, BC = FQ, and 
L ABC = L EFG. Then A ABC may be made to coincide with 
AEFG [l. 4] and A ADC will coincide with AEHG [i. 7]. 

13. Let AP, CQ be perp. to diag. BD. Then z.ADP = alt. 
Z.QBC, z.APD=Z.CQB, and AD = BC. .*. A»APD, BQC are 

equal in all respects [i. 26]. 

14. AX is equal and par^. to YC. .'. &c. [i. 33], 

Page 65. 

1. The construction consists of three steps : (i) joining A to 
an extremity of BC, (ii) describing an equilat. A on the joining 
line, (iii) producing two sides of the equilat. A . 

Now each of these steps may be performed in two ways : for 
(1) A might be joined to eitlier extremity of BC, (2) the equilat. A 
might be described on either side of the joining line, and (3) the 
two sides might be produced in either direction. Hence the no. 
of constructions is 2 x 2 x 2, or 8. 

Exceptional case, when A is situated at the vertex of an 
equilat. A on BC. 

2. In fig. to Prop. 15 let EX, EY bisect ^«BEC, AED re- 
spectively. Then z.«XEC, CEA, AEY= z.»XEB, BED, DEY re- 
spectively. Thus sum of ^»XEC, CEA, AEY = 2 rt. z.«. 

3. By equal A», z. BAE = alt. l ECF and AB= FC. .'. AF and 
BC are equal and par^. [i. 33]. Thus ABCF is a par™, and A* ABC, 
AFC are equal in all respects [i. 34]. 
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5. See solution of Ex. 4, p. 61. 

6. In iig. to Prop. 21, suppose BD, CD bisect base L ^ and 
jt AD be produced to F ; then l BDF = sum of z_ " DBA, BAD ; 
- CDF = sum of z."DCA, CAD. Hence Z-BDC = the angle at A 
3gether with half the sum of the base angles. 

7. In A ABC let the external bisectors of z." B and C meet 
t F, and the internal bisectors at E. Then by Ex. 2, page 29 
ach of ^ ' EBF, ECF is a rt. z. . .*. z. F is the supp*. of z. E ; 
hat is z. F = sum of z. ■ EBC, ECB. 

8. Let the st. lines intersect at O, and let P be the pt. from 
rhich perps. PX, PY are drawn. 

If PX and PY are equal it may be shewn [i. 26] that OQ 
•isects both the l « XOY, XPY. 

But if PX is greater than PY, let the bisector of the l YSy< 
fleet PX in Q; and let the bisector of the z. YPQ meet OY at S. 
)raw QR perp. to OY and therefore par^. to PY. 

Then the A* OQR, OQX are equal in all respects [i. 26]. 

.'. Z. RQO = L XQO. 

But since RQ is par^. to YP ; .'. L RQX = z. YPX ; and the 
lalves of these z. * are equal ; that is, u OQX = l SPX. .'. SP is 
>ar^. to OGL 

9. AP = AQ ; .'. L APQ = L AOP ; .*. each is half the supp*. 
.f L BAC. Hence l APQ= l ABC. .'. PQ is par^. to BC [i. 28]. 

10. Join AD, BE, OF ; then AD is equal and par^. to BE, and 
)F is equal and par^. to BE [i. 33]. .*. AD is equal and par^. to 
)F; .*. AC is equal and par^. to DF. 

11. This will be easily seen from the adjoining diagram. 
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12. In the quadril. ABCD, let AB be par^. to CD, and AD 
equal to BC. Draw BE par^. to AD ; then ABED is a pai™. and 
BE = AD = BC. .'. L BCD = L BED = the supp*. of L DAB. Again, 
since the four z. * of the fig. are together equal to four rt. l ", the 
other pair of opp. l " are supplementary. Join AC, BD ; then in 
A" DEB, ABC, L DEB = supp*. of L BCD = L ABC, and DE, EB = AB, 
BC respectively ; .*. DB = AC. 

Page 73. 

1. (1) The A«ABD, ACD are equal in area [i. 37]. Take 
away AAKD from each and the remainders are equal. 

(2) AEAB= AABC= ABCD= ACDF. .'. A«EAB, AKB to- 
gether= A" CDF, DKC. 

2. See solution to Ex. 3 on p. 65. 

3. Let AB be the base of given A ABC, and let PQ be the st 
line in which the vertex is to lie. Through C draw CD par^. to 
AB meeting PQ in D ; then ADB is the required A [i. 37]. 

4. Let AB be the base of the given A ABC. Through C 
draw CD par^. to AB. Bisect AB in E, and through E draw EF 
perp. to AB meeting CD in F. Then AFB is the required A [i. 37, 
and I. 4]. 

5. The A " are on equal bases and of equal altitude. 

6. In the fig. to i. 34 let the diagonals intersect in E. Then, 
by Ex. 5 on p. 64, E is the middle pt. of each diagonal. 

.-. AAEC = AAEB = ABED = ADEC. 

7. The AABX = AACX; and AYBX = AYXC. Hence 
A ABY = A ACY. 

8. Join BD cutting AC in E, then AE is a median of AABD. 

9. Since the equal sides contain supplementary angles the 
two A* can be placed having one side in common and the other 
two equal sides in same st. line. Thus we have two A* of same 
altitude on equal bases. 

10. Let AB, BC be bisected in X, Y respectively; then 
ABXY= AAXY [l. 38], also ABXY= AXYC; .*. AAXY= ACXY. 
.'. XY is par^. to BC [i. 39]. 

11. Join AD, BC. Then A^AGC, ADD together = A« BOD, 
AOD. That is, ADAC = AADB. .*. BC is par^. to AD [i. 39]. 
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12. AAEF= A ABC [l. 38]. /. AAEF= ADEF; .'. AD is 
par^. to EF [l. 39]. 

Page 74. 

1. Par°». AY = half par™. AC, and A AZ B = half pai^. AY. 

2. Let BD be a diagonal of sq. A BCD. At B draw BE perp. 
to DB meeting DC produced in E. Then z. CBE = half a rt. z. , 
and A" DCB, ECB are equal in all respects [i. 26]. .'. DB = BE, 
and A DBE = twice A DCB = given square. 

3. A* AXB, BYC are each of them half of given par". 

4. Through P draw XY par^. to AB or DC. Then AAPB is 
half par". AY, and A DPC is half par°>. XC. 

Page 75. 

1. Let ABCD be the given square. Join BD. Through C 
draw CE par^. to BD meeting AD produced in E; then DBCE is a 
par"*, equal to sq. AC and having z. DBC equal to half a rt. z. . 

2. Let ABCD be the given par". "With centre D and radius 
DC describe a circle cutting AB in E. Draw CF par^ to DE meet- 
ing AB produced in F. Then EDCF is a rhombus and it is equal 
to par". ABCD. If DC is less than perp. from D to AB the circle 
will not meet AB and the construction fails. 

Page 83. 

1. (i) z. GBA = alt. Z- AH C each being half a rt. Z- . 

(ii) L FAB = half a rt. z_ = z. KAC. .*. L " FAB, BAC, CAK 
together = 2 rt. z.*. 

(iii) Let FC meet AB in M and AD in N. Then in A" FBM/ 
ANM, z. BFC = BAD, since A^ FBC, ABD are equal in all respects, 
and z.FMB= Z.AMN [i. 15]. 

.'. Z.FBA-Z.ANM [l. 32]. 

.'. AD is at rt. z. ^ to FC. 

(iv) Since z. * FBA, DBC are rt. L ^ .*. L FBD is supp*. of 
Z.ABC [I. 15, Cor. 1]. 

Similarly z. KCE is supp'. of z. ACB. Hence the result follows 
by Ex. 9, p. 73. 
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2. Take the case of the exterior squares; then l CAG = L BAH, 
each being the sum of z. GAH (or l BAG, according as the z. A Ib 
obtuse or acute) and a rt. /. . Also CA, AG = HA, AB. .'. A*" GAC, 
BAH are equal in all respects [i. 4]. The other case is similar. 

3. It is easy to see that A ^ ACX, BCY are equal in all respects 
[l. 4]. /. AX = BY. Similarly BY = CZ. 

4. Let BD be the diagonal of sq. ABCD. Then sq. on 
DB = sum of sqq. on DC, BC = twice the sq. on DC. 

5. AX bisects BC ||i. 26] ; .'. sq. on BC = 4 times sq. on BX. 
That is sq. on AB = 4 times sq. on BX. But sq. on AB=8umo{ 
sqq. on BX, AX ; .'. sq. on AX = three times sq. on BX. 

6. Let AB, CD be sides of the two squares ; at B draw BE 
perp. to AB, and equal to CD. Join AE ; then sq. on AE =sum of 
sqq. on AB, BE. 

7. Sq. on AB = sum of sqq. on AX and BX. Sq. on AC = sum 
of sqq. on AX and XC. .*. diff. of sqq. on AB and AC = diff. of 
sqq. on BX and XC. 

8. By Ex. 7, 

sq. on BZ ~ sq. on AZ = sq. on OB ~ sq. on OA. 
Write down similar results for the other sides, and add. 



THEOREMS AND EXAMPLES ON BOOK I. 

I. On the Identical Equality op Triangles. 

Page 90. 

1. Let the base BC be bisected by the perp. AD. Then 
BD = DC, AD is common and the l BDA = L CDA. .', AB = AC. 

2. Let AD bisect the vert. l. Then Z-BAD = z.DAC; 
L BDA= L CDA and AD is common. .'. AB = AC [l 26], 

3. Let BC the base be bisected by AD which bisects the vert. 
Z-. Produce AD to E, making DE equal to DA, and join CE. 

Then A " BAD, EDC are equal [l 4]. .'. AB = EC and l BAD = z. CED 
.'. L CED = L DAC ; .'. AC = EC = AB. 
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4. Let BO, CO drawn from extremities of the base meet in 
O. Then since OB = OC, /. z.OBC=z.OCB. And z. ABO = z. AGO. 
/. L. ABC = z. ACB. 

5. Let BD, CE be the equal perps. drawn from ends of base 
BC. Then in A'ABD, ACE, BD = CE, z.ADB= ^ AEC [Ax. 11] 
and the z. at A is common ; .*. AB = AC [i. 26]. 

6. Let CD meet AB in E. Then l. ACD = l ADC, and 
^ BCD = z. BDC [l. 5]. .'. Z.ACB=Z-ADB; .*. A" ACB, ADB are 

equal [l. 4]. .'. l CAB = L DAB. 

Now in A"CAE, DAE, Z-CAE= z. DAE, Z.ACE= Z.ADE, and 
AE is common. .*. L AEC = L AED [i. 26]. 

7- In the fig. on p. 15 let BY, CX be perp. to sides and 
intersect in O. 

The A" CBX, BOY are equal in all respects [i. 26] ; 

.'. z.XCB=z.YBC; .*. OB = OC [i. 6] ; 

.'. A* ACB, AOC are equal in all respects [i. 8]. 

8. In A» BAD, DAE, Z-BAD = Z-DAE, Z.BDA = Z-ADE, and 
AD is common. .'. BD = DE [i. 26]. 

9. By hypothesis AB=AD, BC=CD, AC is common; .'. A* ABC, 
ADC are identically equal [i. 8]. 

10. The A" ABD, BAC are equal in all respects [i. 8]. 

.'. L ABD = L BAC. 
.'. AAKB is isosceles [i. 6]. Similarly A K DC is isosceles. 

11. Here the greatest angle is a right angle [i. 32]. Hence 
the required result follows by Ex. 4, on p. 59. 



II. Ox Inequalities. Page 93. 

1. See Solution of Ex. 5, p. 38. 

2. See Solution of Ex. 11, p. 38. 

3. See Solution of Ex. 6, p. 49. 

4. See Solution of Ex. 8, p. 38. 

5. See Solution of Ex. 13, p. 38. 
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6. See Solution of Ex. 10, p. 38. 

7. Let O be the given pt., AC and BD the diagonals ; then 
AO + OC>AC, BO + OD>BD [i. 20]. The exceptional case is 
when O is at the intersection of the diagonals. 

8. Let the median AD bisect BC ; produce AD to E making 
DE equal to AD, join EC. Then A^ ABD, EDO are identically 
equal [i. 4] and AB = CE. Now AC + CE > AE [i. 2C]. 

That is, AB + AC > 2AD. 

9. This follows at once from Ex. 8, since twice the sum of 
the sides is greater than twice the sum of the medians. 

10. Let the median AD bisect BC. If AD > DC, ^L ACD is 
greater than Z-DAC; similarly z. DBA is greater than ^l DAB. 
Hence the sum of the angles at B and C is greater than the angle 
at A ; that is, l BAC is acute [i. 32]. The other cases follow 
similarly. 

11. In the rhombus A BCD let z. DAB be greater than l ABC. 
Then since the sides of a rhombus are equal it follows that 

DB>AC [i. 25]. 

13. In the fig. on p. 94 let AD be perp. to BC. 

Then l DAC = comp*. of l ACD, 

and z. DAB = comp*. of Z-ABD; 

but I. ACD is greater than z. ABC ; 

.'. L DAC is less than l DAB. 
.*. L BAD is greater than half vert, l BAC. 
.*. AD lies within the l PAC. 

Thus by Ex. 1 2, AP lies between AD and AX, and by Ex. 3 it 
is intermediate between them in magnitude. 

III. On Parallels. Page 95. 

2. Erom O any pt. on the bisector of l BAC draw OP par^. to 
AB, and OQ par^. to AC. Then L QOA = z. OAP = z. OAQ. 

.*. QO = AQ = OP since OPAQ is a par™. Also OQ = AP ; thus 
the fig. is equilat. 
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3. Let D be the pt. of intersection of AB and CD ; then 

U XYD = alt. L YDA = L YDX. 
.'. YX = DX = XZ similarly. 

4. See Ex. 4, page 54. 

5. Let POQ be terminated by the par^". at P, Q, and bisected 
at O; through O draw XOY perp. to the par^'.; then A" XOP, YOGI 
are identically equal [i. 26]. 

6. The two A" formed are identically equal [i. 29, i. 26]. 

7. Let O be pt. equidist. from the paH"., and let POGl, XOY be 
drawn to cut them. Draw LOM perp. to the par*"; then A* LOP, 
MOQ are identically equal [i. 26]. .*. OP = OQ ; similarly OX = OY ; 
hence PX = QY [i. 4]. 

8. Draw XP perp. to CD ; bisect z. BXP by XQ meeting CD 
in Q. Through Q draw QY par*, to XP meeting AB in Y ; then Y 
is the required pt. For 

^YXQ= /LQXP = alt. -lXQY; 

.'. QY = XY [l. 6]. 

9. Bisect ii ACB by CD meeting AB in D ; draw DE par*, to 
BC meeting AC in E. Then l EDC = alt. ^ DOB = ^ DOE. 

.*. EC = ED [i. 6]. 

Again ext. L ADE = int. opp. L ABC = L ACB -■ ext. l AED 
[i. 29]; .*. AD = AE. Hence BD = EC = ED. 

10. Bisect the z. " ABC, ACB by BO, CO ; draw DOE par*, to 
BC. Then as in preceding examples it easily follows that 

DO = DB, and EC = EC. 

11. Produce BC to F. Bisect z." ACF, ABF by CO, BO. 
Draw OED par*, to BC meeting AE in E and AB in D. Then as 
before DO = BD, EO = EC. That is, DE is the diff. between BD 
and CE. 

IV. On Parallelograms. Page 97. 

3. In Ex. 2 it is shewn that BC = ZV, and that YZ = YV. 
Thus BC = 2ZY. 

H.K.E. ^ 
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4. In the ^g. of Ex. 1 let X, Y, Z be the middle pts. of the 
sides. Then ZY is par^. to BX ; similarly XY is par^ to BZj 
.'. BZYX is a par™., and its diag. ZX bisects it. 

5. In &g, of Ex. 2 let AD E be any line meeting ZY in D and 
BC in E. Then in A ABE, ZD bisects AE [Ex. 1]. 

6. In ^g, of Ex. 1 let X, Y, Z be middle pts. of sides. Through 
X, Y, Z draw BC, CA, AB respectively par^. to YZ, ZX, XY. Then 
by I. 34, AZ = XY=BZ. 

7. Through P draw PQ par^. to AC meeting AB in Q ; on QB 
make QX equal to AQ ; join XP and produce it to meet AC in Y. 
Then QP drawn from middle pt. of AX par^. to AY bisects XY 
[Ex. 1]. 

8. Let AC meet BX in E and DY in F. Then DY is par^. to 
XB [i. 33], therefore by Ex. 1, CE is bisected by YF, and AF is 
bisected by XE. 

9. Let P, G^ R, S be middle pts. of sides AB, BC, CD, DA 
respectively. Then by Ex. 2, PQ and SR are each par^. to AC, and 
PS and QR are each par^ to BD. 

10. In last Ex. PR and QS are diags. of a par", and therefore 
bisect each other [Ex. 5, p. 64]. 

11. Let BC, AD be the oblique sides; join BD. Let X, Y be 
middle pts. of BC, BD ; then XY is par^. to DC [Ex. 2]. Also 
XY produced bisects AD [Ex. 1], Similarly for the other 
diagonal. 

12. As in Ex. 11, let X, Y, Z be middle pts. of BC, BD, 
AD ; then XY = half CD, and YZ = half AB [Ex. 3]. Again, if XYZ 
meets AC in P, XY = half CD, and XP = half AB ; .'. PY = half diff. 
of AB and CD. 

14. Let three par^. st. lines meet a fourth st. line in A, B, C 
making AB equal to BC, and let them meet another st. line in 
P, Q, R. Through P draw PST par^. to ABC meeting QB in S and 
RC in T. Then PS = AB = BC = ST [l. 34]; hence PQ = QR [Ex. 1]. 

15. Let A B, CD be equal and par^. st. lines and let XY, PQ be 
their projections on any st. line; let AE, CF drawn par^. to XY 
meet BY, DQ in E and F respectively. Then A" ABE, CDF are 
identically equal [i. 26], so that AE = CF. .'. XY = PQ [i. 34]. 
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16. Let OZ be perp. to XY. Then XZ = ZY being projections 
of the equal lines AO, OB. .'. the A" XZO, YZO are identically 
•equal [i. 4]. 

17. Draw ALM par^. to XY meeting OZ in L, BY in M. Then 
BM = 20L [Ex. 1, 3, p. 96]. Also AX = LZ = MY. 

/. 20Z = 20L + 2LZ = BM + MY + AX = BY + AX. 

18. The first case can be proved as in Ex. 17. In the second 
case, with same construction as before, BN=OL=NM. 

.-. 20Z = 20L-2LZ = BM-MY-AX = BY-AX. 

20. Let A BCD be the given par". Through A draw any st. 
line EAF and let CX, BF and DE be perps. on this line. Through 
C draw CH par^. to EF meeting FB in H. Then it is easily seen 
that A" BOH, DAE are identically equal [i. 26] ; .*. BH = DE. 

.'. DE + BF = BH + BF = CX [l. 34], 

for CXFH is a par™, by constr. 

21. Let AX, CY be perps. on the given line from one pair of 
opp. L ", and DP, BQ perps. from the other pair of opp. l ^. Let 
the diagonals intersect in E, and let EF be perp. to the given line. 

Then AX + CY = 2EF [Ex. 17, p. 98] 

= DB+BQ, 
since E is the middle pt. of the diagonals [Ex. 5, p. 64]. 

22. From D in base BC let DE, DF be drawn perp. to AC, AB 
respectively; from B let BG be drawn perp. to AC. Draw BH 
paP. to AC to meet ED produced in H. Then QH is a par", and 
BG == EH. Also A"* BFD, BHD are identically equal [i. 26], so that 
DH = DF. That is, BG = sum of DE and DF. 

23. Take D in CB produced, then with the same lettering 
and construction as in Ex. 22 it is easily seen that BG = HE 
= difference between DE and DF. 

24. Jiet OX, OY, OZ be perps. to BC, CA, AB respectively. 
Through O draw POQ par^ to BC ; then APQ is an equilat. A and 
sum of OY and OZ = perp. from P on the opp. side = perp. from 
A on PQ since A APQ is equilat. Hence sum of OX, OY, OZ 
= perp. from A on BC. 

2—^ 



20 KEY TO EUCLID. 

25. Let O be the given pt., AB, CD the par^. lines. With 
A as centre and radius equal to given length describe a circle. 
This will in general cut CD in two pts. L, M. Then lines drawn 
through O parK to AL and AM will be the required lines. 

26. Let AB be the line to which the required line is to be 
pari, QP and RS the other two given lines. Let QP meet AB in 
P ; draw PT on AB equal to the given length ; through T draw TR 
par*, to PGl meeting SR in R ; through R draw RQ par^. to AB 
meeting PGl in Q. Then QR is the required line [i. 33]. 

27. Let the given lines PC, OO meet in O ; bisect l POQ by 
OS. Draw OR perp. to OS on the same side as OQ and equal to 
the given length; through R draw RT par*, to OP meeting 0€t 
in T. Through T draw TV par*, to OR meeting OP in V. Then 
TV is equal and par*, to OR [i. 33], and since it is perp. to OS it 
is equally inclined to OP and OQ [i. 26]. 

28. Join AP ; bisect AP in Q, and draw QR par*, to AB (the 
further line) meeting AC in R. Join PR and produce it to meet 
AB in S. Then QR bisects PS [Ex. 1, p. 96]. 

y. Miscellaneous Theorems and Examples. Page 100. 

1. L. ACD = L ADC [l. 5] and L ACB - l. ABC ; .*. L BCD=sum 
of L « CBD, BDC. That is, L BCD is a rt. L [r. 32]. 

2. Let CD join the rt. z. C to D the middle pt. of AB. Draw 
DE par*, to AC meeting BC in E. Then BC is bisected at E [Ex. 1, 
p. 96]. Also L * DEB, DEC are equal, being rt. l K 

.'. A* DEB, DEC are identically equal [l 4]. 

.*. DC = DB. 

3. By Ex. 2 each of the lines is equal to half the base. 

4. By Ex. 2, p. 96, AZYX is a par". .'. ZXY= l BAG. 
Again DY = AY in the rt. angled A ADC [Ex. 2] ; 

.*. z.YDA = ^YAD. 
Similarly ^ZDA=z-ZAD; .'. /.ZDY = ^BAC. 

5. Let AD be the perp. on the hypotenuse. Then 

L DAC = comp*. of L DC A = L ABC. 

8. This follows at once from Ex. 7 (ii) and Ex. 3, p. 59» 
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9. The /. at B = diff. of /. ■ BCD, BAG [i. 32], 
and i. at F = diff. of l « FCD, FAC 

= half diff. of L « BCD, BAC (hyp.). 

10. Let z. B be double of l A. Let CD be drawn from rt. l 
to middle pt. of hypotenuse AB. Then since CD = DA, z. CDB is 
double of ^CAD. .'. z.CBD = Z.CDB, so that CB = CD=half 
hypotenuse [Ex. 2, p. 100]. 

1.1. Let ABCD be a par™, and let BE = DF on the diag. BD. 
Then A" ABE, CDF are identically equal [i. 4], so that AE= FC. 
Also Z-CFE-Supp*. of iLDFC=supp*. of ^AEB= z. AEF. .*. FC 
is par*, to AE; .'. AF is equal and par^ to EC [i. 33]. 

12. The A« ACZ, ABX are identically equal [i. 4]. 

.'. ^ZAR= ^ACZ. 

Now ext. L PRQ = sum of l " RAC, ACR = sum of l^ RAC, 
ZAR = ^ BAC. Similarly each of z."of APQR may be proved 
«qual to the angle of an equilat. A . 

13. The A" APS, CRQ are identically equal [i. 4]. 

.*. PS = QR, and L APS = L QRC. 

Again l APR = alt. l CRP ; 

.'. /.SPR = z-PRQ. 

That is, SP is equal and par^. to QR. Hence SR is equal and 
par', to PQ [i. 33], 

14. It may be proved as in the prop, that AABF is equilat. 
/. L CAF = two-thirds of 2 rt. l ^ and l PAF is one-third of 2 rt. 
L. ^ Again AP = AF. .*. l APF = AFP, and each is one-third of 

2 rt. z. « [i. 32]. Similarly l. BFQ is one-third of 2 rt. z. «. Thus 
the three z. * at F together = 2 rt. z. ". Also z. * at P and Q being 
€ach equal to z. C, A CPQ is equilat. 

15. Let AB be the given st. line, P and Q the given points. 
At A and B make z. ^ BAC, ABD each equal to the angle of an 
equilat. A. Through P and Q draw st. lines pari to AC, BD 
meeting AB in X and Y and intersecting in Z. Then XYZ is the 
requir^ A. 
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16. Let O be the given pt., AB and CD the two given st. 
lines of which AB is the nearer to O. Draw OEF perp. to AB, CD 
respectively, and OG perp. to OF making OG equal to OF. D^w 
GH perp. to AB ; join OH, and draw OK perp. to OH meeting BC 
in K. Then A» OHG, OFK are identically equal [i. 26], and 
OH = OK. 

The line OG may be drawn par^. to AB in either direction; 
thus there will be two solutions corresponding to each position 
of O. 

17. Let AB, AC, AD be the three given st. lines. Take any 
pt. P in AD ; draw PQ par^. to AB meeting AC in Q, and draw QR 
par^. to AD. Then APQR is a par"*, and its diagonals bisect each 
other [Ex. 5, p. 64]. Thus PR is bisected by AGL As P may be 
taken an3rwhere on AD the number of solutions is unlimited. 

18. Let L, M, N be the three given lengths, and B the given 
point. From B draw BC ^ual to N ; and on BC describe a 
A BFC, having BF equal to twice M and CF equal to L. Bisect 
BF at E. Join CE, and produce it to A, making EA equal to CE. 
Join BA. Then BA, BE, BC are the required lines. For BC « n, 
and BE = M by constr., and it may be shewn that the A^ AEB, CEF 
are identically equal [i. 4]. .*. AB = CF = L. Also AE = EC by 
oonstr. 

19. Let ABC be an equilat. A ; bisect the angles at B and 
by BO, CO ; through O draw CD, OE par^. to AB and AC resp&o- 
tively meeting BC in D and E. Then by i. 29, 32 A ODE is equi- 
angular to A ABC, so that ODE is equilat. Again 

L DOB = alt. L ABO = L OBD ; 

.•. OD=BD. 

Similarly O E = OC. 

.-. BD = DE=EC. 

20. Bisect z. ABC by BO meeting AC in O ; through O draw 
CD par^. to AB and OE par^. to BC meeting BC and AB in D and E 
respectively. Then as in Ex. 19, CD = BD, and OE = BE. Hence 
it easily follows that EBDO is a rhombus [i. 34]. 
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Vll. On the Construction op Triangles with given parts. 

Page 107. 

2. Let the given diff. be equal to AB and the hypotenuse 
equal to K. From A draw AE making with BA produced an l 
equal to half a rt. z. . From centre B, with radius equal to K, 
describe a circle cutting AE or AE produced in the points C, O'. 
From C and C' draw perps. CD, C'D' to AB ; and join CB, C'B. 
Then either of the A® CDB, C'D'B will satisfy the given con- 
ditions. [See Note to Ex. 1.] 

3. See fig. on p. 89. Let AB be the given sum, then using 
the construction and proof given on p. 90, it is shewn that 
AX = XC, and BX = BC. Thus CBX is the required triangle. 

5. This is clearly a particular case of the preceding example. 

6. Let P, Q be the given pts. through which the sides are to 
pass, XY the st. line in which the base is to be. At X draw XZ 
equfld to the given altitude. Through Z draw ZKL par^. to XY. 
Then by Ex. 7, page 49, draw through PGl two lines PK, QK 
making equal angles with Z KL. Produce KP, KQ to meet XY in 
M and N ; then KMN is the required A. 

7. Draw AB, CD two par^. st. lines at a dist. from each 
other equal to the given altitude. At P, any pt. in AB, make 

z.APQ = one-third of two rt. z." [i. 1] and z. BPR = one-third of 
two rt. L ". If PQ, PR meet CD in €t and R respectively, PQR 
is the required A . 

8. Let AB be the base and K the given difference. Bisect 
AB at X ; from X draw XH perp. to AB, making XH equal to K; 
join AH. At the pt. A make l HAC equal to L AHX, and since 
HX < AX [Ex. 7, p. 38], .*. C must fall on the side of AB which is 
remote from H. Let AC meet HX produced in C ; join CB. Then 
ACS is the required A. [See proof of Ex. 1, p. 88.] 

9. Let AB be the base ; make l BAX equal to given l , 
and AX equal to sum of sides. Join BX. ^ Sl^m ^e]^tl^ \ w;itii 
HnK M. (^^ciiie ^ air^ie oiittftig PX ^ ^. ^«ii ACB is the re< 
quired 






y\/sju 
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10. Let AB be the base ; make L BAX equal to given z. , and 
AX equal to diff*. of sides. Join BX. Produce AX to C, and make 
z. XBC equal to l BXC. Then ACB is the required A. 

12. Let AB be the given base, K the sum of the remaining 
sides and X the difference of the l^ at the base. Make the 

z- ABD equal to half the l X ; draw BE perp. to BD, and from 
centre A and with radius equal to K describe a circle cutting BE 
in E. At B make L EBC equal to L AEB. Then ACB is the 
required A. [Ex. 7, p. lOl.J Since, if AE meets BD at F, it 
may be shewn that CB = CF. 

13. Let AD be the given perp. and let the two given differ- 
ences be X and Y. On AD as b&se describe a AABD having 

L ADB a rt. z. and the diff. of AB and BD equal to X. Also on 
the other side of AD describe a A ADC having l ADC a rt. z. and 
the diff. of AC and DC equal to Y. [Ex. 10, p. 108.] 
Then ABC is the required A. 

VIII. On Akeab. Page 109. 

1. Let A BCD be a par™., O the middle pt. of the diag. BD. 
Draw any line through O meeting AB, CD in E and F respectively. 
Then A" EOB, DOF are identically equal [i. 29, 26]. 

.'. AEFD = A ADB = half the par°^. 

2. Join the given pt. to the middle pt. of a diagonal, and 
produce it to meet two of the parallel sides. 

Examples 3 and 4 are particular cases of Ex. 1. 

5. Let EXF drawn par^. to AD meet DC in E and AB in F. 
Then A« BXF, XEC are identically equal [i. 29, 26]. /. the 
area of the trapezium is equal to that of par™. ADEF. 

6. In the preceding Example DE = half the sum of DE and 
AF, that is half the sum of DC and AB, since BF = EC. 

7. For AAXD is half the par™. ADEF in Ex. 5. 

8. Let E, F be middle pts. of AB and DC; join ED, EC. 
Then A" EDF, EFC are equal, and A* AED, BEC are equal [i. 38]. 

9. The A^ADB, BCD are equal [i. 37]. Take away the 
common part, the ABXD. 
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10. The A'^ADB, BCD are equal, and therefore AC is par^. 
to BD [i. 39], 

11. This may be proved by considering A" BCX, DCX on a 
common base CX and of equal altitudes [Ex. 13, p. 64]. Or if the 
diagonals meet in C, the A"OBX, CDX are equal, and A" CDC, 
OBC are equal [i. 38]. 

12. ARBC= AQBC [Ex. 2, p. 96 and i. 37] ; 

.*. ARBX= AQCX. 

Again AABQ= ABQC; .*. by taking away the equal A" RBX, 
QCX, the area AQXR = A BXC. 

13. Let ABCD be the quadK, and P, G^ R, S the middle 
points of the sides AB, BC, CD, DA. 

Draw AC, BD intersecting at C. Let AC meet PS at X. Then 
PS is par^. to BD, and AX = XC. [Ex. 1 and 2, p. 96.] 

First shew that the perps. from A and C on PS are equal 
[i. 26]. Hence it follows that the A APS = the A PCS. 

Similarly A BPQ = A PCQ, AQCR= AQCR, and ASDR=ASCR. 
Hence by addition the par™. PQRS is one half of the quad^ 

14. Let C and D be vertices of two equal A" ACB, ADB on 
opposite sides of the cominon base AB ; let CD meet AB or AB 
produced in E. Then if DF, CO are drawn perp. to AB, DF = CG, 
and the A" DEF, CEO are identically equal [i. 26]. 

15. Let ABCD be the trapezium having AB par^. to DC. 
Bisect BD, CA in E and F and join EF. Then A^AEB, AFB are 
equal, being halves of equal A" ADB, ACB [i. 38]. 

/. EF is par^. to AB [i. 39]. 

16. (i) Let ABC, DBC be two A" on a common base BC, ABC 
having the greater altitude. 

Draw BX perp. to BC, and through A and D draw AA', DD' 
par*, to BC to meet BX at A', D'. From A'X cut off A'E equal to 
BD', and join EC, A'C, D'C. 

Then EB is the sum of the altitudes of the A^ ABC, DBC. 

And since EA' = D'B, .*. A EA'C = A D'BC [i. 38]. 
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Hence AABC+ ADBC=: AA'BC+ AD'BC 

= AA'BC+ AEA'C 
= AEBC. 

(ii) may be proved by a similar method. 

17. If O lies between the parallel sides AB, CD, the perp. 
EOF to these sides is equal to the perp. from A to CD. 

Thus the A" OAB, OCD, ADC have equal bases, and the altitude 
of ADC is equal to the sum of the altitudes of the other two. 

.'. the sum of the A "GAB, OCD= A ADC which is half the 
par*". 

If O does not lie between AB and CD, the diff. of the A* GAB, 
GCD= A ADC. 

18. (ii) If G is within z. DAB and its opp. vert, l , then AO 
intersects the par*". ; so that the perp. from C on GA is equal 
to the diflf. of the perps. drawn from B and D to GA [Ex. 20, p. 99]. 
Therefore since the A" GAC, GAD, GAB are on the same base GA, 
AG AC = diff. of A 8 GAD, GAB. 

19. Let the lines EGF, GGK drawn through G par^. to AD, 
AB respectively meet AB in F, AD in G. 

Then par*". GB = 2 AAGB, and par*". DF = 2ADGA. And 
since par*". OF is common to these two par**"., the diff. between 
par*"". BG and DG = twice the diff. between A^AGB and DOA 
= 2 A AGO [Ex. 18. ii.]. 

20. Draw BG par^. to the diag. AC, and CO par^. to AB; then 
A BOG is a par*". Also the perp. from D on BG is equal to the sum 
of perp. from D on AC and perp. from B on AC. 

.'. A DBG = A DAC + A ABC, 

since these A'* have equal bases [Ex, 16 (1)]. 

22. Let ABC be the given A, and B the given z,. In 6A 
take BD equal to the base of the required A, and by Ex. 21 draw 
through D a st. line to meet BC produced in E, so that A DBC 
may be equal to A ABC. 

23. Let CAB be the given A on base AB. Through A draw 
AD perp. to AB and equal to the given altitude, and through 
draw CE par^. to AB meeting AD in E. Join DB, and draw EF par*, 
to DB meeting AB in F. Then A DAF = A EAB = ACAB [Ex. 21]. 
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24. Let AB be the given base, CD the given line in which 
the vertex is to lie. On AB describe a A ABE equal to the given 
A [Ex. 21], Through E draw EC par^. to AB meeting CD in C ; 
then CAB is the required A. 

25. (i) On AB the given base describe A ABC equal to the 
given A [Ex. 21, p. 111]. Bisect AB at D, draw DE perp. to AB 
meeting CE, drawn par^. to AB in E ; then AEB is the req^ A. 

(ii) Draw AF perp. to AB meeting CF, drawn par^. to AB in F; 
then FAB is the req*. A. 

26. Let X, Y be the two given A". If they are not on equal 
bases, make a triangle Z equal to Y and having a base equal to 
that of X [Ex. 21, p. 111]. The construction now follows easily 
by Ex. 16 (i), p. 110. 

27. Through A draw AD par^. to BC meeting BX in D. Then 
A COB = A ABC. Through X draw XF to meet BC so that 

AXBF= ACDB [Ex. 21, p. 111]. 

28. The A» BDX, BDC are equal [i. 37]. To each add A ABD. 

29. Take a five-sided figure ABCDE. Join EC. Through D 
draw DF par^. to EC meeting BC at F. Then the quadrilat. 
ABFE = the given ^g. For AEFC= AEDC [i. 37]; add to each 
the fig. ABCE. Similarly a six-sided figure can be replaced by an 
equal figure of five sides, and so on. Thus any rectilineal figure 
can ultimately be reduced to a triangle of equal area. 

30. Through C and D draw CE, DF par^. to BX and AX 
respectively meeting AB in E and F; then EXF is the req*. A 
[Ex. 21, p. 111]. 

31. Let ABCD be the par".; through C draw CE par^. to the 
diag. BD; bisect BD at F, and draw FG perp. to BD meeting 
CE in Q ; join QB and GD. Then it is easily seen that BGD is an 
isosceles A equal in area to ABCD, and by drawing a ABHD 
identically equal to A BGD but on the opp. side of BD, a rhombus 
BQDH will be formed equal to the given par*". 



Let ABC be the given A on BC as base. Bisect BC in 
D, and draw AE par^. to BC. With centre B and radius equal to 
half the sum of sides BA, AC, describe a circle cutting AE in E ; 
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through D draw DF par*, to BE meeting AE in F. Then par". 
BEFD is double of AABD, and is therefore equal to A ABC. Also 
sum of BE and DF = sum of BA and AC, and sum of BD and 
EF=BC. 

33. The bisecting line is the median through the given 
angular pt. [i. 38]. 

34. Join, the given pt. to the pts. of trisection of the oj^ 
side. 

35. Divide the side opp. to the given pt. into the required 
number of parts, and join the points of division to the given pt 

38. As the method is quite general it will be sufficient to 
take a particular case. Let ABC be a triangle from which it is 
required to cut off a fifth part by a st. line through a pt. X in AB. 
Take BD a fifth part of BC [Ex. 19, p. 99]. Join AD, and through 
X draw XE to meet BC in E, so that ABXE= AABD [Ex, 21, 
p. 111]. 

40. With the construction of Ex. 28, p. 112 let BAX be a A 
equal to the given quadrilateral. Take AY equal to one-fifth d 
AX ; join BY. Then A BAY = one-fifth of A BAX, that is, of the 
quadrilateral. The method is quite general. 

41. (i) Let AL meet BC in X. Then 

sq. on AB = sum of sqq. on BX, AX 
= sum of sqq. on DL, AX ; 

sq. on AE = sum of sqq. on AL, LE 
= sum of sqq. on AL, CX. 

.'. sum of sqq. on AB, AE = sum of sqq. on DL, AL, AX, CX = sum 
of sqq. on AD, AC. 

(ii) Produce AC to M making CM equal to AC; join BM. 
Then z.BCM=supp*. of z.ACB = Z.ECK, and A" BCM, ECK are 
identically equal [i. 4]. Therefore 

sq. on EK =sq. on BM 

= sum of sqq. on BA, AM [i. 47] 

= sq. on BA with four times sq. on AC. 
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(iii) Sq. on EK= sq. on. AB, with four times sq. on AC, 
sq. on FD = sq. on AC, with four times sq. on AB; 
.*. sum of sqq. on 

EK, FD = five times sq. on AB with five times sq. on AC 
= five times sq. on BC. 

42. Let AB be divided at C; from C draw CD perp. to AB 
and equal to CB. Join AD, DB. Then lCDB= z. CBD [l 5]; 

.*. z. AD B is greater than z_ABD, and .*. AD<AB. 

Now sq. on AD =sum of sqq. on AC, CD [i. 47] 

= sum of sqq. on AC, CB. 
.*. sq. on AB is greater than sum of sqq. on AC, CB. 

43. Let sq. on AC be greater than the sum of sqq. on AB, BC; 
then shall z. ABC be obtuse. Draw BD perp. to BC and equal to AB. 

Then sq. on DC = sum of sqq. on DB, BC [i. 47]. 

But sq. on AC > sum of sqq. on AB, BC. 

/. sq. on AC > sq. on DC, or AC > DC. 

Hence by i. 24 in the A" ABC, DBC, the Z-ABC is greater 
than z. DBC ; that is, z. ABC is obtuse. 

44. The sq. on BQ = sum of sqq. on AB, AQ [i. 47] ; 

and sq. on CP = sum of sqq. on AC, AP. 

.'. sum of sqq. on BQ, CP = sum of sqq. on AP, AQl, together 
with sum of sqq. on AB, AC. 

That is, sum of sqq. on BQ, CP = sum of sqq. on PQ, BC. 

45. Let the medians be BGt, CP. Then by preceding example 
four times the sum of the sqq. on BGt, CP = four times the sum of 
the sqq. on PGt, BC. 

But four times the sq. on PQ = sq. on BC [Ex. 3, p. 97]. .*. four 
times the sum of the sqq. on BQ, CP = five times the sq. on BC. 

46. Let AB be a side of the given square; produce AB to C 
making BC equal to AB. On AC describe an equil. AACD. Join 
DB. Then, as in i. 11, DB is perp. to AC, and therefore the sq. on 
AD = sq. on AB with sq. on DB. But AD is double of AB ; 

.*. sq. on AD = 4 times sq. on AB. 

.'. sq. on DB = 3 times sq. on AB. 
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47. Let AB be the st. line to be divided, K a side d 
given sq. At B make z. ABD equal to half a rt. z. . From cent 
A with radius K draw a circle to cut BD at C and C'. From C (f 
C') draw CX perp. to AB. Then AB is divided as required at X. 

For sq. on AC = sqq. on AX, XC [i. 47] 

= sqq. on AX, XB, 

for XC = XB, since CXB is a rt. z. , and XBC is half a rt. z. [l. 3J 
and I. 6]. 

There will be two solutions, one solution, or no solutioiiy^ 
according as the circle with radius K cuts BC in two pts., touchc 
at one, or does not meet it at all. 

IX. On Loci. Page 117. 

4. The locus is a concentric circle whose radius is equal 
to the sum or difference of the radius of given circle and the givea 
distance. 

5. Let OA, OB be the two intersecting st. lines, K the given 
const, length. At O draw OC perp. to OA and equal to K ; draw 
CD par^. to OA meeting OB in D. In OA make OE equal to OD 
and join DE. Then DE is the required locus ; for by Ex. 22, p. 99, j 
the sum of the perps. on OA and OB from any pt. in DE is equal 
to the perp. from D on OA = OC = K. 

6. With the same lettering and construction as in Ex. 5, let 
DE be produced both ways indefinitely to X and Y. Then tiie 
required locus is the part of XY external to the A ODE. [See 
Ex. 23, p. 99.] 

7. Let AB be the rod of given length, and C the intersection 
of the rulers at right angles. Bisect AB in D ; then CD = half of 
AB. Therefore the locus of D is a circle whose centre is the fixed 
pt. C and whose radius is half the given length of the rod. 

8. Let AC B be a rt. angled A on A B as hypotenuse. Then, 
if A B is bisected at D, CD is constant, being equal to half of AB. 
Thus the locus is a circle whose centre is D and radius equal to 
half the given base. 

9. Bisect AB in C and AX in D and join DC. Then the loons 
required is the locus of the vertices of right angled A * on base AC 
as hypotenuse [Ex. 8]. 
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10. Let AB be the base, and AD the altitude, which is known 
mce the base and area are given. Then the locus required is a 
t. line through D par^. to AB [i. 39], 

11. The diagonals of a par™, divide it into four equal A' 
laving their vertices at the inters'*, of the diagonals. Thus the 
)robleni is the same as in Ex. 10, and the required locus is a st. 
ine through the inters'*, of the diagonals par^. to the given base. 

12. Let BO be the given base, and ABC the A in any of its 
X)sitions. Then since the area of the A is constant, A must 
nove on a fixed st. line par^. to BO. Let AX be the median 
Disecting BC ; then if O is the inters'*, of medians AO = 20X 
Ex. 4, p. 105]. Draw AD perp. to BC and in it take AP = 2PD 
Ex. 19, p. 99 J. Join OP. Then it may be shewn [as in Ex. 2, 
p. 96] tliat OP is par^. to BC. But P is clearly at Ajixed distance 
^ram BC (being one-third of the distance between the par^*.) ; 
.*. O lies on a st. line par^. to BC and at a fixed distance from it. 
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1. Let X, Y be the given pts., AB the given st. line. Join 
XY and bisect it in ; draw CZ perp. to XY meeting AB in D. 
rhen from equal A» DOX, DCY [i. 4] DX = DY. . 

2. If the lines are not par^. let them be AB, CB meeting in 
3 ; and let P, Q be the given distances. Draw BE perp. to AB 
rnd equal to P ; at E draw EF par^. to BA ; then the required pt. 
ies in EF. 

Again draw BD perp. to BC and equal to Q; at D draw DP 
[)ar^. to BC; then the required pt. lies in DF. That is, F is the 
Inquired pt. 

There are four solutions since each of the lines BE and BD 
aiay be drawn in either direction. 

3. Let AB be the given base, X the given i. , and Y the length 
3f the side opposite. At A draw AZ making ^ BAZ equal to X. 
From B as centre and with radius equal to Y describe a circle. 
Draw BD perp. to AZ; then BD is the shortest distance of B 
Erom AZ. 
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(i) If Y < BD, the circle will not cut AZ, and there is no A] 
possible with the given parts. 

(ii) If Y = BD, the circle will meet AZ in one pt., and there ifl 
one solution, viz. the right-angled A BAD. 

(iii) If Y> BD, the circle will cut AZ in two pts. Cj, Cj an( 
there will be two triangles ABC^, ABCg each of which satisfy the 
data. This last case however requires that Y shall be less thanl 
AB, for then both pts. Ci, Cg will lie on AZ on the same side of A, 1 
If one of these pts. Cj lies on opposite side, the ABACg would ^ 
have the L BAG, equal to the supplement of given l X, and 
would not satisfy the data. 

4. Let ABC be the given A on base BC, and DE the given 
St. line. Through A draw AF par^. to BC meeting DE in F and 
join FB, BC. Then FBC is the required A [i. 37]. If ED is par*, 
to BC the solution is only possible when DE passes through A. 
In this case any pt. in DE may be taken as the vertex of the 
required A , and the number of solutions is unlimited. 

5. Let ABC be the given A on base BC. Draw AD par*, to 
BC. Bisect BC at E and draw ED perp. to BC meeting AD in D. 
Then BDC is the required A [i. 4 and i. 37]. 

6. Let AB, CD be the two given par*, st. lines, and X the 
given pt. Draw AC perp. to CD and bisect it at E. Through JL 
draw EF par*, to either of the given st. lines. Then the required'l 
pt. must lie in this st. line. With centre X and radius equal to 
the given distance describe a circle cutting EF in P and Q ; then 
P and Q satisfy the required conditions. If the circle meets EF 
in one pt. only there is one solution \ if the circle does not meet 
EF tjiere is no solution. 
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BOOK 11. 

EXERCISES. 
Page 129. 

(i) AP=jAB = |{AQ + QB}. 

(ii) Mark off AQ' equal to BGL Then P is clearly the middle 
point of QQ', so that 

PQ = JQQ' = J (AQ - AQ') = J (AQ - BQ). 

Page 131. 

Take the enunciations as given on p. 131, that is, 

AQ.QB = PB2-PQ2 

_ r AQ + QB 1 g JAQj-QB j» 

(See the last Exercise.) 

Page 137. 
See the two previous Exercises. 

Page 139. 

(i) The two A " FAB, HAG are identically equal [i. 4]. 

.*. the i.ABF = the Z-ACH, 
and the z. LHB = the vert. opp. z. AHC ; 
.*. the z." HBL, LHB = the Z." ACH, AHC, 
.'. the remaining z.HLB = the remaining Z.HAC [i. 32] 

= a rt. angle. 
H. K. £• o 
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(ii) Since EF = EB, /. L EBF = L EFB. 

And in the A^ OBL, CFL, we have the L^ OLB, CLF rt. angles, 

.*. the ^FCL = the ^BOL = the z. EOC [l. 15]. 

/. EO = EC = EA. 

Hence it may be proved that AOC is a rt. angle after th< 
method of iii. 31. 

(iii) Produce FG, DB to meet at M. Then since the sq. FH 
= the rect. HD, these are complementary par™'., and hence H liesS 
on the diagonal CM. [i. 43. Converse^ 

Hence it may easily be shewn that the diagonals GB, FD, AK 
of the rectangles GHBM, FCDM, ACKH are par^. 

(iv) For the ^g, FK = the ^%, AD ; 
or, the rect. CF, FA = the sq. on AC. 

Page 142. 

1. AB . CD + BC . AD = AB . CD + AB . BC + BC* 

+ CD . BC [ll. 1 and 2] 
= AB (BC + CD) + BC (BC + CD) [ii. 1 and 2] 
= AB.BD + BC.BD 
= BD(AB+BC) [ll. 1] 
= BD . AC. 

2. Let ABC be an isosceles A, having its vertex at A, and let 
BD be drawn perp. to AC. 

Then each of the l ^ ABC, ACB must be acute, [i. 17.] 

Hence by ii. 13, AB^ = AC* + BC*- 2AC . CD. 

But AB2= AC*, so that BC*= 2AC . CD. 

3. Let ABC be the A , having the l ABC equal to one-third 
of two rt. angles. From A draw AX perp. to BC. First prove 
AB = 2 . BX : this may be done by joining X to the middle point of 
AB. [See Ex. 4, p. 59.] 

Then by li. 13, AC* = AB* + BC* - 2BX . BC 

= AB* + BC* - AB . BC. 



» 
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4. Let the A ABC have the l ABC equal to two-thirds of two 
rt. angles. Draw AX perp. to CB produced. 

Then the l ABX = one-third of two rt. angles ; hence, as in 
the last Ex., AB = 2BX. 

And by ii. 12, AC^ = AB'* + BC* + 2BX . BC 

= AB^ + BC* + AB . BC. 
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On II. 4 AND 7. 

1. Let AB be the st. line, and its middle point, then by ii. 4 

AB* = AC* -I- CB* + 2AC . CB 
= AC* + AC* -I- 2AC . AC 
= AC* + AC* + 2AC* = 4AC*. 

2. Let AB be divided into three parts at the points X, Y. 

On AB describe the sq. ABCD. Join BD. Through X and Y 
draw XP, YQ par^. to AD or BC and cutting BD at H and K. 
Through H and K draw LHMN and EFKQ par^. to AB. Then prove 
as in II. 4 that 

(i) the figs. LP, FM, YQ are respectively the sqq. on AX, XY, YB. 

(ii) the fig. AF =the ^%, MC = the rect. AX, YB. 

(iii) the fig. EH = the fig. HQ = the rect. AX, XY. 

(iv) the fig. XK = the fig. KN = the rect. XY, YB. 

3. Let ABC be a A rt. angled at B, and let BD be drawn 
perp. to AC. 

Then by ii. 4, AC* = AD* -H DC* -H 2AD . DC. 

But by I. 47, AC* = AB* -h BC' 

= AD*+BD*-H DC*+ BD*. 

.-. AD* + DC* + 2BD* = AD* -H DC* -I- 2AD . DC, 

or BD*=AD.DC. 

3—2 
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4. Let ABC be an isosceles A, having its vertex at A. D 
BD perp. to AC. 

Now hj II. 4, AC" = AD' + DC" + 2AD . DC. 

Add to each of these equals BD', 

.'. AC' + BD' = AO« -*- BD" + DC" + 2AD . DC, 

or, AC" + BD" = AB" + DC" + 2 AD . DC. 

But AB" = AC" ; 

.*. BD"=DC" + 2AD. DC. 

5. Let ABCD be a rectangle ; and on AB, BC let sqq. AE 
BCEF be described externally to the rectangle. 

Join HB, BE. Then HB, BE are clearly in one line, for 
Z- " ABH, CBE are each half of a rt. angle. 

Also as in ii. 9, HE" = 2HD". 

But by II. 4, HE"= HB"+ BE" + 2HB . BE, 

and HD"= HA" + AD" + 2HA. AD. 

So that HB"+ BE" + 2HB . BE = 2HA" + 2AD" + 4HA . AD. 

But, as in li. 9, HB* = 2HA', and BE' = 2BC" = 2AD", 

.*. 2HB.BE = 4HA. AD; 

or, the rect. HB . BE = twice the rectangle ABCD. 

6. Let ABC be the given A . From A draw AX perp. tc 
Then by il. 4, BC" =^ BX" + XC" + 2BX . XC. 

To each of these equals add 2 . AX". 

So that BC" + 2AX" = BX" + AX' + XC" + AX" + 2 BX . XC 

= AB" + AC" + 2BX . XC. [l. 47.] 

On II. 5 AND 6. 

7. Let ABC be a A rt. angled at B. 
Then AB" = AC" ~ BC". [i. 47]. 

= (AC + BC) (AC - BC). [ll. 5.] 
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9. Let ABC be an isosceles A , having its vertex at A ; and 
it AQ be drawn to any point Q in BC. 

Draw AP perp. to BC. Then, by i. 26, BP= PC. 

Hence by ii. 5, rect. BQ, QC + PQ* = PCl 

To each of these equals, add AP* ; so that 

BQ . QC + PQ* + AP* = PC* + AP* ; 

r, BQ . QC + AQ* = AC*. [l. 47.] 

10. Let ABC be the isosceles triangle having its vertex at A, 
ad let Q be any point in the base BC produced. 

Join AQ, and draw AP perp. to BC. 

Then it may be shewn by i. 26 that BC is bisected at P. 

[ence by ii. 6, BQ . QC + PC* = PQ*. 

'o each of these equals add AP*. 

/. BQ . QC + PC* + AP* = PQ* + AP* ; 
r, BQ . QC + AC* = AQ*. 

11. Taking the same letters as in the last Ex. we may shew 
hat BQ . QC + AC* = AQ*. 

5ut BQ . QC = AC* [Hyp.] 

.-. AQ* = 2AC*. 

12. Draw XP, YQ perp. to BC. 

:hen BY*- YC* = BQ* - QC* [Ex. 8, p. 145] 

= (BQ + QC) (BQ - QC) [ll. 5] 
= BC . PQ = BC . XY. 

13. Let ABC be the A rt. angled at B. 
Draw BX perp. to AC. 

Then by ii. 7, AC* + CX* = 2AC . CX + AX*. 

But AC* = AB* + BC* = 2BX* + AX* + XC* [l. 47]. 

/. 2BX* + 2CX* + AX* = 2AC . CX + AX* ; 

)r, BX* + CX* = AC . CX ; 

>r, BC* = AC . CX. [l. 47.] 
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On IL 9 AND 10. 

14. Let AB be the given st. line divided equally at P 
unequally at Q. 

Then AB^ = 4AP2 ; also AB^ = AQ^ + QB^ + 2AQ . QB. [ll. 4. 

Hence AQ^ + QB^ = 4AP* - 2AQ . QB. 

But AQ . QB = AP» - PQ2 [ii. 5]. 

.-. AQ2 + QB^ = 4AP* - 2AP2 + 2PQ2 ; 

or, AQ' + QB^ = 2 {AP» + PQ*}. 

15. Let the st. line AB be bisected at P and produced t* 
Then, as before, AB* = 4AP* ; 

also by ll. 7, AQ* + QB' = 2AQ . QB + AB*. 

.-. AQ* + QB* = 2AQ . QB + 4AP*. 
But by II. 6, AQ . QB = PQ* - AP*. 

.'. AQ* + QB* = 2PQ* - 2AP* + 4AP* 
= 2 {PQ* + AP*}. 

16. Let the given st. line AB be divided equally at P 
unequally at Q. 

Then AQ* + QB* = 2 {AP* + PQ*} [ii. 9]. 

But AP* = AQ . QB + PQ* [ii. 5]. 

.-. AQ* + QB* = 2 {AQ . QB + 2PQ*} 

= 2AQ . QB + 4PQ*. 

On IL n. 

17. Let AB be divided in medial section at H. 
Erom A cut off AH' equal to BH. 

Given AB . BH = AH*, and AH' = BH. 
Now AB . BH = AH . HB + HB* [ll. 3] 

= AH . AH' -^ AH'* ; 
also AH* = AH . AH' + AH . HH' [ll. 2]. 

.-. AH . AH'+ AH'* = AH . AH' + AH . HH' ; 
or, AH'* = AH.HH'. 

That is, AH is divided in medial section at H'. 
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18. If AB is divided in medial section at H, 
then (AH + HB) (AH - HB) = AH« - HB« [ll. 6] 

= AB. BH-HB* [Hyp.] 

= AH.HB + HB«-HB*[lI. 3] 

= AH.HB. 

19. Given AB . BH = AH'. 

But AB . BH = XB' - XH' [ll. 6]. 

.'. AH2 = XB*-XH*, 
or, AH' + XH*=XB*. 

.*. the A, whose sides are AH, XH and XB, is right-angled. 

20. Given AB . BH = AH*. 

But AB" + BH' = 2AB . BH + AH' [ll. 7] 

= 2AH" + AH' [Hyp.] 
= 3AH'. 

21. Produce DC to K. 

Then by il. 6, AF' . F'C + EC' = EF" 

= EB' 

= EA' + AB'. 
.*. AF'.F'C = AB', 
or, fig. F'K = fig. AD. 

To each of these equals add the fig. H'C. 

.-. fig. H'D = ^g. H'F', 



[I. 47.] 



or. 



AB.BH'.= AH''. 



On it. 12 AND 13. 

22. We have AB' = AC' + BC'- 2AC . CE. [ii. 13.] 
Also AC' = AB' + BC' - 2AB . BF. 

By addition AB' + AC' = AB' + AC'+ 2BC'--2AB.BF-2AC.CE, 



or. 



AB.BF + AC.CE = BC'. 
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23. Join BD. 

Then from the AADB, since DE is drawn perp. to AB, 
BD» = AD» + AB* - 2AB . AE [ll. 1 3]. 
Again from the AADB, since BC is drawn perp. to AD produced, 

BD* = AD* + AB* - 2AD . AC [ll. 13]. 
.'. AB . AE = AD . AC. 

25. Let ABCD be the par™; and let the diag". meet at O. 
Then O is the middle point of AC and BD [p. 64, Ex. 5]. 
Then by the last Ex., from A ABC, AB* + BC* = 2AO* + 20Bl 
Also, from A CDA, CD* + DA* = 20C* + 20D*. 
By addition, remembering that AO = OC and OB = CD, 

AB* + BC* + CD* + DA* = 4A0* + 40B* 

= AC*+BD*[Ex. 1, p. 144]. 

26. Let ABCD be the quad., and P, Q, R, 8, the middle 
points of the sides AB, BC, CD, DA. 

Then PQRS is a par°*. [Ex. 9, p. 97] 

and AC = 2PQ, also BD = 2SP [Ex. 3, p. 97]. 
.-. AC*+BD* = 4Pa* + 4SP* 

= 2 {PQ* + SR* 4- SP* + QR*} 

= 2{PR* + 8Q*} [Ex. 25, p. 147]. 

27. Let ABCD be the rect., and P the given point within it 
Let the diagonals meet at O. Then AC = BD [i. 4] and the diag". 
bisect one another [Ex. 5, p. 64]. /. AO = DO. 

Then from AAPC, PA* + PC* = 2 [AO*+ PO*] [Ex. 24, p. 147], 

and from A BPD, PB* + PD* = 2 [DO* + PO*], 

.*. PA* + PC* = PB* + PD*. 

28. Let ABCD be the quad., and X, Y the middle points of 
BD, AC. Join YB, YX, YD. 

Then from the A ABC, AB* + BC* = 2 AY* + 2BY* [Ex. 24, p. 147]; 

also from the A ADC, AD* + DC* = 2AY* + 2dy*. 

.-. AB* + BC* + AD* + DC* = 4AY* + 2 (BY* + DY*) 

= AC* + 4 (DX* + XY*) [Ex. 24, p. 147] 

= AC*+BD* + 4XY*. 
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29. From the A APB, AP^ + BP» = 2A0' + 20P^ [Ex. 24, p. 147]. 
But both AG and OP are constant, 

.'. AP* + BP* is constant. 

30. Let BC be the base, and ABC the A in one of its 
ositions. 

Bisect BC at X, and join AX. 

Then BA* + AC* = 2 (BX* + AX«) [Ex. 24, p. 147]. 

But BA' + AC' is constant by hyp. 

.'. BX' + AX' is constant. 

And since BX is constant, .'. AX is constant ; and X is a fixed 
oint ; .'. the locus of A is a circle, whose centre is at X. 

31. Since CB is a median of the AACD, 

.-. DC' + CA'=2AB'+2BC' [Ex. 24, p. 147]. 
But CA' = AB' [Hyp.] 

/. DC' = AB' + 2BC'. 

32. Let ABC be a A rt. angled at B, and let the hypotenuse 
►e divided into three equal parts AE, eI^, FC. 

Then from the AABF, AB'+ BF'= 2BE' + 2EF' [Ex. 24, p. 147] 

,nd from the A EBC, BE' + BC' = 2BF' + 2EF'. 

Hence by addition 

AB' + BC' + BF' + BE' = 2BF' + 2BE' + 4EF', 

)r, AC'=BF'+BE' + 4EF'. 

But, since AC = 3EF, .*. AC'=9EF'. 

/. 5EF'=BF'+BE'. 

33. Let AX, BY, CZ be the medians of the A ABC. 
Then AB' + AC' = 2AX' + 2BX' [Ex. 24, p. 147], 
md AB' + BC = 2 BV + 2 AV, 

%]so BC' + AC' = 2CZ' + 2AZ'. 
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By addition 
2AB2 + 2BC* + 2AC2 = 2 (AX^ + BY^ + CZ^) + 2BX2 + 2AY« + 2AZ» 
and the doubles of these equals are equal, so that 

4AB2 + 4BC2 + 4AC2 = 4 (AX^ + BY^ + CZ*) + 4BX2 + 4AY« + 4AZ* 

= 4 (AX* + BY* + CZ*) + BC* + AC* + AB*. 
Hence 3 [AB* + BC* + AC*] = 4 [AX* + BY* + CZ*]. 

34. Let AX, BY, CZ be the medians, intersecting at O. 

Then OA = 20X, OB = 20Y, DC = 20Z [Ex. 4, p. 105], 

and from the A BOC, OB* + 00* = 2BX* + 20X*. 

Again from ACOA, OC* + OA* = 20Y* + 20Y*, 
also from AAOB, OA* + OB* = 2AZ*+ 20Z*. 

/. by addition 
20A* + 20B* + 20C* = 2BX* + 2CY* + 2AZ* + 20X* + 20Y* + 20Z*, 
and doubling these equals, we have 
40A* + 40B* + 40C* = 4BX* + 4CY* + 4AZ* + 40X* + 40Y* + 40Z* 

= BC* + CA* + AB* + OA* + OB* + OC*. 

Hence 3 {OA* + OB* + OC*} = BC* + CA* + AB*. 

35. Let H and K be the middle points of the diags. BD, AC. 

Kow PA*+ PC*= 2ak* + 2pk* [Ex. 24, p. 147], 

and PB*+ PD*= 2BH* + 2PH*. 

By addition 

PA* + PB* + PC* + PD* = 2AK* + 2BH* + 4XH* + 4XP* 

= 2AK* + 2XK* + 2BH* + 2XH» + 4XP* 
= XA* + XC* + XB* + XD* + 4XP*. 

36. Let ABCD be the trapezium, AB and DC being the par', 
sides, and let DC be less than AB. 

Draw CX, DY perp. to AB. 
Then AC* = BC* + AB* - 2AB . BX [ll. 13], 
also BD* = AD* + AB* - 2AB . AY ; 

AC* + BD* = BC* + AD* + 2AB* - 2AB . BX - 2AB . AY. 
But AB* = AB . BX + AB . XY + AB . AY. [lI. 1.] 
So that 2AB* - 2AB . BX - 2AB . AY = 2AB . XY = 2AB . CD. 
Hence AC* + BD* = BC* + AD* + 2AB . CD. 



. » 
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Problems. 

37. Let H and K be sides of the given sqq., of which H is the 
greater. 

Draw AP equal to H ; produce AP to B making PB equal to H ; 
and from PB cut off PQ equal to K. 

Then the rect. AQ, QB is that required. 

Tor since AB is divided equally at P and unequally at Qi, 

:. AQ . QB = PB»- PQ« [ll. 5] 

= sq. on H — sq. on K. 

38. Let BF be the st. line, and K a side of the given sq. 
[See fig. p. 143.] 

On BF describe a semi-O, and from any point X in BF, or BF 
produced, draw XY perp. to BF, making XY equal to K. Through 
Ydraw YHH' par*, to BF cutting the semi-O at H and H'. From 
H (or H') draw HE perp. to BF. 

Then shall BE . EF = HE*= K\ [Proof as in ii. 14.] 

39. Let BE be the side of the rect., and K a side of the given 
;q. At E draw EH perp. to BE, making EH equal to K. Join 
3H ; and draw HF perp. to BH to meet BE produced at F. Then 
ihall EF be the other side of the rect. For [p. 59, Ex, 4, or iii. 31] 
i semicircle described on BF will pass through H. 

Hence BE . EF = EH^ = Kl [Proof as in ii. 14.] 

40. Let AB and X be the two given st. lines. 
Analysis, Let AB be bisected at P and produced to Q. 
Then AQ . QB = PQ^ - PBl [ii. 6.] 
Required AQ . QB = X^ 

Hence we must have PQ^ = X^ + PB^ 

Thus the length of PQ may be found by drawing a rt. -angled 
riangle [i. 47]. And as P is a fixed point, Q is determined. 

41. This is the same as dividing a line extemaUy in medial 
lection. [See Ex. 21, p. 146, and p. 139, note.] 
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42. Draw the rect. ABDH, contained by AB and X. 

Produce HA to F, so that 

HF. FA = AB. X [ii. 14 and Ex. 40, p. 148]. 

On FA describe a sq. AFGC as in ii. 11. Produce GC to meet 
HD at K. 

Then fig. FK=fig. AD, 

Take from these equals the common fig. AK. 

Then fig. FC = fig. CD. 

Or AC* = BC . X. 



BOOK III. 

EXERCISES. 

Page 156. 

1. The St. line bisecting AB at rt. z. ^ is the st. line passing 
through both centres. 

2. Let the bisector of L BAC cut BC in D. Then in A' 
ADB, ADC, it follows that DB = DC and L ADB = L ADC [l. 41 
.-. AD passes through the centre. 

3. If the chords are not par^., bisect each at rt. L *. If they 
are par^., join their extremities : and bisect each of these new 
chords at rt. l ^. The pt. of intersection of the bisectors is the 
required centre. 

4. See ^^. to Ex. 1, p. 103. Let A, B, C be the three given 
pts. Let XO, YO bisect BC, AC at rt. z_*. Join OB, OC. Then in 
A» OBX, OCX, OC = OB [l. 4] and in A« OCY, OAY, OC = OA. 
.'. OA = OB = OC, and O is the centre of the required O . 

5. The required locus is the st. line bisecting at rt. l. • the 
St. line joining the two given pts. 

6. "With the two given pts. as centres, describe circles each of 
which has a radius equal to the given radius. Again, with the pt 
of intersection of these circles as centre, describe a circle with the 
given radius. This is the circle required. 
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7. If possible, let a st. line cut the O in the three points 
, E, B, whereof E is between A and B. Then E mast fall within 
le . But it was assumed to be on the circumference. Hence 
le st. line AB cannot cut the in more than two points. 

8. Draw a chord perp. to the st. line joining the given pt. to 
le centre. This chord will be bisected at the given pt. 

9. Let O be the common centre, A BCD the st. line cutting 
le inner in B, C, and the outer in A, D, Draw OX perp. 
> ABCD. Then BX = CX and AX=DX, .*. difference AB = dif- 
jrence CD. 

10. The St. line, through the centre, perp. to one of the par^. 
Iiords, is perp. to the other [i. 29]. And this st. line bisects both 
hords. Hence, the st. line joining the middle pts. of two par^. 
hords passes through the centre. 

11. The st. line, through the centre, perp. to one of the par^. 
hords, is perp. to all of them [i. 29]. And this st. line bisects all 
he chords. Hence it is the required locus. 

12. Let the two 0* intersect in A, B. Let CAD, EBF be 
►ar^. st. lines cutting the one circle in C, E and the other in D, F. 
?hen the st. line through the centre of ABEC perp. to the chords 
kC, BE bisects these chords in P and Qi, say. Similarly the st. line 
hrough the centre of ABFD perp. to the chords AD, BF bisects 
hese chords in X and Y, say. But PQ is par^. to XY [i. 28]. 
•. PX = QY [i. 341 But CA is double of PA, and AD is double of 
iX. .*. CD is double of PX. Similarly EF is double of QY, 
•. CD = EF. 

13. Bisect PQ in R, and XY in Z. Let PY, QX intersect in 
X Join OR, OZ. Then APXY= AQXY : and AXOZ= AYOZ. 
;. APXO=AQYO. Also APOR= AQOR. .'. A" POR, PXO, XOZ 
ogether =A" QOR, QYO, YOZ : Le. the lines OR, OZ bisect the 
;rapezium PXYQ. But the st. line RZ bisects the trapezium 
>XYQ [Ex. 8, p. 109, I. 38]. .'. the st. line RZ coincides with the 
\t. lines OR, OZ : that is, O lies on RZ. Similarly if PX, QY 
ntersect in O', O' lies on RZ. 

Page 158. 

1. The diagonals of a par°^. bisect one another. .'. their pt. 
of intersection is the centre. 
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2. Let the par". ABCD be inscribed in a . Then the 
diagonals AC, BD intersect in O, the centre of the O [Ex. \\ 
Because AO = BO, .*. L OAB = L OBA. And because AO = DO, 

/. L OAD = L ODA ; 

/. whole L DAB = sum of z_ ^ ABD, ADB ; 

.*. L DAB is a rt. z. [i. 32]. 

3. Let C, D be the centres of two 0" intersecting in A. 
Draw AX perp. to CD, and produce it to B, so that BX=AX. 
Then CA= CB and DA = DB [i. 4]. .'. B is a pt. on both circles. 

Page 168. 

1. Let A be the centre of the larger, B of the smaller 0. 
Produce AB to C, making BC = the radius of the smaller . Then 
AC is the radius of the larger. .*. the ■ meet at C. Let D be 
any other pt. on the smaller 0. Then BD = BC.' .*. AB, BD 
together = AC. But AB, BD together > AD. .'. AC > AD. .*. D 
cannot be on the circle with centre A and radius AC. 

2. Let C be the pt. of contact. Then ABC is a st. line [iir. ll} 
Because AC = AP, therefore l ACP = l ARC. And because BC = BC^ 
.*. L BCQ = L BQC. .*. L ARC = L BQC. .'. AR, BQ are parallel 

Page 169. 

1. The required locus is the st. line joining the centre of tiw 
given to the given pt. [iii. 11, 12]. 

2. Let O be the centre of the given 0, OR its radius. On 
OR take RC equal to the given radius of the circles which are 
to touch the given 0. Then the with centre C and radios 
CR will touch the given at R. And OC = the sum or the diffe^ 
ence of OR and CR. Hence the required locus is a circle with 
centre O and radius equal to the sum or the difference of the 
radius of the given circle and the given radius of the touching 
circles. 

3. Let A, B be the centres of the two circles. From AB cat 
off AC = radius of with centre A. Then BC = radius of with 
centre B. .*. the * meet at C. Let D be any other pt. on with 
centre B. Then AD, DB together > AB. But BD = BC. .'. AD > AC 
.'. D cannot be on the circle with centre A and radius AC. 
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4. Let C be the pt. of contact. Then AC B is a st. line [iii. 
2]. Because AC = AP, .*. l ACP = L ARC. And because BC = BQ, 
. iL BCQ = L BQC. .*. L ARC = L BQC. .*. AR, BQ are parallel. 

Page 171. 

1. Let A, B be the two given pts. Bisect AB in C : draw CX 
3rp. to AB. Then, if CX coincides tuith the given st. line, with 
fi7/ pt. X on CX as centre, the circle described with centre C and 
bdius CA will pass through B. But if CX is par^. to the given st. 
ae no circle can be described as required. Finally, if CX cuts the 
Lven st. line in X, the circle described with centre X and radius 
A or CB is the circle required. 

2. Let A be the given pt., XY the given st. line. Draw AM 
erp. to XY, and produce it to B, so that BM = AM. All the 
LTcles will pass through B. [See Ex. 1, p. 215.] 

3. Let A be the centre of the given O , R the given pt. Take 
C equal to the given radius, either on RA (produced if necessary) 
r on AR produced. The circles described with centre C and 
Ekdius CR will touch the given circle at R : but, if the given radius 
I equal to the radius of the given circle, one of the two circles so 
escribed will coincide with the given circle. 

4. Let A be the centre of the given O , B the given pt. Let 
kB cut the given O in C and D. The O described with centre B 
.nd radius BC or BD will touch the given O . Hence there are 
wo solutions except when B is on the O ** of the given O . 

5. Let A be the centre of the given O , B the given pt. on it, 
/ the given pt. through which the required is to pass. Let the 
>erp. bisector of BC cut AB in O. The described with centre O 
jid radius OB is the required : but, if C is on the circumference 
»f the given 0, O will coincide with A [iii. 1], and the described 
vill coincide with the given . The solution is also impossible, 
f CB is perp. to AB. For then the perp. bisector of BC will not 
;ut AB. 

6. Let A and B be the centres of the two given * X and Y. 
Describe a circle with centre A and radius equal to the sum or the 
lifierence of the radius of the required circle and the radius of X. 
Describe a circle with centre B and radius equal to the sum or the 
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difference of the radius of the required circle and the 
of Y. Then the circle described with either of the pts. of ir 
tion of these two circles as centre and with the required 
will be the circle required. There are thus in general 8 p 
solutions. 

7. Let A, B be the middle pts. of the given chords DAI 
so that AD = 3 in. and BE = 4 in. Then, supposing the ch 
be on the same side of the centre, let AB be produced to 
centre. Then 

CD» = CE^ ; tiiat is, CA* + 9 = CB' + 16. .*. CA» - CB» = 

But CA - CB = 1. .*. CA + CB, that is, AB + 2CB = 7. /. < 

.-. CE» = CB» + BE^ = 3* + 4^ = 25. .-. CE (the radius) = 

8. Let A, B be the centres of the two circles, touch: 
temally at C. Then ACB is a st. line [iii. 12]. Draw the ] 
diameters DAE, FBG. Then, because AD = AC, .'. L ADC = 
.'. ext. z.EAC = twice Z.ACD. Similarly, z.CBF = twice 
But L EAC = z. CBF, because AE, BF arepar^. .*. l ACQ = 
.*. DC, CQ are in a st. line ; that is, the st. line joining GD 
through C. 

9. Let A, B be the centres of the two O ■ ; and D, E t 
where AB cuts the circles. Let PQ be any other st. line • 
the circles in P and GL Let QA cut the * A * circle in R. 
QP > QR (ill. 8). Also AQ> AE, of which AR = AD ; .*. Ql 
.*. d^fortioriy QP > DE. .*. DE is less than any st. line PQ < 
the 0" in P and GL Similarly, if k^ produced cut the cii 
FQ, FQ is greater than any of the st. lines PQ cutting the 
and Q. 

10. Let BC be a chord : A the centre, and ADE the 
bisecting BC at rt. z." in D. Let G be any pt. in BD, s 
perp. to BD, cutting the arc BEC in F. Draw AH perp. 
Then AE = AF > HF. And AD = HG ; .'. the whole or ren 
DE> whole or remainder GF. In DG take a pt. L, am 
MLK perp. to BC to meet the arc at K. Then AK* = AF^, 
AM» + MK*= AH'+ HF^. But AH«> AM^ 

/. HF* < MK*, that is, GF < LK. 

11. Let A be any pt. on the circumference : ACB the dii 
AD any other choixL Then CB = CD; .'. AB=AC + CI 
And if AF is nearer to AB than AD, the two sides AC, ' 
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equal to the two sides AC, OF, but the angle ACF > angle ACD, 
.*. base AF>AD [i. 241. Make z.ACE= Z.ACF. Then AE = AF 

i [l 4]. But AF>AD. Hence two and only two chords from A 

^ can be drawn equal to one another. 



= Page 173. 

1. Since equal chords are equidistant from the centre, the 
locus is a circle, whose centre is the centre of the given circle and 
radius is equal to the distance of any of the chords from the centre. 

2. Let chords AB, CD cut in E. Let F be the centre. Draw 
' FG, FH perp. to AB, CD. Then in the right-angled A* FEG, FEH, 
* the hypotenuse EF is common and the angles GEF, HEF are equal. 
i .". GF= HF [i. 26], .*. the chords AB, CD are equidistant from the 

centre, and are therefore equal [iii. 14], 

3. Take fig. of preceding Ex. Then EG = EH. But BG, HD, 
the halves of AB, CD [iii. 3], are equal. .'. the whole or re- 
mainder BE = whole or remainder CE. 

4. With centre. A, on the O** of the given O, describe a 
circle having radius equal to the required length, cutting the given 
circle again in B. From the centre of the given circle, draw a st. 
line perp. to the required direction and equal to the distance of 
the centre from AB. The chord drawn through the extremity of 
this st. line, par^. to the given direction, will be the chord re- 
quired. 

5. Let O be the centre : and AX, BY, 02 the perp*. on PGL 
Then 02 = ^ the sum or difierence of AX and BY, according as A 
and B are on the same or opposite sides of PQ [Ex. 18, p. 98]. 

.'. the sum or difference of AX and BY = twice 02 = a constant. 

Page 175. 

1. Let A be the given pt., and B the centre. Draw the 
chord CAD perp. to AB, and any other chord EAF through A. Draw 
BG perp. to EF. Then the hypotenuse BA > BG. .'. chord 
CD < chord EF ; that is, CD is the least chord through A. 

A* JLt £• 4) 
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2. Let XZY, X'Z'Y' be two chords bisected at Z and Z 
AB, of which Z is nearer than Z' to C the middle pt. of AB. 

O be the centre. Then OC, OZ, OZ' are respectively perp. to 
XY, X'Y'. .-. OZ' > OZ > OC [Ex. 3, p. 93]. .'. X'Y' < XY < 
Hence AB is the greatest length of XY, and XY increases ai 
approaches 0. When Z coincides with A or B, XY vanishes. 

3. Place any chord PQ of required length in the O. [ 
solution of Ex. 4, p. 173 or iv. 1.] Let O be centre of given 
and AB the given chord upon which the middle pt. of the requi 
chord is to lie. Draw ON perp. to PGL With centre O and rac 
ON describe a circle cutting AB in Z and Z'. Then the chord > 
perp. to OZ will be equal to PGl, and be bisected at Z in 
There is no solution if PQ>AB [Ex. 2]; one solution if PQ = > 
and two solutions if PQ < AB. 

Page 181. 

1. Draw a diameter (i) at right angles to, (ii) pari to 
given straight line. At either extremity of the diameter di 
a line perp. to the diameter. These will be the tangents, (i) i 
(ii), required. 

2. The tangents are perp. to the same diameter, and tb 
fore parallel [i. 28]. 

3. The pt. of contact is in the line of centres [iii. 11, ] 
.'. the st. line drawn from the pt. of contact perp. to the lin( 
centres is a tangent to both circles [iii. 16]. 

4. The radius from the pt. of contact of the inner is p( 
to the tangent [iii. 18], and .'. bisects the chord of the outer 

[ill. 3]. 

5. The tangents to the inner are chords of the outer 
equal distances from the centre of the outer ; and therefore 
equal chords [iii. 14]. 

Pages 182, 183. 

1. Let O be the centre of a touching AB and AC in B i 
C. Then OB = OC, OA is common, and l. ^ ABO, ACO are rt. 
[ni. 181 .•. in the rt.-angled A« AOB, AOC, l OAB = l OAC [ 
12, p. 91]. 
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a. Let AO cut BC in D. Then l BAD = L CAD [Ex. 1], 
. in A* BAD, CAD, BD = DC and L BDA = l CDA [l. 4]. 

3. The chords of the outer O which are tangents to the 
iner are equal [Ex. 5, p. 181] and are bisected at the pt. of 
intact [Ex. 4, p. 181], Hence the tangents, that is the half- 
iords, are equal. 

4. The tangent at an extremity of a diameter is perp. to 
le diameter. .'. the chords par^. to it are bisected by the 
Lameter [iii. 3]. 

A 

5. The required locus is the perp. to the given st. line through 
le given pt. [iii. 19]. 

6. The required locus is the st. line which is par^ to the two 
iven st. lines and equidistant from them. 

7. The required locus is the pair of bisectors of tlie angles 
etiveen the two given st. lines [Ex. 1, p. 182]. 

8. If the lines are par^. there is no solution unless the given 
adius is equal to half the perp. distance between the par^*. If 
hey are not par^. let them be OX, OY; at O draw OA, OB equal 

given radius and perp. to OX, OY respectively. Through A and 
\ draw AP, BP par^. to OX, OY respectively ; then P is the centre 

1 the required 0. 

9. Let A be given pt. Place a chord CD in the given O equal 
o the given st. line. Describe a circle concentric with given O 
nd with radius equal to the distance of the centre from CD. 
iVom A draw a tangent to this . The tangent is the required 
herd. 

If A is without the circle, the given line must be not greater 
han the diameter. If A is within the circle, the given line must 
Jso be not less than the chord through A perp. to the line joining 
^ to the centre. 

10. Let CD, BE be the two par^. tangents at the extremities 
A the diameter CAB : and DFE a tangent at F. Then the A* ABE, 
VFE are identically equal [iii. 17 and i. 8]. .'. AE bisects l BAF. 
Similarly AD bisects l CAF. .'. DAE is a rt. z_ [Ex. 2, p. 29]. 

4^— ^ 
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11. Let A BCD circumscribe a O whose centre is O, the pts. 
of contact of AB, BC, ... being E, F, Q, H. .\ AE = AH. [ill. 17. 
Cor.] Similarly BE=BF, DG = DH and CQ = CF. /. AE, BE, 
DQ, CQ together = AH, DH, BF, CF; Le. AB, CD together = AD, 
BC. 

12. The opp. sides of a pai^. are equal : and the sum of one 
pair of opp. sides of a quad\ circumscribing a O is €H}ual to the 
sum of the other pair [Ex. 11], Hence double of one side 
= double of the adjacent side. .'. the circumscribing pai™. is 
equilateral. 

13. Take fig. of Ex. 11. Then, by iii. 17. Cor. and i. 8, 

Z.AOE=£.AOH; Z.BOE=z.BOF; 
^DOG=Z-DOH; ^COQ=^COF. 

.*. L « ACE, BOE, DOG, COG together = L ■ AGH, DOH, BOF, OOF; 
i.e. ^ ■ AOB, COD together = /_ * AOD, BOC. 
But these four l * together = 4 rt. 2. ". 
.'. L « AOB, COD = L « AOD, BOC = 2 rt. 2. ». 

14. Let O be centre. Then OB, being perp. to tangent BD, 
is par^ to AD. .'. L DAB = l. ABO. But OA = OB, 

.*. L ABO = L OAB. 

.*. AB bisects L CAD. 

15. Let O be centre, and let AT, BT' be two equal tangentB 
at A and B. Then OT = OT' [iii. 18 and I. 4]. .'. locus of T is 
circle with centre O. 

16. See fig. p. 180. Let BCD be given O, EBF the ^ven 
diameter produced. Draw BA perp. to EB and equal to the 
required length. Join AE cutting the O in D. Draw DF perp. 
to ED meeting EBF in F. Then the tangent DF = AB, the given 
length. Hence F is the required pt. 

17. See ^g, p. 180. At E the centre make the angle BEA 
equal to the complement of half the given angle. Let EA meet 
the tangent at B in A, and the Q BCD in D. Draw DF porpL I- 
to ED meeting EB in F. Then z. DFE = z_ BAE = complement 
of z. BEA = half the given angle. Hence the tangents from F 
contain the angle required [iii. 17. Cor.]. 



— » 
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I 
nA 18. Let A be the pt. through which the O is to pass. B the 

-| pt. on the given st. line which the O is to touch. Join AB. Draw 

1 BC perp. to the given line, and make z. BAG = z_ ABC. Then 

i CA = CB. .'. C is the centre of the required ©. [See solution of 

Ex. 28, p. 220.] 

19. Let the line drawn parallel to the * tangent* line at a 
' distance from it equal to the given radius cut the * centre' line in 

'} O. Then O is the required centre. Two solutions. 

i 

20. Describe a O concentric with the given O , having its 
radius equal to the sum or difference of the radii of the given O 
and of the required O. A pt. of intersection of the O so 
described with a line drawn par^ to the given line at a distance 
equal to the radius of the required O, is the centre of the re- 
quired 0. [See solution to Ex. 33, p. 221.] 

Page 186. 

1. The sum of z. " PAB, PBA is the supplement of the constant 
Z- ARE [i. 32], and is therefore constant. 

2. The L ^ QRS, QPS in segment QRPS are equal : and the 
Z- ■ RQP, RSP in segment RQSP are equal : and the opp. vertical 
Z- ■ RXQ, SXP are equal. 

3. The z. PBQ is the supplement of the sum of the l " BPGl, 
BQP, i.e. of z.* in the segments BPA, BOA of the two O^, which 
are constant. 



[ill. 211 
[HI. 21]. 



4. The L PBX = z_ PAX [ill. 21] = vert. opp. l YAQ 

= Z.YBQ 



Bm The L AOB is the supplement of the sum of the halves of 
Z- ■ PAB, PBA and is .'. constant [Ex. 1]. Hence locus of O is 
the arc of a O on chord AB. [Converse of Prop. 21, p. 187.] 

Page 188. 

1. The opp. z. * of a par", are equal ; and if a circle can be 
described about the par"., they are together equal to two rt. l *. 
/. each z. is a rt. z. . 

2. The Z. ABC = 2. AXY = z. AYX = supplement of l XYC. 
.'. XBCY is concyclic. [See Converse of Prop. 22, p. 189.] 
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3. The exterior l = supplement of adjacent interior 
posite interior l . [See solution to Ex.. 5, p. 223.] 



Page 190. 

1. Let ABCD be a quad^ inscribed in a O. Let B 
the int. z. at B, and let DE bisect the ext. l at D. Th< 
CDE = half the supplement of l ADC = half the l ABC = 
.*. CBDE is concyclic [Conv. of Prop. 21]. .'. E is on the G 

2. Let ABC be the A, and P, Q, R any points in i 
arcs BC, CA, AB. Then the sum of the £." BAC, BPC = 

L.^ [ill. 22]. So that the sum of the l^ BAC, BPC, CB 
ACB, ARB = 6 rt. z.*. And of these the z.* BAC, CBA, 
rt. L « [l. 32]. .-. the u « BPC, CQA, ARB = 4 rt. l «. 

3. Let A be the centre, and AB any radius of the O . 
B as centre and BA as radius describe a O cutting the giv 
C and D. CD shall divide the given O as required. For l 
the one segment = l CAD = twice l in the other segment 



Page 191. 

1. In ^g. III. 23, z. ACB in smaller segment is great 
L ADB in larger segment [i. 16]. 

2. If P is without the segment, some part of the ar( 
segment must lie within the AAPB. If Q is any pt. on t 
of the arc, l AQB > APB [i. 21]. If P is within the segn 
produced will cut the segment in some pt. Q, so that i 
\l APB > the int. opp. L AQB. 

3. Let P and X be on BC, Q on CA. Then QX = QC 
p. 100]. .'. u QXC = L. QCX = L PRO, since PCQR is a par™ 
p. 96]. .'. z. QXP is supplement of z. PRQ. .'. P, R, Q 
concyclic. 

4. If Y and 2 be the feet of the perp^. from B and C 
and AB, P, Q, R, Y and P, €1, R, Z are concyclic. But c 
circle can pass through P, Gl, R [iii. 10]. Hence the 
P, Q, R, X, Y, 2 are concyclic. 
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Page 196. 

1. Let AB, CD be par^; chords. Then l. DAB on arc BD = ^ ADC 
1 arc AC [i. 29], .'. arc BD =arc AC [ill. 26]. 

2. Let AC, BD be equal arcs. Then l ADC on arc AC = z. BAD 
1. arc BD [ill. 27]. .'. AB is par^ to CD [i. 27]. 

3. See fig. III. 26. Let l BGC = ^ EHF. Then the A" BGC, 
HF are identically equal. Also arc BKC = arc ELF, and the 
hole O*^ KBAC = whole O^^ LEDF, .'. remainder arc BAC =arc 
DF. .*. i.BKC = z.ELF [ill. 27]. .". segments BKC, ELF are 
xnilar : and they are on equal chords. .'. they are equal, [in. 
4.] Also A BGC = A EH F. .*. sector BGC = sector EH F. 

4. Let chords AC, BD intersect at rt. l^ in X. Then 
_ AXD = iL * ABD, BAC together, .*. the arcs AD, BC subtend at the 
Lrcumference l * together equal to a rt. z. . And z. AXB = z. ^ ACB, 
jBD together, .'. the arcs AB, CD subtend at the circumference 
L " together equal to a rt. z_ . .*. arcs AD, BC together = arcs AB, 
JD = the semicircumference. 

5. As in preceding ex., z. AXD = sum of the z.* subtended 
>y AD, BC -— Z- subtended by an arc equal to sum of AD, BC. 

6. The Z- AXB = difference of Z- ^ ABD, BAC = difference of z_ " 
ubtended at the O ^^ by AD, BC = z. subtended by arc equal to 
lifiference of AD, BC. 

7- Let bisector of z_ APB cut the conjugate arc in Q. Then 
z_ APQ= z. BPQ, .'. arc AQ = arc BQ. .*. Q is the pt. of bisection 
>f the conjugate arc AQB. 

8. Let PA, PB cut the other O in Q and R. Join BQ. 

(1) Let Q and R be in PA, PB pr duced. Then z. QBR =sum 
)f z. * BOA, BPA = sum of L ^ subtended at the O ^^^ by AB = con- 
stant. 

(2) Let Q and R be in PA, PB. Then l QBR = difference of 
L. ® BOA, BPA = difference of z. ^ subtended at the O*^* of the two 
* by AB = constant. 

(3) Let R be in PB and Q in PA produced. Then z. QBR = sup- 
plement of z. * BQA, BPA — supplement of z. ^ subtended at the O ^^ 
by AB = constant. 

9. The Z.AXY= z.ABY= JB. And z. AX2 = ^ ACZ = J C. 

.*. L 2XY = |(B + C) = complement of \ A. 
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10. Let AB, CD be pari chords of a O . Then l ADC = L DA! 
I. 29], /. arc AC = arc BD [iii. 26]. .'. chord AC = chord BOJ 
III. 291. And z. CAB = supplement of ^ACD [i. 29] = ^ABDJ 
III. 22J. .-. chord BC = chord AD [in. 26, 29]. 

11. PX and QY subtend at A opp. vertical ^*. Hence 
arc PX = arc QY. Hence chord PX = chord QY. 

12. Each = the common chord [Ex. 1]. 

13. Since the chord AB is common to the two equal 0", the 
arc AB in one = the arc AB in the other [iii. 28]; .'. z.APB = 

u AQB [ill. 27]. .'. BP = BQ. 

14. Each of the chords BX, XA, AY, YC subtends an L equal 
to half the base l . 

Hence, if the base l " are each double of the vertical l. , the 
pentagon is equilateral. 

Page 199. 

1. See fig. p. 199. Let tangent at D be par^. to AB. Then, 
if DC be perp. to tangent, the centre is in DC [in. 19]. But DC 
is also perp. to AB. .*. DC bisects AB [in. 3.] Hence arc ADB is 
bisected at D [in. 30], 

2. Let CB be the quadrant, A the centre. On AB describe 
an equilateral A ADB. Because AD = AB, .*. D is on the circum- 
ference. Bisect L DAB in E. Then the rt. l BAC is trisected by 
AD, AE [Ex. 6, p. 60]. .'. the arc BC is trisected at D and E. 

Page 201. 

1. The L opp. the diameter must be a rt. l.. Hence the 
vertex is on the O^* [Converse of Prop. 21.] 

2. The locus is the on hyp. as diameter. 

3. The locus is a quadrant of the O whose centre is the pt 
of intersection of the rulers, and radius half the length of the rod 
[in. 31]. 

4. Each of the l^ PBA, QBA in a semicircle is a rt. z.. 
.'. PB, QB are in a st. line. 

5. The line joining the vertex of an isosceles A to the 
middle pt. of the base is perp. to the base. Hence the on a 
aide as diameter passes through the middle pt. of the base [Ex. 1]. 
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6. Let A be pt. of contact, AB diameter of inner, and ABC of 
ater 0. Draw any chord ADE. Then each of the Z-* ADB, AEC 
I a semicircle is a rt. L, .'. BD is par^. to CE, But B is middle 
t. of AC. .'. D is middle pt. of AE [Ex. 1, p. 96]. 

7. Both the circles described on the sides of a A as diameters 
lust pass through the foot of the perp. from the vertex on the 
ase or base produced. 

8. The required locus is the O whose diameter is the line 
fining the given pt. to the centre of the given O . If the pt. is 
without the O**, the locus is confined within the two tangents to 
he . If the pt. is on the Q **, the locus is the O on the radius 
hrough the point as diameter. [See solution of Ex. 40, p. 229.] 

9. On the side of the greater of the two given squares as 
iameter describe a semicircle : from its extremity draw a chord ^ 
qual to the side of the other given square. The chord com- 
peting the A is the side of the required square [iii. 31, i. 47]. 

10. Let A be a pt. of intersection of two O" ; B the centre ' 
f one of them. Let the other cut the described on A B as 
iameter in C. The chord AC produced will be bisected at C 
III. 31, 3]. 

11. Since the diagonals of a rhombus are at rt. z. ■ to one 
nother [Ex. 11, p. 27], .'. the required locus is the described 
•n the given st. line as diameter. 

Page 204. 

1. If, from one extremity of a chord of a circle, a straight 
ine be drawn making an angle with the chord equal to the angle 
n the alternate segment, this straight line shall touch the circle. 

Take Gg. p. 203. Let BA be the diameter through B. Then, 
f the Z- DBF is acute, the alternate segment must be > a semi- 
;ircle. .*. the diameter BA must fall in this segment. 

.'. Z-DBF = Z.BAD: add ^ABD. 

.'. Z.ABF = ^«BAD, ABD = a rt. l [l. 32, III. 31]. 

.'. BF is a tangent. Similarly, if iL EBD is an obtuse angle, EB 
nust be a tangent. 
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2. Each of the l ■ made by the tangents with the line joining 
their pts. of contact is equal to the angle in the alt. segment 
.*. these L * are equal. /. the tangents are equal [i. 6]. 

3. Let A be pt. of contact, AB, AC the diameters of the given 
0». Draw ADE to cut the ©Mn D and E. Then 2L« ADB, AEC 
in semicircles are rt. z.*. .*. BD, CE are par^. and L^ DAB, EAC 
are in (i) coincident and in (ii) opp. vertical. Hence the remain- 
ing z. ^ ABD, ACE are equal [i. 32] : i. e. the segments DBA, EGA 
are similar. 

4. Draw T'AT the common tangent to the two O^ at A. 
[Ex. 3, p. 181.] Let AX be between AP and AT. 

Then l TAX = L APX [ill. 32]. 

And, in (i), l TAX = l AQY : 

in (ii), L TAX = L T'AY= L AQY. 

.*. in (i) and in (ii) l AQY = L APX. 

.*. PX is par^ to QY. 

5. Tangent at A to first makes with AG an l equal to 
OBA in alternate segment. But because O is centre of the other 
0,OA = OB. .*. z.OBA = Z-OAB. .'. AG bisects L between AB 
and the tangent at A. 

6. The tangent at P makes with PAC an L equal to 
L. PBA = Z- ABD (or its supplement) = L ACD (or its supplement). 
.*. tangent at P is pari to CD. 

7. Let A be pt. of contact, AB chord through A, C the middle 
pt. of arc cut off by AB ; CM, CN perp^. on the tangent at A and 
the chord AB. Then L CAM = L ABC [iii. 32] and L ABC = z. CAB 
[ill. 30]. .'. L CAM = L CAB. .*. the L « CAM, CAN are identi- 
cally equal [i. 26]. .'. CM = CN. 

Page 206. 

1. On the given base describe a segment containing an 
z.= to the given l. The pt. or pts. in which the arc of the 
segment cuts the given st. line give the required vertex. 
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2. The required vertex is the intersection of the arc of the 
igment described on the base and containing an l equal to the 
iven L. , and 

(i) The circle, whose centre is an extremity of the base and 
adius is equal to the given side ; 

(ii) The st. line parallel to the base at a distance from it equal 
o the given altitude ; 

(iii) The circle whose centre is the middle pt. of the base and 
adius equal to the given median ; 

(iv) The perp. to the base drawn through the given point. 

3. Because arc AP = arc BP ; /. Z- ACP = Z- BCP. 

4. Because l ACS = K, and l AXB = |K, 

/. z. XBC = JK [i. 32] = L AXB. 
.*. CB = CX [i. 6] ; .'. AC + CB = AX = required length. 

5. On AB, the given base, describe a segment containing an 
L. equal to the given l. K ; also another segment containing an 
ingle greater by a right l than JK. From centre A, with radius 
iqual to the given difference of the sides, describe a O cutting 
ihe last drawn segment in X. Join AX and produce it to cut 
}he first segment in C. Then ABC shall be the required triangle. 

Let the bisector of z. ACB cut BX in D. Then ext. z. AXD is 
greater by the l XDC than l XCD, i.e. than JK. .*. l XDC is a 
•t. z.. .'. the A* XCD, BCD are identically equal [i. 26]. There- 
core CX = CB. .*. AX = the difference of AC and CB. 

Page 207. 

1. Let AB be the base of given segment, produced to C. 
From A draw AP to meet the arc of the segment at P ; join PB, 
and through C draw CQ par^. to PB to meet AP produced at Q. 
Then a segment described on the base AC to pass through Q 
[Ex. 4, p. 156] is that required. For u APB = L AQC [i. 29]. 
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2. Let A be the given point and C the centre of the given 
. From A draw the tangent AP ; and from P draw PQ, making 
the z- APQ equal to the given angle. From centre C describe a 
O to touch PQ ; and from A draw a tangent to the of con- 
struction, cutting the given at XY. Then AXY is the required 
line. For PGl= XY [Ex. 3, p. 183]. Hence the arc PQ = the arc 
XY [ill. 28] ; .*. the angles at the C* subtended by these arcs are 
equal. 

Page 209. 

1. Bisect AB in G, and CD in H. Draw G F, H F perp. to AB, CD. 
Then rect. AE, EB + sqq. on EG, GF = sqq. on AG, GF, i.e. reet. 
AE, EB + sq. on EF = sq. on AF. Similarly, rect. CE, ED + sq. 
on EF = sq. on CF. .'. AF = CF. But AF = BF and CF = DF. 
.'. A, B, C, D are coney clic. [Or : by reductio ad adsurdum from 
Prop. 35.] 

2. The shortest chord through a pt. within a is the chord 
bisected at the pt. [Ex. 1, p. 175]. 

3. On AB as diameter describe a circle. This passes through 
C [in. 31]. Produce CD to cut the in E. Then CE being perp. 
to the diameter is bisected at D [in. 3]. And rect. AD, DB 
= rect. CD, DE = sq. on CD. 

4. The on AB-as diameter passes through P and Q [iii. 
31]. Therefore rect. AC, OP = rect. BO, OGL 

5. Let O be any pt. in AB : and POQ a chord of one circle, 
ROS a chord of the other. Then rect. PC, OQ = rect. AC, OB = rect. 
RO, OS. .'. P, Q, R, S are concylic [Ex. 1]. 

6. Draw the chord CABD ; bisect it in E, and join E to centre 
F. Then rect. CA, AD + sq. on EA = sq. on EC [n. 5]. And 
rect. CB, BD + sq. on BE=sq. on EC. But rect. CA, AD = rect. 
CB, BD. .'. sq. on EA = sq. on EB. Add sq. on EF. Then sq. on 
FA = sq. on FB ; i.e. A and B are equidistant from centre. 

7. Use the lettering of fig. Prop. 35, but take E outside the 
0. Then rect. EA, EB + sq. on AG =sq. on EG. 

Add sq. on GF. Then 

rect. EA, EB + sq. on AF = sq. on EF. 

Similarly rect. EC, ED + sq. on CF = sq. on EF. 

.*. rect. EA, EB = rect. EC, ED. 
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8. Let AD be diameter of ACD, and AE of © AFE : then 
z_ ® ACD, AFE are rt. z.* [ill. 31], .*. C and F lie on O whose 
diameter is DE. .'. rect. CA, AE = rect. DA, AF. 

Page 211. 

1. The sq. on either tangent = rect. contained by the segments 
of any secant. Hence the tangents are equal 

2. Let AB, the common chord, be produced to C. Then sq. 
on tangent from C to either = rect. CA, CB. 

3. Let the chord AB produced cut PQ in C. Then sq. on 
CP = rect. CA, CB = sq. on CGL .'. PQ is bisected at C. 

4. The sq. on tangent from P to any through A and 
B = rect. PA, PB. Hence sqq. on all the tangents from P are equal. 

5. Since l * PQB, PCB are rt. l *, .'. Q and C are on the 
O whose diameter is PB [iii. 31]. .*. rect. of segments AC, 
AP = rect. of segments AB, AQ [ill. 36]. 

6. [This is proved in the course of i. 47, p. 82.] Or : The 
O on BC as diameter passes through D [iii. 31]. And AC being 
perp. to the diameter is tangent at C. .*. sq. on tangent AC = rect. 
of segments of secant, AB, AD [iii. 36]. 

Page 214. 

1. Let PABQ be a secant cutting the O*'® in A and B. Bisect 
AB at E. Then EF, the perp. to AB, passes through the centre C 
[ill. 1, Cor.]. Let PABQ move, while A remains fixed, and B 
approaches A. Then the perp. EF ultimately coincides with the 
perp. from A to the tangent at A ; and always passes through C. 

2. Let AB be the common chord of two 0* whose centres are 
E, F. Then EF bisects AB at right angles in C. When A 
and B coincide, C must coincide with each; and each be- 
comes the pt. of contact of the two *•. Hence the line joining 
the centres of two O* which touch one another passes through 
their point of contact. 

3. If the pts. of intersection of two " come to coincide, the 
proof that they cannot have the same centre is unaltered. 
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4. Since two circles cannot cut in 3 points, if two pte. d 
intersection come to coincide, so that the O * touch, there can be 
no other point at which they meet. 

5. From O the centre draw ON perp. to the given straight 
line. Then if ON < radius of the O, N is vnthin the O, and no 
St. line can be drawn through N without cutting the closed figure 
in two pts., B and C, say. Now ON* + BN2 = OB*= ON^ + CN" 
.'. as ON increases towards equality to OB or OC, BN and CH 
decrease towards zero. And idtimately when ON becomes equal 
to OB, BN and ON become zero : i.e. B and C each coincide 
with N. 

When ON becomes > the radius, any pt. in the straight line is 
further from the centre than N, .'. a fortiori at a greater distance 
than the radius. 

6. Since the ext. l QAB of the quadrilateral APCB [see fig. 
p. 214] is equal to the int. and opp. l PCB, .'. when P coincide 
with A and AP becomes the tangent at A, the ext. l. made by the 
tangent with AB becomes equal to the l ACB. 

7. Since rect. EA, EB = rect. EC, ED, .'. when C coincides 
with D, and EC becomes the tangent at C, rect. EA, EB = sq. 
on EC. 

8. Let AB be the diameter and C any pt. in the circum- 
ference. Join CB and produce it to GL Then ^ ACQ is a rt. L, 
When C coincides with B, CQ becomes the tangent at B. Hence 
AB is perp. to the tangent at B. 

9. Let BE bisect the int. l at B, and let DE bisect the ext 
L at D. Then E is on the O *^®- When D coincides tmth A, the 

internal bisector at B meets the bisector of the l between AC and 
the tangent at A on the O 



ce 



THEOREMS AND EXAMPLES ON BOOK IIL 

I. On the Centre and Chords op a Circle. 

Page 215. 

2. Let A, B, C be the three given points. Join AB, BC. 
Bisect AB, BC at rt. angles by st. lines which meet at O. Then 
shall be the centre of the required O . [Proof as in iii. 25.] 
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3. Let A, B be the two given points, and PQ the given st. 
line. Join AB, and bisect it at rt. angles by a st. line which 
meets PQ at O. Then O is the centre of the required j0. 
[Proof by iii. 1. Cor.] Impossible when PQ is at rt. angles to 
AB or AB produced. 

4. Let A, B be the given points, and R the given radius. 
Join AB, and draw CO bisecting it at rt. angles. Fix)m centre A 
(or B) with radius equal to R describe a cutting CO at O. 
Then O is the centre of the required O. [Proof by Ex. X, 
p. 215.] 

Impossible when the given radius is less than half AB. 

6. In the A«ABX, ACY, we have the z.ABX = the Z.ACY, 
the ^AXB = the z. AYC, and AB = AC ; .'. BX = CY[i. 26]. 

Or^ draw AE perp. to BC ; then BE = CE by i. 26, and XE = YE 
by III. 3. .'. BX = CY. 

6. Let AB be the common chord of two O * whose centres 
are E, F ; and let the st. line par*, to AB cut one O at P, Q and 
the other at X, Y. Join EF, cutting PQ at O. Then EF is perp. 
to AB [Ex. 1, p. 156]. .'. EF is perp. to PQ [i. 29]. .*. OP = OQ; 
and OX = OY [ill. 3]. Hence PX = QY. 

7- Let the two * intersect at A, B ; and let PAQ, XAY be 
two st. lines equally inclined to AB and terminated by the O *^. 
Through B draw P'BQ' par*, to Pa Then P'Q'=PQ [Ex. 12, 
p. 156].. Now the l XAB = the l P'BA ; whence it may be shewn 
XA = P'B, and similarly AY = BQ'. .*. XY = P'Q' = PQ. 

8. Let the two O % whose centres are E and F, cut at A, B. 
Let PAQ be the st. line through A pari to EF and terminated by 
the O^ and let XAY be any other st. line terminated by the O*^. 
Then PQ shall be greater than XY. 

By drawing perp*. from E, F to PQ it is seen that PQ is double 

of EF [hi. 3]. From E, F draw EG, FH perp. to XY ; and from E 

draw EK perp. to FH. Then XY is double of GH, that is, double 

of EK. But in the rt. -angled AEKF, EF is greater than EK. 

/. PQ is greater than XY. 

9. For, from the two isosceles A ^ CPA, DAQ, the z_ CPA = the 
L CAP, and the L DQA = the z. DAQ. .'. the two L « XPQ, XQP 
together = the two L " CAP, DAQ. Hence the L PXQ = the l CAD 
[i. 32, and i. 13]. 
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10. Let A, B be the points of section of the 0" whose centres 
are C, D. Join CD, and bisect it at O. Join OA, and draw PAGt 
perp. to OA. Then shall PA = AGL Draw CE, DF perp. to PQ. 
Since CE, OA, DF are par*, and CO = OD, .'. EA = AF [Ex. 13, 
p. 98]. Hence PA = AQ [ill. 3]. 

11. Let the bisector of the ^ CPQ meet the O** at E. Join 
CE. Then in the isosceles A CEP, the z_CEP = the z.CPE = thd 
L EPGL .'. CE is pari to PQ [i. 27] ; that is, CE is perp. to AB, 
Hepce the bisector passes through one or other of the extremities 
of the diameter at rt. angles to AB. 

12. The middle points of the sides of the quad^ (that is, the 
centres of the ^) are the vertices of a par". [Ex. 9, p. 97]. 

Again, the st. line joining the centres of two intersecting 0' 
is perp. to their common chord [Ex. 1, p. 156]. Hence the com- 
mon chord of two consecutive 0* and the common chord of the 
other two are perp. to par*, lines, and are therefore par*, to one 
another. 

13. Let B, be the centres of two equal 0* which have 
external contact at A ; and let AP, AQ be the two chords at rt. 
angles to one another. Join PB, QC. Then BO passes through 
A [in. 12] and the l^ BAP, CAQ together = one rt. angle; 
.'. the four Z-^BAP, BPA, CAQ, CQA together = two rt. angles; 
.*. the two Z-* PBA, QCA together = two rt. angles [i. 32]. 
.'. PB, QC are par*., and they are also equal ; .*. PQ is equal and 
par*, to BO. 

14. Let A be the given external point, B the centre of the 
, Q any point on the O *^, and P the middle point of AGL Re- 
quired to find the locus of P. Bisect AB at O, and join OP. Then 
because O, P are the middle points of AB and AQ, .*. OP is half of 
QB [Ex. 3, p. 97]. That is, OP is of constant length, and O is a 
fixed point; .'. the locus of P is a whose radius is equal to 
half the radius of the given . 

15. Complete the 0* of which the equal segments are parts. 
Let C and D be their centres, C and Q being on opp. sides of AB, 
also P and D. Join CD ; then CD will pass through O [Ex. 1, 
p. 156]. Join CQ, DP. Then in the A ^ COQ, DOP, we have CO=DO, 
CQ= DP (for the 0" must be equal) and the l COQ = the L DOP. 

.'. the A COQ = the A DOP identically [Ex. 13, Cor. p. 92]; 
for the L ^ COQ, DOP are ohtvAe angles. 
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II. On the Tangent and the Contact op Circles. 

Page 217. 

1. Let AB be a chord of fixed length, P its middle point, and 
O the centre of the 0. Join OP. Then OP is perp. to AB [in. 3], 
and is of fixed length for all positions of AB [in. 14] ; .'. the 
locus of P is a concentric , which is touched by AB at P, since 
AB is perp. to the radius OP [in. 16]. 

2. Let AP, AQ be two tangents drawn from A to a whose 
centre is O, and PR the diameter through P. Then shall the 

L. PAQ be double of l QPR. Join AO, cutting PQ at B. Then AO 
bisects the l PAQ [in. 17, Cor.], and also bisects PQ at rt. angles 
[Ex. 2, p. 182] : also PR is perp. to AP [in. 18]. 

Hence from the rt. angled A* PAO, BPO, the z_PAO=the 

L. BPO, each being the comp*. of the l POA. .'. the l PAQ is 
double of the l QPR. 

3. Let A be the point of contact of the two ", PAQ the st. 
line through A terminated by the O*^, and PB, QC the tangents 
at P, Q. Then shall PB, QC be pari Through A draw BAG perp. 
to the line of centres, meeting PB, QC at B and C. Then BAG 
touches both * at A [in. 1 6]. And .because BP = BA [in. 7, Cor.], 
/. the 2LBPA = the z. BAP = the vert. opp. z.CAQ = the Z.CGIA 
(since CA = CQ). That is, the u BPQ = the l CQP ; /. PB, QC are 
pari. |-i. 27]. 

4. Let A be a point of intersection of the two *, PAQ the 
st. line through A terminated by the O ^^^ and PR, QR the tangents 
at P, Q: and let the tangents at A meet PR, QR at B, 0. 

Then shall the z. PRQ = the l BAG. For, from the two isosceles 
A» SPA, GAQ [ni. 17, Cor.], the z.BPA = the ^ BAP, and the 
L. CQA = the L GAQ : .'. the two l * RPQ, RQP together = the 
two A» BAP, GAQ. Hence the l PRQ = the l BAG [i. 32, i. 13]. 

5. Let the two par*, tangents AP, BQ touch the at A, B, 
and cut off the segment PQ from a third tangent whose point of 
contact is R. Take G the centre. Then shall the l PGQ be a rt. 

L . Join GA, GB, OR. 

Then GA, CB being perp. [in. 18] to par^ lines are in one st. 
line. And PG, QG respectively bisect the z.* AGR, BGR [in. 17; 
Cor.]. Hence the l PGQ is half of the four i. ^ at G, that is, half 
of two rt. angles [i. 13]. 

H. Ka £• V> 
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6. Let O be the centre of the circle ; B, C the points of i 
contact of the fixed tangents AP, AQ, and R the point of contact 
of the third tangent PGL Then shall the l. POQ be constant 
Join OB, OR, OC. Now OP, OQ respectively bisect the z_* BQR, 
COR [in. 17, Cor.]; /. the z. POQ is half the reflex l BOC, 
which is constant, for B, O, C are fixed points. 

Note. The z.POQ=one rt. angle + half the z. at A. [See 
Ex. 36, p. 228.] 

7. Let ABCD be the quadl, and P, Q, R, S the points of 
contact of the sides AB, BC, CD, DA. 

Then AS = AP [in. 17, Cor.] and DS^^DR; .'. by addition 
AD = AP, DR. Similarly BC = BP, OR. Hence AD and BC together 
= AP, BP, DR, CR = AB, DC. 

8. Let ABCD be a quadl in which AB, CD together = BC, DAi 
By bisecting the two z. * ABC, BCD describe a O to touch three 
sides AB, BC, CD [Ex. 1, p. 182]. Then shall AD also touch this . 
. For if not, from A draw AD' touching the and cutting CO 
at D'. Now by hyp., AB, CD together = BC, AD. Also by Ex. 7, 
AB, CD' together = BC, AD'. .'. taking the differences of these 
equals, DD' = the difference of AD and AD'; hence either AD' = AD, 
DD', or AD = AD', DD' ; which is impossible [i. 20]. 

9. Let A be the point of contact, B the centre of the inner 0, 
C of the outer 0. Then A, B, C are collinear [iii. 11]. Let BC, 
produced if necessary, cut the inner O** at D. Let EF be the 
chord of the outer which touches the inner at D, and is 
therefore perp. to AD [iii. 18]; and let PQ be any other chord 
touching the inner 0. From C draw CR perp. to PQ: then R 
is outside the inner [iii. Def. 10]. Let CR cut the Q^ at 8. 
Now OS is greater than CD [in. 71; much more is CR greater 
than CD ; .*. EF is greater than PQ [in. 15]. 

10. Let ABC be a A , and F the middle point of the side AB. 
On BC as diameter describe a ; call its centre D. Join FD and 
produce it to meet the Q** at P. Then FP is made up of FD and 
DP; of which FD is half AC [Ex. 3^ p. 971 and DP is half BC: 
that is FP is half the sum of BC, CA. Ana a described from 
centre F with radius FP will touch the on BC at P ; for the 
centres of the two circles and the point P are collinear. Similarly, 
the same will touch the on AC. 
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11. Let A be the given point, O the centre of the given O, 
and X the given st. line. In the place a chord PQ equal to X 
[see IV. 1]. With centre O, and radius equal to the perp. from O 
on PQ, describe a circle, which will be touched by PQ [iii. 16]. 
From A draw ABC to touch the inner [iii. 17] and to cut the 
given at B, C. Then BO = PQ, being chords at equal distances 
from the centre of the given [iii. 18 and 14], 

If A is without the 0, X must be not greater than the 
diameter. If A is within the , X must be not greater than the 
diameter, and not less than the chord drawn through A perp. to 
OA. 

12. Let O be the given point in the given st. line ; and let 
AB, the given par*., cut any © of the system at A, B. Draw AP 
the tangent at A, and OP perp. to AP. Take C the centre of the 

0, and join AC, 00 : then OO cuts AB in R at rt. angles [Hyp. 
and I. 29]. 

Then the L POA = the l ROA, for each is equal to the l OAC 
[i. 29, I. 5]. Hence A^ AOP, AOR are identically equal by I. 26. 
feo that OP = OR; and OR is constant, for all 0* of the system. 
Now AP is perp. to OP. .*. AP touches the fixed whose centre 
is O and radius OR. 

13. Let A be the centre of the outer, and B of the inner fixed 
. Let P be the centre of any third touching the first at 
D and the second at E. Then shall AP + BP be constant. Let 

ri, rj, r, denote the radii of the three ^ Then the points A, P, D 

and 8, E, P are collinear [in. 11 and 12]. 

And AP + BP = ri - rj + rg + rg = rj + rg. 

Note. This problem is a special case of the following: If 
any two circles are touched one internally and one externally by 
a third circle, the sum or difference of the distances of this third 
-circle from the centres of the given circles is constant. 

14. Let PA, PB be any pair of tangents containing the given 
angle. Take O the centre of the 0, and join OA, OP. Now OP 
bisects the iiAPB [iii. 17, Cor.]. Hence in the AOAP, the 

I." CAP, OPA, and the side OA are constant; .'. OP is constant 
[i. 26]. .*. the locus of P is a concentric © . 

15. Let A and B be the centres of the two given 0% X and 
Y the given st. lines. At any point O on the O ^^ of the first 
draw a tangent OP equal to X. From A as centre with radius 
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AP describe a 0, and shew that its O** is the locus of points 
from which tangents of the required length may be drawn to first 
given circle. Proceeding in a similar manner with the second 
circle, we see that the points common to the two locus-circles 
satisfy the conditions. There are two solutions, one solution or 
no solution according as the loci-circles intersect, touch one 
another, or do not meet. 

16. Lemma, If ABC is a triangle, and X a point in the 
base, such that AB^- AC*= BX^'-CX', then AX is perp, to BC^ 
This is the converse of Ex. 7, p. 84, and may be proved indirectly 
from that theorem. 

Let A, B, C be the centres of the three 0*. Then BC, CA, 
AB pass respectively through P, Q, R the points of contact 
[hi, 121. Let the common tangents at Q and R meet at O. Jem 
OP. Then OP shall touch the 0« (b) and (C) at P. Join DA, 
OB, OO. 

Now OB'*= OR*+ BR", and OC* = OQ^ + CQ^ [in. 18, I. 47] 
Hence by subtraction, remembering that OGl=OR [iii. 17, Cor. J 

OB* - OC^ = BR'' - CQ^ = BP'^ ^ CP^. 
.*. OP is perp. to BC. (Lemma.) 
.'. OP touches the 0* (B) and (C). 

.*. OP = OQ [ill. 17, Cor.] = OR. 

Common Tangents. Page 218. 

17- (i) The two direct tangents only can be drawn in this 
case : for when we attempt to draw the transverse tangents we 
find the point B within the circle of construction. 

.*. no tangent can be drawn to it from B. 

(ii) Here the two direct tangents may be drawn, and the 
two transverse tangents become coincidenL For B will fall on 
the O ^ pf the circle of construction ; hence only one tangent (or 
two coincident tangents) may be drawn to it from B. 

(iii) Hence for similar reasons the two direct tangents are 
coincident and the two transverse tangents are iinpossible. 

(iv) Both direct and transverse tangents are impossible. 



THEOBEMS AND EXAMPLES ON BOOK III. PAGE 219. 69 

18. In this case the of constr. is reduced to a point. 
Proceed thus : — join AB the centres of the given ©*, and draw AD, 
BE perp. to AB, cutting the O*** in D and E. Join DE, which 
will be one direct common tangent. [Proof by i. 28, 33, 34, and 
III. 16.] 

19. Let a pair of common tangents touch the greater at 
D, D', the smaller at E, E', and cut one another at P. 

Then by in. 17, Cor., PD = PD', and PE = PE'. 
.*. for direct tangents PD - PE = PD' -- PE' ; 
and for transverse tangents PD + PE=PD' + PE'j 
.'. in either case DE = D'E'. 

If the 0" are equal, then the direct common tangents are 
equal [i. 34]. Or again, with the fig. of p. 218, DE = BC; simi- 
larly D'E' = BC' ; but BC = BC', .'. DE = D'E'. 

20. Let the direct common tangents DE, D'E' touch the 0* 
whose centres are A, B at D, E and D', E', and cut one another at P. 
Join PB, BE, BE'. Then in the A" PEB, PE'B, we have BE = BE' 
And BP common, also the Z-* PEB, PE'B are rt. z.* [in. 18]; 

.-. L EPB= L E'PB [Ex. 12, p. 91]. 

That is, the centre B lies on the bisector of the l between the 
'Common tangents. Similarly the centre A lies on the same 
bisector. Therefore the points A, B, P are collinear. 

21. Let B, C be the centres of the two given 0^ : then BC 
passes through A [in. 12]. Join BP, CO. 

Then the sum of z.* BAP, CAGl=the sum of Z-* BPA, CQA 
= the sum of the comp**. of z. * APQ, AQC [in. 8] 
= L PAQ. [i. 32.] 

Hence l PAQ is half of two rt. z. * ; that is, the L PAQ is 
21 rt. z. . 

22. Let B, C be the centres of the two given 0*; then BC 
passes through A [in. 12]. At A draw the common tangent to 
meet PQ at X. Then XA = XP and XA = XQ [ni. 17, Cor.]. 

/. a described on PQ as diameter passes through A, and 
teaches BC, for XA is perp. to BC [in. 16]. 
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23. Let the bisector of the l PC A meet PQ at R. Join RA. 
Then by i. 4, the A^CPR, CAR are identically equal; /. l RAC 
is a rt. z. ; hence RA is the tangent to both O" at A [iii. 161. 
Thus the bisector of the l PCA meets PQ at the point at which it 
is cut by the tangent at A. Similarly the bisector of the l QC'A 
meets PQ at the same point : that is, the bisectors intersect on 
PQ ; and are at rt. anglas, for they are also the bisectors of the 
z." PRA, QRA [Ex. 2, p. 29]. 

24. Let C, C' be the centres of the two O *. From centre C 
with radius equal to the difference of the radii of the given 0', 
describe a to cut CC' at X, Y ; and from C' draw the tangent 
C'P'. Then [Ex. 17, p. 218] PQ = C'P'. 

/. the sq. on PQ = the sq. on P'C' 

= the rect. C'X, C'Y 

= 2C'A . 2CA 

= the rect. contained by the diameters. 

25. Let A be the centre of the O to which the tangent is to 
be drawn, and B the centre of the O which is to cut off from the 
tangent an intercept equal to K. In the O (b) place a chord 
equal to K, and describe a concentric to touch this chord (i.e. 
to pass through its middle point). Then draw a common tangent 
to the (A) and the of construction. Then the (B) will 
cut off from this tangent a part equal to K [Ex. 5, p. 181]. 

Impossible when K is greater than the diameter of the (S), 
or when, of the circle (A) and the of construction, one falls 
within the other. In general there are four solutions. 

26. Let A and B be tlie centres of the given 0*, H and K the 
two given lines. Place chords equal to H and K respectively in 
the 0* (a) and (B), and describe concentric 0^ touching these 
chords. Then draw a common tangent to the two 0' of con- 
struction. From this tangent the two given 0* will cut off 
parts equal to H and K [Ex. 5, p. 181]. 
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Problems on Tangekcit. Pa^^e 220. 

Loci, (i) The st. line which bisects the line joining the given 
pomts at rt. angles. 

(ii) The st. line perp. to the given st. line at the given 
point. 

(iii) The radius through the given point, indefinitely pro- 
duced both ways. 

(iv) Two st. lines par^. to the given line, one on each side 
of it, at a perp. distance from it equal to the radius of the touch- 
ing circles. 

(v) Two concentric circles, whose radii are r^ + r^ and 
fi- rj, where r^ is the radius of the given circle, and r^ the radius 
of the circles which touch it externally or internally. 

(vi) The two st. lines which bisect internally and ex- 
ternally the angle between the two given st. lines. 

27- The three given st. lines are supposed to be of infinite 
length. The locus of the centres of ■ touching any pair must 
be the internal and external bisectors of the angle between them. 
Four different centres will be given by the intersection of these 
loci, corresponding to what are known as the inserted and 
escribed 0® of the A formed by the three given lines. 

28. Let AB be the given st. line, C the given point in it, 
and D the other point through which the required © is to pass. 
Then since the required is to touch AB at C, its centre must 
lie on the st. line through C perp. to AB. 

Again, since the required © is to pass both through C and D, 
its centre lies on the st. line which bisects CD at rt. angles. 
Therefore O, the intersection of these loci, is the centre of the 
required ©. 

One solution : except when D is in AB, then impossible, for the 
loci will in that case never meet. 



Let C be the centre of the given © , A the point on its 
O*, and D the other point through which the required © is to 
pass. 

Then since the required © is to touch the given at A, .'.its 
centre must lie on CA, or CA produced [iii. 11, 12]. 
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Again, since the required Q is to pass through the pointi 
A and D, its centre must lie on the st. line which bisects AD at rt 
angles. .*. O, the intersection of these loci, is the centre of the 
required 0. 

One solution : except when D lies on the tangent at A ; then 
impossible, for the loci in that case will never meet. 



30. Let T be the given radius, AB the given st. line, C 
given point. 

(i) Then since the required is to touch AB, its centre 
must lie on one or other of the two st. lines par^. to AB and at a 
distance from it equal to r. 

(ii) Again, since the required is to pass through C, 
its centre must lie on the Q** of a of which C is the centre, 
and T the radius. 

Hence the intersections of either st. line in (i) with the in 
(ii) will give centres of the required 0. Theoretically there will 
l)e four solutions. 

(i) If C is in AB, the circle-locus will touch both of the 
par**., and there will be two pairs of coincident solutions. 

(ii) If C is not in AB, the circle-locus can only cut that 
parallel which is on the same side of AB as C : thus of the four 
theoretical solutions, two will be impossible, and the other two 
will be distinct, coincident or impossible as the distance of C 
from AB is less, equal to, or greater than 2r. 

31. Let A and B be the centres of the given 0% and r^, r^ 
their radii ; and let r be the radius of the required circle. 

(i) Then the centres of all 0* of radius r which touch 
the (a), lie on one or other of the concentric 0" whose radii 
are r^ + r, or r^ - r respectively. 

(ii) Again, the centres of all 0" of radius r which toacb 
the (B), lie on one or other of the concentric ©■ whose radii 
are rj + r or rj •- r. 

Hence the intersections of either in (i) with either in 
(ii) give centres of the required . 

Thus theoretically we get eight solutions. Which of them 
are real, and which impossible will be found to depend upon 
the relative magnitudes of r^, r,, and r; and also upon the 
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relative position of the two given 0" — whether one is without 
the other, one within the other, or whether they intersect. 

32. Let AB, CD be the two given st. lines, and r the radius 
of the req. O . 

(i) Then all 0" of radius r which touch AB must have 
their centres on one or other of the st. lines par^. to AB, and 
at a perp. distance from it equal to r. 

(ii) Similarly all 0" of radius r which touch BC must 
have their centres on one or other of the st. lines par^. to BC, 
and at a perp. distance from it equal to r. 

Hence the intersections of either st. line in (i) with either 
st. line in (ii) gives a centre of the required © . 

Thus there will be four solutions, all of which will be real, 
when the given lines intersect. If AB and CD are par^., the 
method fails. 

In this case there will be no real solution, unless r = half 
the perp. distance between AB and CD : then there will be an 
infinite number of solutions. 

33. Let AB be the given st. line, r^ the radius of the given 
0, r the radius of the required . 

(i) Then the centres of all ® of radius r, which touch 
the given 0, will lie on a concentric of radius r^-^r or 

(ii) And the centres of all ■ of radius r, which touch 
AB, will lie on one or other of the st. lines par^. to A B at a distance 
from it equal to r. 

Hence the intersections of either in (i) with either st. line 
in (ii) give centres of the required . 

Thus theoretically there are eight solutions. 

Suppose r, greater than r. 

Let X denote the distance of AB from the given centre. Then 
if a; is greater than r^ + 2r all the solutions are impossible. 

If a5=ri+2r then two solutions are coincident, the rest im- 
possible. 

If X lie. between r^ and r^ + 2r, two solutions are real (and 
distinct), the rest impossible. Again, if a; = r,, there are two 
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pairs of coincident solutions, tb^ i^ knptasiHloi; and if as is less 
than T^ y six solutions are possible. 

Finally, all eight solutions are possible, if 

Ti > 2r and a; < r^ — 2r. 

34. Let AB be the given st. line, and r^, r, the radii of the 
given 0". 

Describe a of radius Vi to touch AB. 

(i) Then the centre of 2nd required circle must lie on one or 
other of the concentric 0® whose radii are r^ + rj or r^ '-r,. 

(ii) The centre of the 2nd required must also lie on the 
st. line pari to AB at a distance from it equal to rj, and on the 
same side of it as the 1st 0. 

Hence theoretically we have four solutions. 

The O, whose radius is rj + r2, will always give two possible 
distinct solutions. The whose radius is Vi ^ r^ gives two coin- 
cident solutions. 

35. Let PQ be the given line, and C the centre of the given 
; and let a second , whose centre is F, touch the given at 
E and PQ at A. Then shall AE produced meet the O** of the 
given at D, an extremity of the diameter perp. to PQ. Join 
DC, FA, CF. Then CF passes through E [ill. 12]. 

Now L FAE = L FEA, because FA = FE ; 

= Z.CED [l 15] 
= L CDE, because CD = CE. 

.*. DC is par*, to FA; but FA is perp. to PQ [ill. 18]. 

.'. AE passes through an extremity of the diameter perp. to QP. 

36. Because CD = CE, .'. z.CDE = z.CED; 

= L. FEA [l. 15]. 

Also L CDE = alt. L. FAE [l. 29]. 

.*. Z.FEA = z.FAE; .*. FE=FA. 

Now FE produced passes through the centre C, and FA is perp. 
to PQ; 

.*. a described from centre F with radius FA satisfies the 
required conditions [ui. 12 and 16]. 
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(i) If PQ is without the given O , then the derived from 
AD has external contact, that derived from AB internal contact 
(the given being within the other). 

(ii) If PQ touches the given © , then the derived from AO 
has external contact, that from AB is impossible. 

(iii) If PQ cuts the given 0, then both 0* touch externally, 
or both internally, according as the point A is without or within 
the given 0. 

37- Let PQ be the given st. line, and E the given point on 
the of which C is the centre. Draw the diameter BD perp. to 
PQ. Join DE (or BE), and produce it to meet PQ at A. Draw 
AF perp. to PQ ; and join CE, producing it to cut AF at F. Then 
" F shall be the centre of the required . [Proof as in Ex. 36.] 

38. Let BD be given st. line, and D the given point in it. 
Let F be the centre of the given circle. [See ^g, p. 221.] 

To the given draw a tangent AP perp. to BD, A being the 
point of contact. Join AD, meeting the O*'® at E. Join FE and 
produce it to meet BD in C. 

Then C shall be the centre of the required circle. [Proof as 
in Ex. 36.] Two solutions, since two tangents may be drawn to 
the given perp. to BD. 



Orthogonal Circles. Page 222. 

39. Let A and B be the centres of the two 0*, and C, C' 
their intersections. Then lACB^l AC'B [i. 8]. 

And the angles between the tangents at C, and the tangents 
at C' are respectively supplementary to the z. * ACB, AC'B. 

40. This follows immediately from iii. 19. 

41. This follows from Ex. 40, by the aid of i. 47. 

42. It follows from Ex. 40 that the required locus is the 
tangent to the given circle at the given point. 
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43. Let A be the centre of the given 0, P the point on il 
O*®, and Q another point. 

Draw PR the tangent at P. Then the centre of the required 
must lie on this tangent [Ex. 40]. Again, the centre of the 
required must lie on the line which bisects PQ at rt. l\ 
Hence the centre is determined. 



III. On Angles in Segments, and Angles at thb Cbntbbb 

AND Circumferences of Circles, 

TsLge 222. 

2. Let the chords AB, CD intersect without the at L 
Join AD. 

Then l AEC = l ADC - L DAB. I. 32. 

That is, L AEC = the difference of the z. ■ at the Q ^ subtended 
by the arcs AC, BD ; or the l at the centre subtended by half the 
difference of the arcs AC, BD. 

3. Let AB, CD two chords of a intersect at rt. z. ^ at E. 

Then by Ex. 1, the L AED is equal to the sum of the L. " sub- 
tended at the 0<* by AC, BD. 

That is the sum of the arcs AC, BD subtend a rt. angle at the 
O^; or, the sum of the arcs is equal to a semi-circumference 
[ill. 31. Converse]. 

4. For the l AXY = the L subtended at the O ** by the sum 
or diff. of the arcs AQ, PB. [Ex. 1, p. 222.] 

Similarly the L AYX = the l subtended at the O*^ by the sum 
or diff. of the arcs QC, AP. 

But by hyp. the arcs AQl, PB = the arcs QC, AP respectively. 
.-. ;LAXY = -lAYX; .-. AX = AY. 

5. Let ABCD be a quadl inscribed in a 0, having one side 
DA produced to E. 

Then the l' DAB, DCB together = two rt. angles [iii. 22], 
and the L ■ DAB, BAE together = two rt. angles [i. 13]. 

Hence l BAE = z. DCB. 
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6. Let the two ©■ intersect at A, B, and let PAGl, XBY be 
the two St. lines terminated at the O^*. Join AS. [In the 
figure taken A lies between P and Q, and B between X and Y.] 

Then the Z-'XPA, XBA together = two rt. angles [iil. 22], and 
the L. ext. XBA=the Z.AQY. [Ex. 5.] 

.'. the z."XPA, AQY together = two rt. angles. 
.'. PX and QY are par>. [i. 28]. 

7. Join PR, QR. Then PR, QR shall be in one st. line. 
For L PRB = the supp*. of l PCB [hi. 22] 

= the supp^ of L BAD [Ex. 5.] 
= the supp*. of L BRQ. 
.'. P, R, Q are collinear [i. 14]. 

8. Let ABC be the A, rt.-angled at B, and let the on AB 
as diameter meet AC at D. Then the tangent at D shall bisect 
BC at E. Join BD. 

Since ABC is a rt. z. , BC is the tangent at B [iii. 16] 

.'. BE=DE. [ill. 17, Cor.] 

And since BDC is a rt. angle [iii. 31], it follows that 

Z.EDC = -lECD. .'. DE = EC. 

Hence BE = EC. 

9. Let A, B, C be the three points. Through B draw any 
st. line BX, in which take any point P on the same side of BC as 
A. At P in BP make z. BPQ equal to l BAC. Through C draw 
CD par*, to PQ. Then D is a point on the . 

For L BDC = L BPQ [l. 29] = L BAC [constr.]. 

Hence the points B, A, D, C are coney clic [iii. 21, Cor.]. 

10. Let A, B, C be the given points. On the side of CB 
remote from A make z. CBD equal to l BAC. 

Then BD is the tangent at B [iii. 32. Converse]. 
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11. Let E be the centre of the second 0. Join AB, EB, DE 
and EC. [In the fig. taken ACD lies between E and B.] 

Then l CEB = L CAB [ill. 21]. 

And L DEB is double of L DAB [llL 20]. 

.'. z. DEB is also double of l CEB, 
.*. ^DEC = Z-BEC. 

Hence A" DCE, BCE are identically equal [i. 4]. 

12. Join Ba Then z.APB = <lPQB [ill. 32]. 

But L PQB = L BPQ [ill. 27], 

.'. Z.APB = Z.BPa 

13. For L BAD = L ACB [ill. 32], 
and L BAC = L ADB [ill. 32]. 

.'. Z.ABC = ^DBA [l. 32]. 

14. Let AB be the chord, C <mvy point on the exterior seg- 
ment. 

Let AC, BQ meet interior segment at P and Q. Then sliall 
PQ be constant. Join AGL 

Then l AQB = sum of l • ACQ, CAQ [i. 32]. 

.*. L CAQ = diff. of Z- " AQB, ACB, both of which are of con- 
stant magnitude [iii. 21]. 

:, L CAQ, i.e. the l PAQ, is constant. 

Hence the arc PQ is constant [iii. 26]. 

15. If all the given A** stand on a fixed base BC, and have 
a given vertical angle, they also have the Bame circumscribed cirde 
[ill. 21. Converse]. 

Take BAC, any one of these A®, and let the bisector of the 
JL A meet the circum-circle at X. 

Then since /. BAX = l CAX (hyp.), .'.arc BX = CX [iiL 26]. 

.'. X, being the middle point of the arc BC, is same for all 
triangles of the series. 
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16. Draw CF perp. to AE. Then AE bisects the L BAG 
III. 27]. Hence l FOB = half the diff. of the /. « at B and C 
Ex. 7, p. 101]. Now DE, EA are respectively perp. to BC, AE. 

.-. L. DEA = L BCF [Ex. 3, p. 59] 

= half the diff. of the z. ■ at B and C. 

17. Let BC be the chord of the ext. O, and D its point 
>f contact with the int. O . Then shall AD bisect l BAC. 

At A draw the common tangent AT. 

Then l DAC = L DAT - L CAT 

=-.lADC-^ABD[iii. 17, Cor., III. 32] 

= Z. BAD [l. 32]. 

18. Let BC, the chord of the ext. O, cut the int. O at 
>, Q. Let A be the point of contact of the two O ". 

Then shall l BAP = l CAa 

At A, draw the common tangent AT. 

Then l BAP= z. TAP - l TAB 

= L AQP - L ACB [ill. 32] 

- L QAC [l. 32]. 

On the Orthocentre op a Triangle. Page 226. 

In an acute-angled A the orthocentre is within the A . 
In an obtuse-angled A the orthocentre is without the A. 

22. For, in the fig. of p. 225, produce ED to X. 

It has been shewn that l EDC = l FDB [Ex. 20, p. 221]. 

But Z.EDC = Z.BDX [l. 15]; .'. Z.FDB = Z. BDX. 

That is, the ext. z. FDX is bisected by BD : and so on for the 
3ther z. " of the pedal A . 

The latter part of the proposition may be solved in a similar 
manner. 

23. For, with the fig. of p. 227, since the l » AFO, AEG are 
rt. angles (hyp.), .*. the four points A, F, O, E are concyclic. 

.*. the z.* FAE, FOE together = two rt. angles [iii. 22]. 

That is, the z." BAC, BOC together = two rt. angles [i. 15]. 
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24. For, with the fig. of p. 225, consider the AOBC. 

Here BF is the perp. from B on the opp. side CO produced: 
and CE is the perp. from C on the opp. side BO produced. 

Now BF and CE intersect in A, and AO produced is perp. to 
BC. Hence A is the orthocentre of the AOBC. 

25. Consider the 0* circumscribed about the A" ABC, OBC; 
and let X be any point on the O ^ of the © BOC, on the side of 
BC remote from O. 

Then the l ® BOC, BXC are supplementary [iii. 22], 

and the L ■ BOC, BAC are supplementary [Ex. 23, p. 226] ; 

.'. L BXC = L BAC. 

Hence the segments BAC, BXC are equal, for they stand on 
equal bases, and contain equal angles [iii. 24], .'.the circles of 
which these segments are parts are equal. 

26. Consider the A FAB. BD is perp. to the side AF [iiL 31], 
and AE is perp. to BF for the same reason: 

.*. G, their point of intersection, is the orthocentre of the 
AAFB. 

.'. FG (produced, if necessary) is perp. to AB fEx. 19, 
p. 224]. 

27. It will be seen that D is the orthocentre of the A EAC. 

For AD, being par^. to BC, would meet EC at rt. angles [i. 29]. 

And CD, being par^. to AB, would meet EA at rt. angles. 

Hence ED, produced if necessary, must meet AC at rt. 
angles [Ex. 19, p. 224]. 

28. For z. BCK = ^ BAK, in same segment 

= comp^ ofz_AKB [in. 31] 

= comp^ of ^ ACB [hi. 21] 

= L OBC [p. 225, Ex. 20]. 
Similarly z_ KBC = z. BOO ; 
/. BO is par*, to KC, and BK pari to OC [i. 27]. 
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29. For, with the figure of the last exercise, since BOCK is 
a par™.) .'. the diagonals bisect one another [Ex. 5, p. 64]. That 
iSy KO passes through the middle point of BC. Hence the st. line 
joining O to the middle point of BC, passes through K. 

30. For, from Ex. 29, we see that the st. line joining the 
orthocentre to the middle point of the base passes through an 
extremity of the diam'. drawn from A. 

.'. L APQ is a rt. angle [iii. 31]; and since AP is also perp. to 
BC, .'. PQ is par^. to BC [l. 28]. 

31. Let SX be the perp. drawn from S the centre of the 
circum-0 on BC. Then by [Ex. 29, p. 227] AS and OX meet 
the O^ at the same point Q. And SX, passing through the 
middle point of AGl, is par^. to AC ; .*. SX is half of AC [Ex. 3, 
p. 97]. 

32. Let 8 be the centre of the O circumscribed about the 
A ABC, and A', B', C' the centres of the 0* about the A* OBC, 
OCA, CAB. 

Then it follows from [Ex. 25, p. 226] that SA' and BC bisect 
one another at rt. angles. Also SB' and AC. 

Hence by [Ex. 31, p. 227] AO = A'S Similarly OB = SB'. 

Again SA' and AO are par*., for both are perp. to BC. 

Similarly SB' and BO are par*. .*. L AOB = l A'SB'. 

.-. A'b' = AB. [i. 4] Similarly B'C' = BC and C'A' = CA. 

It may be noticed that in the A® ABC, A'B'C' the orthocentre 
of each is the circumcentre of the other. 

33. Let AP meet RQ in X. Consider the A PRX. 

The L XPR = L ACR [ill. 21] = -^. 
The L PRX = L PRO + L CRQ 

= L PAC + L CBQ [ill. 21] = s + S • 

ABC 
.'. the z. " XPR, PRX together = o "•" o + o = ^^® ^- a^gle. 

.*. AP is perp. to RGL 
H.K.E. 6 
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34. Let A be the vertex, O the orthocentre, and 8 the ce 
of the circum- . 

From centre S with radius SA describe a O . 

Join AO and produce it to meet the O ^ at G. 

Bisect OG at D, and draw the chord BC perp. to AG. • 
AB, AC. Then ABC shall be the required A . Proof follows i 
[Ex. 21, p. 226]. 

Loci. Page 229. 

38. Let BC be the given base, and BAC any A of the sys 
having the vertical L BAC constant in magnitude, but not 1 
in position. Let the bisectors of the exterior angles at B ai 
intersect at Ij. 

Then ^ CBI^ is half the supplement of the L B. 

B 
That is, z. CBIi is the complement of the l x . 

Q 

And z. BCI is the complement of the l ^ . 

But in A I^BC 

z. Ij + z. IjBC + L IjCB = two rt. angles [i. 32]. 

B C 
Hence z. Ii = ^ + ^ 

= comp*. of Z- -jr , and this is constant. 

.*. since the base BC is fixed, the locus of I ^ is the arc 
segment of a circle [iii. 21, Cor.]. 

Note. The locus of I in Ex. 36 and the locus of I 
conjugate arcs of the same 0. 

39. Let the bisectors meet at X. 

Then l PAB, QBA together = two rt. angles [i. 29], 

.*. Z.XAB, XBA together = one rt. angle [Hyp.]. 

.*. z. AXB is a rt. angle [i. 32]. 

And since AB is fixed, the locus of X is a circle on / 
diameter [iii. 31. Converse]. 
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40. Let A be the fixed point, C the centre of the Q, and 
APQ any chord through A, meeting the O*^® at P, GL Let X be 
the middle point of PGL Then CX is perp. to PQ [iii. 3]. 

That is, the l. AXC is a rt. angle, and since AC is a fixed base, 
the point X lies on the O** of a O on AC as diam. 

(i) If A is external, the locus is that part of the O on AC 
which is intercepted within the given . 

(ii) If A is on the O*^, the locus is a complete described 
on the radius AC as diam., and having internal contact with the 
given . 

(iii) If A is internal, the locus is a complete falling with- 
in the given . 

41. Let A be the given point, and B the common centre 
of the concentric ". Let P be the point of contact of a tangent 
from A on any one of these 0". Then APB is a rt. angle [m. 18], 

And since A and B are fixed points, the locus is a circle on AB 
as diam. 

42. Let A, B be the fixed points on the O^^ PQ the arc 
of constant length but variable position. Let AP, BQ intersect 
at X. To find the locus of X. [In the fig. taken AP, BQ intersect 
without the 0]. Join PB. 

Then l APB = sum of l ■ AXB, PBX [i. 32], 

or Z. X = diff: of L » APB, PBa 

But these are constant angles, being subtended by the constant 
arcs AB and PQ [ni. 21]; .*. the z. X is constant. 

/. the locus is the arc of a segment described on AB [iii. 21, 
Oor.]. When AP, BQ intersect within the , the value of the L X 
is supplementary to that found above, and the conjugate segment 
is obtained. 

43. Let PA, QB intersect at X. Join PB. [In the fig. taken 
PQ and AB do not intersect within the circle, and X is also ex- 
ternal]. 

Then z. X is the diff. of l « PBQ, XPB [i. 32]. 

But L PBQ is constant, being a rt. angle [ui. 31]. 

Also z. XPB is constant, being subtended by the fixed arc AB. 

6—2 
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.'. the L Xis constant ; and since the points A, B are fixed, the 
locus of X is the arc of a segment [iii. 21], When X is internal, 
the z. X is supplementary to the value found above, and the con- 
jugate segment of the locus is obtained. 

44. It follows that AP = AC, .'. L APC = L ACP. 
But L BAG = sum of L * APC, ACP [l. 32]. 

.". L BAC is double L APC. 

Or, z. BPC is half of L BAC, and is therefore constant. 

Then, since BC is fixed, the locus of P is the arc of a s^ment 
on BC [hi. 21, Cor.]. 

45. The intersection of the diagonals is X, the middle point 
of BC [Ex. 5, p. 64]. Join X to D, tiie middle point of AB. 

Then XD is par^. to AC [Ex. 2, p. 96]. 

.-. z.DXB = Z.ACB [l. 29]. 

But z. ACB is constant [lii. 21]. 

.'. z. DXB is constant, and D, B are fixed points. 

.'. the locus of X is a O, the segment on DB being similar to 
the segment ACB. 

46- Let A be the point of intersection of the rulers. 

Then PXG^ is a rectangle. 

.*. AX = PQ, which is constant, and the point A is fixed. Hence 
the locus of X is the quadrant of a circle described from the centre 
A with radius PQ. 

47. Prove as in [Ex. 9, p. 216] that z.PXQ = z.CAD, (oris 
supplementary to it). 

But C, A, D are fixed points; and the arms PX, QX pass I 
through two fixed points C, D. 

.'. the locus is a O through C and D. 

And since l CBD = l CAD [i. 8], 

.*. this passes through B. 

48. [Take the figure in which PA and PB must both be 
produced to meet the second O *'*'.] Let AY, BX intersect at R. 

Then the locus of R is required. 
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Now z.ARB = sum of iL" RBY, RYB [i. 32] 

= sum of z. • at P, X, Y [i. 32], 

.nd these are all constant, being subtended by fixed arcs. 

.*. z. ARB is constant; and since the points A and B are fixed, 
ihe locus is part of a circle. If PA or PB cuts the O^® without 
deing produced, the z. ARB = the supplement of the sum of the 
z. ■ P, X, Y. Hence the rest of the circle is obtained. 

49. Let PH and KQ intersect at X. Bequired the locus 
of X. 

From the A PXQ it will be seen by i. 32 that the z. X = the 
diff. of the L ' HPA, AQK ; both of which are constant, since they 
stand on the fixed arcs HA, AK. 

And since H, K are fixed points, the locus of X is part of a . 

If P and Q are on the same side of A, the value of the l X m 
supplementary to that found above, and the rest of the O is 
>btained. 

50. Let the bisectors meet at X. Then the locus of X 
8 required. 

Now Z- XAB = one-half of sum of z. ® PAB, GAB. 

And z. XBA = one-half of sum of z. ■ PBA, QBA. 

.'. the sum of the z.' at the base of A XAB = one-half of the 
ium of the z. ^ at the base of A* PAB, QlAB. 

Hence [i. 32] the vertical z. AXB = one-half of vertical z. ■ APB, 
VQB, both of which are constant [iii. 21]. 

.'. z. AXB is constant; and A, B are fixed points. .*. the locus 
>f X is the arc of a segment of on base AB [iii. 21, Cor.]. 

61. Let C, D be the centres of the two 0", and in the figure 
considered let X, the middle point of PQ, fall in PA. 

Bisect CD at G, and draw CE, GH, DF perp. to PGL 

Then EF = J PQ; for EA = | PA, and AF = | AQ. 

.'. EF = XQ: also EH = HF [Ex. 14, p. 98]. 

Hence it may be shewn that XH = HA. 

Then from the A« GHX, GHA, we have GX = GA [i. 4]. 

«'. the locus is a circle, with centre G and radius GA or QB. 

A better proof follows from Book vi.. Prop. 6. 
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Join BP, BX, BQ. Then for all positions of PQ the angles 
of the A BPQ are constant [iii. 21 and i. 32]. 

/. the ratio BP : PQ is constant [vi. 4] : hence the ratio 
BP : PX is constant. 

But the L BPX is constant : hence [vi. 6] the l PXB is 
constant. 

.'. the L BXA is constant. .*. the locus of X is the arc of a 
segment on AB. 

Miscellaneous Examples on Angles in a Circle. 

Page 230. 

52. Because the points P, G^ C, B are concyclic ; 

.'. the z.* BPGl, BCQ together = two rt. angles [iii. 22]. 
Similarly, the L^ BP'Q', BCQ' together = two rt. angles. 
.*. L BPQ = z. BP'Q' ; .'. PQ and P'Q' are par", [l 28]. 
Again, let TAT' be the tangent at A to the circum-0. 
Then l TAB = L BCA [ill. 32]. 

Hence L BAT'= l BPQ [i. 13 and iii. 22]. 

.'. TT' is par", to PQ. 

53. [In the fig. taken AB, AC when 'produced meet the second 
at D and E]. 

Let AT be the tangent at A : then 

z.TAB = z.ACB [ill. 32] 

= z.BDE [Ex. 5, p. 223]; 

.*. TA is par^. to DE [l. 27]. 

54. For z.PTA = Z.TBA [ill. 32]; and iLATC = z.CTB; 
hence l PTC = sum of z. * PTA, ATC 

= sum of z. ^ TBC, CTB 
= ext. Z.TCP [l 32]; 
.-. PT = PC [i. 6]. 

55. Join BF. Then l BCA = z. BFA [in. 21] 

= comp^ of L BAF [ni. 31] 

= L ADF. 

.'. L BCA = z. ADE, and the L DAE is common to the two A'; 
/. Z.ABC = Z.AED [l 32]. 
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56. Join AD. Then the points B, F, O, D are concyclic ; 
.-. Z.BOD = z.BFD [ill. 21] 

= sum of L " FAD, FDA [l. 32]. 
Similarly L COD = sum of z. ^ EAD, EDA. 
Hence, by addition, l BOG = sum of z_ ■ BAG, FDE. 

67- Let A be the external point, BG the chord of contact, 
and let the tangent AB be produced to D. 

Then l BAG = the diff. of L^ DBG, BGA [i. 32] 

= the diff. of z. " in the alt. segments, [iii. 3 2 J. 

58. Let A be the point of intersection of the two ■, AD, AE 
the two diams., and let the line through A meet the " at X and Y. 

Then in the A » AXD, AYE 
L DAX = L EAY [Hyp.], and L AXD = L PCi^ [ill. 31] ; 

.-. L ADX = L AEY [l. 32]. 
.'. the segments are similar. 

69. Let ABX, ABY be the two equal 0% and let the © de- 
scribed from centre A cut the ABY at G and the 0ABX at D, 
the points G, D being on the same side of AB. 

Then the arc AG = the arc AD, for they are cut oiF from equal 
0' by equal chords ; and B is a point on the O** of both of the 
given 0»; hence the arcs DA, AG subtend equal angles at B on 
the same side of AB [iii. 27]. That is, BG and BD coincide in 
direction ; or, the points B, G, D are coUinear. 

60. [In the fig. taken the A ABG is acute angled, and A' is 
>ii the minor arc AB]. 

Because B'A', A'G' are par^. respectively to BA, AG, 
.*. the ^ A' = the z. A, .*. the arc B'G' = the arc BG [ill. 26]. 
From these equal arcs take the arc BG' : 
then the arc BB' = the arc GG'; 

.•. the L B'GB =the l GBG' [hi. 27]; 
.-. B'G is pari, to BG' [l. 27]. 
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61. Join HB, BK, AB. 

Then z. HBK + ^X = zL ABK + z. ABH + ^X 

= L ABK + L QPX + ^ X [ill. 21] 
.= L ABK + L AQK [l. 32] 
= two rt. angles [in. 22] ; 
.'. the points H, B, K, X are concyclic [in. 22. Converse], 

62. Let AB be the given st. line, P the given point of contact, 
and X and Y the given points in AB. 

[The problem is only possible when P is between X and Y.] 

At P draw PQ perp. to AB ; then the centre of the required 
lies on PQ. 

On XY describe a semicircle, meeting PQ at O. • 

From centre O, with radius OP, describe a 0, and fromX 
and Y draw the tangents XC, YD. These tangents shall be par^. 

This is proved by shewing by the converse of [Ex. 10, p. 183] 
that the sum of the ^ ■ CXP, DYP is two rt. angles. 

63. Because the z. ■ CXP, GYP are rt. angles, 

.'. the four points C, X, P, Y lie on a O whose diameter is 
CP [in. 31]. And this O is of constant magnitude, since CP is 
a raaius of the given O • 

Now the L YCX is also constant. .'. the chord XY is constant 

64. Call the tangent NPT. Join AP. 
Then the l BPT = the l PAB [in. 32] 

= the iiMNP [in. 21], 
for the points A, N, P, M are obviously concyclic. 
Hence MN and PB are par^ [i. 28]. 

65. Join XN, YN. 

Then each of the l « AXN, APB, NYB is a rt. angle [in. 31]. 
/. the fig. XNPY is a rectangle. 
.*. Z-NXY = z.NPY 

= L NAX, from the rt. angled A" PAB, NPB [i. 32]. 
.*. XY touches AXN [Converse of in. 32]. 

Or, otherunse. ^ Join X to C, the centre of the 0AXN. 
Then Z-CXA = Z-CAX = Z. NPB = NXY. 
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Hence z.AXN = ^CXY. 

.'. L. CXY is a rt. angle; .*. XY is a tangent. 

Similarly XY may be proved a tangent to the other circle, 

66. Let AB be the common chord, through A draw APXGt 
to cut the arcs. Then shall PX = QX. 

For since l APB is the supp^ of l AQB, 

.*. L BPQ = L AQB, 

and L^ BXP, BXQ are rt. angles [iii. 31]. 

Hence PX = QX [i. 26]. 

67. Let AD, AE be the given lines touching the given at 
B and C. Let the chord PQ be bisected by BC at Z, and produced 
to meet AD and AE at X and Y. 

Then shall PX = QY. 

Take centre O. Join OZ, OB, OC, OX, OY. 

Then the z.« OZX, OBX are rt. z." [iii. 3, in. 18]; 

.*. the four points O, Z, B, X are concyclic [in. 22]. 

.'. the L. ZXO ==the l ZBO, in the same segment. 

Similarly, the z-ZYO = the z_ZCO. 

But since OB = OC, .*. the z. ZBO = the l ZOO. 

.*. z.ZXO = z.ZYO, .*. ZX = ZY [i. 6]. 

And by hyp. ZP = ZY, .*. PX = QY. 

68. Let C, D be the centres of the given O ■ which intersect 
at A, and X the given line. 

On CD describe a semicircle ; and from centre D with radius 
^alf of X cut this semicircle at E. Join ED. 

Through A draw PAQ par*, to ED. PQ shall be the line 
required. Join CE and produce it to meet PQ at G, and draw 
DH par*, to CG, meeting PQ at H. 

Then since l CED is a right l [hi.. 31], 

/. CG, DH are perp. to PQ [l. 29], and GH = ED. 

Also GH is half of PQ [ill. 3] ; 

.*. PQ = X, and is drawn through A. 

69. Let ABC be the given A , on the sides of which equilat. 
A * are described externally, and let the ^ about the equilat. 
A " on BC, CA meet at O. Join AC, BO, CO. 
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[In the fig. taken O falls within the A .] 

Since the l of an equilat. A is ^ of two rt. angles, 

.*. each of the l ' AOC, BOC is f of two rt. angles [in. 22]. 

Hence the z. AOB is § of two rt. angles [i. 15, Cor. 1]. 

.*. a circle described about the equilat. A on AS will pass 
through O [in. 22. Converse]. 

70. Let the 0" about the A» BRP, CPGt intersect at O. 
Join PO, RO, QO. 

Then z. POP = supplement of z. B| ^ ^^ , 
Also L POQ = supplement of z. Cj *- ' "^ J* 

But since the three z.* POR, POGl, ROQ=4rt. angles, and 
A+B + C = 2rt. angles, 

.*. L ROQ = supplement of z_ A. 

.*. a about A RAQ will pass through the point O 

[in. 22. Converse]. 

71. On each of the sides of the A describe segments con- 
taining an angle equal to f of two 'right angles (twice the L of 
an equilat. A ). 

Then [Ex. 69] the arcs of these segments meet at a point, 
at which each side will subtend an angle equal to § of two right 
angles, or \ oifov/r rt. angles. 

72. Let P, Gl, R be the fixed points. On PR and PQ describe 
(externally to the APQR) segments containing an angle of an 
equilat. A . 

Through P draw any st. line BC terminated by the O *^. 

Join BR, CQ, and produce them to meet at A. 

Then ABC is an equilat. A. 

For since each of the z. ® B, C is one-third of two rt. angles, 

.*. the z. A is also one-third of two rt. angles. 

73. Let P, Gl, R be the given points, ABC the given A. 
On P€^ RP describe segments (externally to the A PQR) capable 
of containing angles equal to the z. " B, C. Through P draw B'PC' 
terminated by the Q^^" and equal to BC [Ex. 68, p. 231]. Join 
B'GI, C'R, and produce them to meet at A'. Then A'B'C' shall be 
the required A. [in. 21 and i. 26.] 
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Simson's Line. Page 232. 

76. Take the figure of Ex. 74, p. 232. 

Now as in Ex. 74, the l PDF = the l PBF = l ACP. 
Hence the z." PDF, PDE = the z." ECP, PDE. 
But the Z-* PDF, PDE = two rt. angles [i. 13]. 
.*. the L ■ ECP, PDE = two rt. angles. 
.*. the points P, D, E, C are coney clic [iii. 22. Converse]. 
.'. the L PEC =the l PDC, in the same segment, 

= a rt. angle [Constr.]. 

76. Again take the figure of Ex. 74, p. 232. 
Since the points P, F, B, D are concyclic, 

.". the L DPS = the l DFB, in the same segment. 
And since the points P, C, E, D are concyclic, 
/. the L DPC = the supplement of l DEC [iii. 22] 

= the L DEA, 
By addition, the whole l BPC = the sum of the z." EFA, FEA 

= the supplement of the l A. 
/. P lies on the O ®® of the circumscribed about the A ABC. 

77. Draw PD, PD', PE, PF perp. respectively to the four 
as BC, B'C', ACC', ABB'. 

Then since P is on the O circumscribed about the A ABC, 
the points E, F, D are collinear [Ex. 74]. 

And since P is on the circumscribed about the AAB'C', 

.'. the points E, F, D' are collinear. 

Hence D and D' both lie on the st. line through E and F. 

78. Let ABC be the A, P the given point on the circum- 
ibed . 

Let PF, PD be the perps. on AB, BC; so that FD produced 
the pedal of P. Draw AH perp. to BC, and produce it to 
jet the O** at G. Take HO equal to HG. Then O is the 
bhocentre [Ex. 21, p. 226]. 
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Let OP meet the pedal of P at X. Then shall OX = XP. 

Draw PB, PC. Let PQ, produced if necessary, meet the 
pedal at K^ and BC (or BO produced) at L. Join OL. 

[The proof given below is for an acute-angled triangle. P 
is taken in the arc BG. F falls within AB, and PQ meets BC 
produced.] 

Then l PDK = ii PBF [Ex. 5, p. 223] = supp*. of l ACP [hi. 22] 
= supp*. of z. AGP [ill. 21] = z. DPG [i. 29]. 

So that L KDL = L KLD, since A PDL is rt. angled [i. 32]. 

.'. PK = KD = KL. 

But by I. 4, the A" HLG, HLO are equal in all respects. 

.*. L OLH = L DLK = L KDL ; .'. XK, OL are par^. But K is the 
middle point of PL, .'. X is the middle point of OP 

[Ex. 1, p. 96} 



IV. On the Circle in connection with Rectanoles. 

Pa^e 233. 

2. Since the l^ AEB, ADB are rt. angles, .*. the four points 
A, E, D, B are coney clic [ill. 31], 

.*. the rect. AO, OD =the rect. BO, OE [iii. 35]. 
Similarly, the rect. BO, OE = the rect. CO, OF. 

3. Since the l ^ AEB, ADB are rt. angles, 

.*. the points A, E, D, B are concyclic ; 

.*. the rect. CA, CE = the rect. CB, CD [in. 36 Cor.]. 

4. Since the ^'^ ADE, ACE are rt. angles, 

.'. the four points D, A, C, E are concyclic [in. 22]. 
.-. BE . BC = BD . BA [ill. 36], 
or, BE . EC + BE" = BD . DA + BD'* [ll. 3], 

or, BE»-BD2=BD. DA-BE. EC, 

that is, DE* = BD . DA - BE . EC [l. 47]. 
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5. Let any through P, Q cut the given at R. 
Then by Ex. 1, p. 233, the rect. OP . OQ= OR". 

.'. OR is a tangent to the second [iii. 37]. 

Hence the tsfngents to the two 0" at the point R are perp. to 
one another; .'. the circles out orthogonally. 

6. Let A, B be the given points through which all the 
circles pass, and C the fixed point in BA produced. 

From C draw CT a tangent to any one of the circles. 

Then CT* = CA . CB [ill. 36]. 

.*. CT is constant. That is, all the points of contact are at a 
constant distance from the fixed point C; .'. their locus is a 
with centre C. And since each radius of this is a tangent 
to a of the given series, .'. the locus cuts each of the 
system orthogontdly. 

7. Let C be the centre of the given 0, and A the given 
fixed point. Let DAT be any passing through A, and cutting 
the given orthogonally at T. Join CA, and produce it, if neces- 
sary, to meet the DAT at B. 

Then since the 0* cut orthogonally at T, CT is a tangent 
to the DAT [in. 16]. 

.'. CB.CA = CT" [ill. 36]. 
But CA and CT are constant ; .'. CB is constant. 
.'. B is a fixed point. 

8. Since by the last Ex. all ^ which pass through a fixed 
point A and cut a given orthogonally pass also through a 
second point B, the locus of their centres is the st. line bisecting 
AB at rt. angles [iii. 1]. 

To find this point B. Draw any radius CT to the given . 

Describe a to pass through A and touch CT at T 

[Ex. 28, p. 220]. 

This will cut the given orthogonally. Join CA, and 
produce it if necessary, to cut the of construction at B. Then 
B is the required point. 



94 KEY TO EUCLID. 

9. Let C be the centre of the given , and A, D the giy 
points. 

Then by Ex. 7, all O * through A cutting the given O ortho] 
nally muBt pass through another fixed point B. Find B, as 
the last Example. Then the O circumscribed about ABD is tl 
required. 

10. Describe any O to pass through the points A, B, a 
any other through C, D intersecting the first at X, Y. 

Join XY, and produce it to meet AD at O. Then O is the 
quired point. 

For OA . OB = OX . OY [ill. 36] 

= OC. OD [ill. 36]. 

11. Let AB and CD intersect at E. Join BQ. 

Then the l * PQB, PEB are rt. angles [iii. 31, and Hyp.] 
.*. the points Q, P, B, E are concyclic ; 
.*. AQ . AP = AE . AB [ill. 36]. 
And since AE and AB are constant, 

.'. rect. AGl, AP is constant. 

12. Let CD cut AB at E. Join BG^ BC. 

Then the jl " PEB, PQB are rt. angles [Hyp., and m. 31]. 

.'. the points E, P, G^ B are concyclic ; 
.*. AP . AQ = AE . AB [ill. 36]. 
Now the about the ACEB has its centre on BC, 

for the z. CEB is a rt. angle [iii. 31]. 

And AC is perp. to BC [iii. 31], .'. AC is a tangent to 
about the ACEB. 

Hence AE, AB = AC" [iii. 36], 

/. AP. AQ=AC*. 

13. Draw AE perp. to CD, and from Q draw QR perp. to 
meeting AE at R. 

Then since the l ■ PQR, PER are rt. angles, 

.*. the points P, E, R, Q are concyclic ; 
.-. AE . AR = AP . AQ [ill. 36]. 
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.*. AE.AR is constant, for AP.AQ is constant [Hyp.]; and 
since AE is constant, .'. AR is constant. That is, R is a fbced 
point. 

And the l AQR is a rt. angle. 

/. the locus of Q is a circle on AR as diameter. 

14. Let T be one point of intersection of the two given 0", 
A any point on the O*^ of one of them, and C the centre of 
the other. Draw AC, and produce it if necessary to meet theO** 
of the first O at B. Join CT. 

Then since the ■ are orthogonal, CT is a tangent ; 

.*. CT'=CA.CB [ill. 36]. 

Hence [Ex. 1, p. 233] B is the point at which AC is cut 
by the chord of contact of tangents from A. 

But this chord is bisected at rt. angles by AC. 

Hence the first passes through its middle point. 

15. Draw PX perp. to AB. Join AD, BC. 

Then since the z. " PCB, PXB are rt. angles 

[hi. 31, and Coiistr.], 

.*. the points P, C, B, X are concyclic ; 

/. AP . AC = AX . AB [ill. 36]. 

Similarly BP . BD = BX . BA ; 

.*. AP.AC+BP.BD = AX. AB+BX. AB 

= AB" [ll. 2]. 

16. For by Ex. 3, p. 211, GA = GE, and HD = HF. 

Also by Ex. 19, p. 219, AE = DF. Hence it may be proved 
tat GB=HC. 

Now since GC is divided at B, 

.*. 4GC.GB+BC' = GH' [ll. 8], 
i-, 4G A" + BC" = G H" [in. 36] ; 

hat is, AE»+BC' = GH». 

17. Let PM meet the O*^ of the given at XY. 
Then because XY is bisected at M and produced to P, 

.-. PM" = PX . PY + XM« [ii. 6] 

= PC . PD + AM . MB [ill. 36, and 35]. 
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18. Join AF, AG. Then shall AF, AG be in the same st. 
line. Join DB, DC. 

[Various figures arise according to the magnitude and dis- , 
position of the given © " ; the proof given below may be adapted 
to the various cases by interchanging the application of iii. 21 
and III. 22.] 

(i) Because the four points G, A, C, D are concyclic, 
.'. the z.GAD = z.GCD [ill. 21]. 

And because the points F, A, B, D are concyclic, 

.*. the L FAD = L FBD [ill. 21]. 

.'. the /.■ GAD, FAD = the Z. " ECD, EBD 

= two rt. angles, for the points E, B, D, C are 
concyclic [iii. 22]. 
.*. GA, AF are in the same st. line. 

(ii) EF.EB = EA.ED| g^^3 

= EC. EGJ ^ -'' 

.'. the points B, F, C, G are concyclic. 

19. Join AO, and produce it to meet BO at D. 

Then AB* + AC2 = AB . AF + AB . BF + AC . AE + AC . CE [ll. 2]. 

But AB.AF=^AC.AE = the sq. on tangent from A [iii. 36]. 

And it may be proved that AB.AF + AC.AE= BC' 

[Ex. 15, p. 234]. 

.'. AB' + AC' = BC' + twice the sq. on the tangent from A. 

20. Let AB be the given diameter. 
Then PQ' = PX' + QX' + 2PX . XQ [ll. 4], 

.-. PQ2+PY2 + QY2=PX2+ PY' + QX2 + QY2 + 2PX.Xa 

But PX' + PY' = 2PC' + 2XC', 1 , . ^ , , 

o « o « o r which are constant, 
and QX' + QY' = 2QC2 + 2XC« J 

Also PX . XQ = AX . XB [ill. 35], which is constant ; 

.*. PQ'+PY'+QY' is constant. 
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Problems on Tanqenct. Page 239. 

26. Let A be the given point, BC the st. line to be touched, 
nd PGl the line on which the centre is to lie. 

From A draw AM perp. to PQ, and produce AM to A', making 
1A' equal to MA. 

Then the required must pass through A' [Ex. 1, p. 215], 

Hence we have only to describe a through A, A' to touch 
IC. This is done in Ex. 21, p. 235. 

27. As in the last example a second point may be found 
hrough which the required must pass [Ex. 1, p. 215]. 

The problem is thus reduced to that solved in Ex. 22, 
K 236. 

28. Let A and B be the given points, and C the centre of 
lie given , of which X Y is a given arc. Required to describe 
I* to pass through A, B and cut off from the given an arc 
jqual to XY, 

Join XY, and from centre C describe a circle to touch XY. 
Chen the given intercepts on every tangent to the of con- 
struction a part equal to XY. 

Describe a © through A, B to touch the given © at T 

[Ex. 21, p. 235]. 

Draw the common tangent at T to meet BA produced at O. 
Prom O draw a tangent to the of construction cutting the 
given at P, CL 

Then DA . OB = OT" = OP . OQ [ill. 36]. 

.*. A, B, P, Q are coney clic. 
.*. a described through the points A, B, P will pass through Q. 

And Pa= XY [Ex. 5, p. 181], .'. arc PQ = arc XY [iii. 28]. 

29. Worked out on page 221 of Euclid. 

H. K. E, 7 
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30. Let A, B be the centres of the given 0% and PQthe 
given St. line. Required to draw a O to touch the given 0* 
and Pa Of the two ©■ (A), (B) let (B) be the greater. From 
centre B, with radius equal to the difference of the given 0', 
describe a O . 

Draw XY par^. to PGl, at a distance from it equal to the 
radius of (A), and on the side remote from the given 0'. 

Through A describe a (centre O) to touch the of con- 
struction at D and XY at F [Ex. 25, p. 238]. 

Join OA, OB, OF meeting the given 0" and PQ respectively 
at G, E, 0. Then clearly 

OG=OE = OC. 

.'. a described from centre O with radius GO is that re- 
quired. 

V. On Maxima and Minima. 
Page 241 

1. Take one of the given sides as base, and from an ex- 
tremity of this base, with the other side as radius, describe a Q. 

Then the vertex of the A must lie on this 0. Now, the 
base being given, the A is greatest when the altitude is greatest: 
this may readily be shewn to be when the second side is drawn 
at rt. angles to the first [k iN^./jT. /f J 

2. If the base and area of a A ABC are given, the vertex C 
must move on a st. line PQ par^. to the base AB [i. 39]. 

And since AB is fixed, the perimeter is least when the sum of 
AC, BC is least. This is the case when 

the L PCA = the ^ QCB [Ex. 3, p. 243]. 

But L PCA = L CAB, and L QCB = l CBA [i. 29]. 

.'. z, CAB = ^ CBA; .\ AC = BC [l. 6]. 

3. If the base and vertical z. of a A are given, then the 
vertex must move on the segment of a described on the base 
BC, and containing the given angle [iii. 21. Cor.]; and 
A of greatest area is that which has the greatest altituda 
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Now the greatest altitude is the st. line AX which bisects BC 
St X at rt. angles. For take any other point P on the arc of 
bhe segment. Join XP, and draw PM perp. to BC. 

Then XA passes through the centre [iii. 1] and is therefore 
greater than XP [iii. 7], and XP is greater than PM [v ^]-/jP /^J 

4. Let O be the centre of the given 0, and MN the given 

ft line. 

Draw OA perp. to MN, and let P be any point in MN. Then 
the tangents from A shall contain a greater angle than the 
tangents from P. 

From A and P draw tangents AB, PQ. Join OB, OQ, OP. 

Then OP is greater than OA [% MQ-/J. /'^J 

And OP» = OQ" + PQ* ; also OA» = OB* + AB*. 

But OB = OQ. Hence PQ is greater than AB. 

In QP make QX equal to BA, and join OX. 

Then the A" ABO, XQO are identically equal [i. 4]. 

.'. L BAO = L QXO. But L QXO is greater than l QPO [i. 16]. 

.'. L BAO is greater than l QPO. 

But the L between the tangents at A is double the l BAO, 
and the z. between the tangents at P is double the L QPO. 

.'. the tangents from A include the greater angle. 

5. Let AB be the straight rod, C its middle point, and O the 
intersection of the rulers. Then OC = half of AB and is constant 
for all positions of AB [iii. 31]. 

And since the base is given in magnitude, the area of the A 
is greatest when the perp. from O on AB is the greatest. 

Now when AB makes equal angles with the two rulers, OC 
is perp. to AB [i. 6, and 4]. And in any other position of AB, 
OC is greater than the perp. from O on AB [i. 18]. 

Hence the greatest A is obtained when AB is equally inclined 
to the two rulers. 

7—2 



>p\ 1 
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6. Let AB be the given line, and K the side of the 
square. 

(i) At B draw BC, making the z. ABC half a rt. angle. 

From centre A, with radius K, describe a cutting BCat 
P (or P'). Draw PX perp. to AB. 

Then shall AX' + XB' = sq. on K. 

For z, XBP = ^rt. angle, and z. PXB = one rt. angle, 

/. z.XPB = Jrt. angle; .". PX = XB. 

Hence AX' + X B' = AX' + X P^ 

= AP' = sq. on K [i. 47]. 

(ii) Thus AX' + XB' is a minimum, when AP is a minimum; 
that is, when AP is the perp. on BC. 

In this case the l PAB = Jrt. angle = l ABP. 

.". AP = BP, and hence X is the middle point of AB. 

7. (i) See Ex. 68, p. 231. 

(ii) Using the letters there employed, we see that PAQisa 
maximum, when ED is a maximum. But ED has its greatest 
value when it coincides with CD. Hence PQ is a maximuin 
when it is par^. to CD. 

8. Let OA, OB be the tangents. Take P the middle point 
of the arc AB, and let PX, PY be the perps. on OA, OB. 

Then PX + PY shall be a minimum. 

Let Qt be any other point on the arc AB (in the fig. chosen, 
Q is on PB), and QM, QN the perps. on OA, OB. Let PY, QM 
intersect at R. Join PQ. 

Then the tangent at P may be shewn to make equal u ■ with 
OA, OB, therefore with PY, QM. Hence if this tangent cuts 
QM at K, K must be without the O, and the l RKP = the L RPK. 

But z. RKP is greater than l RQP [i. 16], 

.*. L RPQ is greater than l RQP. 

-*. RQ is greater than RP. 

Also RM = PX, and QN = RY. 

.'. RQ + RM + QN is greater than RP + PX + RY, 

or QM + QN is greater than PX + PY. 
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9. Let A and B be the fixed points, PQ the tangent at T, 
and let l PTA = L QTB. 

Then AT + BT shall be a minimum. 

This problem supposes that AB does not meet the O, and 
that AT, BT are on the side of PQ remote from the O . 

Take X any other point on the O *^® : then AX must cut 
PQ (hyp.) at some point K. Join KB, XB. 

Then AK + KB is greater than AT + TB [Ex. 3, p. 243] ; 

and AX + XB is greater than AK + KB [i. 21]. 

Hence AX + XB is greater than AT + TB. 

10. Let AP, AQ be st. lines of indefinite length including 
the fixed vertical angle. 

Let ABC be the isosceles A, having the given altitude AD. 

And let AB'C' be any other A having an equal altitude AD'. 

Then by i. 26, D is the middle point of BC. 

Through D draw XDY par^. to B'C' meeting AP, AQ at X, Y. 

Now A ABC is less than AAXY [Ex. 4, p. 244]. 

And AAXY is less than AAB'C' by the strip B'XYC', since it 
may be shewn that B'C' must lie on the side of XY remote from 
A. For let XY meet AD', or AD' produced, at K : then the £. AKD 
is a rtw angle, .*. AD is greater than AK ; that is, AD' is greater 
than AK. 

11. For all such triangles have the same vertical angle, 
and the same altitude, namely the radius of the O [m. 18]. 

And it may easily be shewn that the A whose base is bisected 
at the point of contact is isosceles [i. 4]; hence the proof of 
the last exercise applies. 

12. Let AP and AQ be the two fixed tangents, and BC any 
other tangent to the convex arc. Let O be the centre of the O . 
Join OB, OC. 

Then the quad^ APOQ is of constant area. 

Hence the A ABC is a maximum when the fig. OPBCQ is a 
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And this figure is double the AOBC [proved as in Ex. &» 
p. 217]. 

Hence A ABC is a maximum, when A BOC is a minimum. 

Now the L BOC is constant [Ex. 6, p. 217], and the altitude 
of the AOBC is also constant, .'. its area is a minimum when it> 
is isosceles [Ex. 10, p. 245]; that is, when BC touches the arcPCI^ 
at its middle point. 

13. Let AB be the given base. Then, since the area is given, 
the vertex must lie on some st. line XY pari to AB. Describe a 
O to pass through A, B and to touch XY at C [Ex. 21, p. 235, 
note]. Let P be any other point in XY. 

Join AC, CB and AP, PB. 

Then one at least of the lines AP, BP must cut the . Let 
AP cut it at GL Join BQ. 

Then z. AQB is greater than Z-APB [i. 16] 

and L AQB = L ACB [ill. 21] ; 

.*. L ACB is greater than l APB. 

And from the construction of the O it may be proved that 
AC = BC [i. 4]. 

14. Let A, B be the given points (both without the given ). 
Through A and B describe a to touch the given externally 
ate [Ex. 22, p. 236]. 

Then ACB shall be the maximum angle. Let P be any other 
point on the O^ of the given 0. Join AP, BP, and let AP meet 
the of construction at GL Join QB. 

Then z. AQB is greater than Z.APB [i. 16] 

and L AQB = z. ACB [ill. 21]. 

.'. L ACB is greater than l APB. 

If two circles can be drawn so as to be touched externally by 
the given circle, two points of maximum angle can be found, one 
on each side of AB. 

15. Let ABCD be the bridge, where AB = 49 ft., BC = 32 ft., 
and CD = 49 ft. The st. line AP represents the bank. 

Through B, C describe a to touch AP at T [Ex. 21, p. 236]. 
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Then the arch BC subtends the greatest angle at T [Ex. 2, 
p. 242]. 

Also AT* = AB . AC [ill. 36] 

= 49 . 81 sq. ft. 

.-. AT = 7x9 = 63ft. 

16. Since the sides AC, BC are constant, the area of the 
A ABC is a maximum when they are at rt. angles [Ex. 1, p. 244]. 

Draw any two radii CA', CB' at right angles, and join A'B'. 

Then, by Ex. 11, p. 217, through P draw the st. line PAB 
so that the part AB intercepted by the O ^ may be equal to A'B'. 
Then clearly the z. ACB is a rt. angle [i. 8]. 

17- Let ABCD be a rectangle inscribed in a given 0. 
Join AC. Then AC is a diameter [in. 31]. 

Now the rectangle is double of the A ABC. 

And since the base AC is constant, the A ABC is greatest when 
the altitude BX, namely the perp. from B on AC, is greatest. 

And BX may be shewn to be greatest when B is the middle 
point of the arc AC. The rectangle then becomes a square. 

18. Let O be the centre of the given 0. Bisect AB at X, 
and join XO cutting the Q** at P. Join AP, PB. 

Then shall AP' + PB' be a minimum. 

Now AP'+PB' = 2AX'+2XP' [Ex. 24, p. 147]. 

Hence, since AX is constant, AP' + PB' is a minimum when XP 
is a minimum. 

But XP is the least of all st. lines drawn from X to the O^ 
[ill. 8]. 

19. It is shewn in Ex. 4, p. 206 how to find a point C such 
that AC + PC may be equal to a given line H. Now the greatest 
value H can have, in order that this construction should be possible, 
is the diameter of the second segment. This determines the point 
X, and therefore the point C : and it may easily be shewn by in. 
31 that CX = CB = CA j that is, that C is the middle point of the 
arc AB. 
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20. No inscribed triangle that is not equilateral can hav^ i 
the maximum perimeter. 

For let PQR be an inscribed triangle not equilateral ; then ifc 
must have one pair of sides unequal, say PQLj QR. Hence there is 
an inscribed A on the base PR, which has a greater perimeter 
[Ex. 19, p. 246], .*. the A PQR is not the inscribed A of greatest 
perimeter. And this argimient may be applied to cUl inscribed 
triangles not equilateral. 

21. No inscribed triangle that is not equilateral can have 
the greatest area. 

For let PQR be an inscribed A not equilateral ; then it must 
have one pair of sides unequal, say PQ, QR. Hence [Ex. 3, 
p. 244] there is an inscribed A on the base PR, which has a 
greater area. 

.'• the A PQR is not the inscribed A of greatest area. 

And this argument may be appHed to aU inscribed A» not 
equilateral 

22. It has been proved [Ex. 20, p. 225] that every two sides 
of the pedal triangle are equally inclined to that side of the 
original triangle, in which they meet. 

Also [Ex. 3, p. 243] if A and B are fixed points and P a point 
in a given st. line CD, then AP+ PB is a minimum, when these 
lines are equally inclined to CD. 

Thus no triangle inscribed in the A ABC, that is not the pedal 
triangle, can have the minimum perimeter. 

For let PQR be an inscribed A , not the pedal A . Then at 
least one pair of its sides, say PR, QR, are not equally inclined to 
the side AB in which they meet. Hence there is an inscribed A 
on the base PQ which has a less perimeter [Ex. 3, p. 225]. 

.*. the A PQR is no^ the inscribed A of least perimeter. And 
this argument may be* applied to all inscribed A", except the 
pedal A. 

23. Adopting the figure of ii. 14. 
The sq. on EH =the rectangle BD in area. 
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Now since EF = ED, it follows that BF is half the perimeter of 
the rectangle ; .*. GH is one-quarter of the perimeter of the rect- 
angle. Also HE is one-quarter of the perimeter of the square. 

But GH is greater than HE [i. 19]. 

Hence the perimeter of the square is less than the perimeter 
of the rectangle. 

24. Let D, E, F be the fixed points, and XYZ the given A . 
Join FD, DE, and on these lines describe segments containing the 
z. ' Y, Z respectively. 

Through D draw the maximum line BC terminated by the two 
0"* [Ex. 7, p. 245]. Join BF, CE; and produce them to meet 
at A. 

Then since the z. * B, C are respectively equal to the z. ' Y, Z, 
.'. the remaining z. A = remaining l X [i. 32], 

And since the z." of the A ABC are fixed, the area is a 
maximum, when any one of its sides is a maximum. But BC is 
a maximum [Constr.]. 

.*. the A ABC is a maximum. 

YI. Harder Miscellaneous Examples. 

Page 246. 

1. For let O be the centre of the given O. Join DC. 
Then l EDO = l BAG [iii. 21] 

= L OCE. 

Hence DC is a tangent to the O DEC [iii. 32. Converse]. 

And since DC is a radius of the given 0, .*. the two 0" cut 
orthogonally [p. 222]. 

2. (i) The l ACD ^\l ACB [i. 8] 

= z- APB [lIL 20]. 
Similarly z. ADC = z. AQB. 

.-. z.CAD = Z-PBQ[i. 32]. 
(ii) Similarly z. CBD = z. PBQ. 

From each of which take z. PBD. 

.'. Z.CBP = Z-DBa 
.'. Z-BPC = Z.BaD. 
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8. (i) Join BC, AD. 

Then PA« + PB« + PC* + PD» = BC« + AD* [i. 47]. 

But since AB and CD are at rt. angles, 
.". the arcs BC and AD make up a semicircle [Ex. 1, p. 222]. 

Hence BC* + AD* = (diam.)* [iii. 31, and i. 47] 

= 4 (radius)*. 

(ii) AB* + CD* + 40P* ' 

= PA*+PB* + 2PA. PB+ PC*+PD* 

+ 2PC.PD + 40P*[il. 4] 
= 4 (radius)* + 40P* + 2PA . PB + 2PC • PD [Ex. 3] 
= 4 (radius)* + 2 (OP*+ PA . PB) + 2 (OP* + PC . PD) 
= 4 (radius)* + 2 (radius)* + 2 (radius)* [iii. 35] 
= 8 (radius)*. 

4. Let AC, BD be the two pari tangents, O the centre of the 
given O, and let CD be the third tangent touching the at P. 
Join OP, OC, CD. 

Then the z. COD is a rt. angle [Ex. 5, p. 217]. 

Hence a semicircle on DC as diam'. passes through O [iii. 31]. 

And OP is perp. to DC. 

.'. by the reasoning of ii. 14, DP . PC = OP*. 

5. Let OA, OB be the two given st. lines, C and D the centres 
of the given O", and P their point of contact. Then P is the 
middle point of CD [Hyp. and iii. 12]. A}so it is clear that C 
and D will move on st. fines par^. respectively to OA, OB, and at t 
distance from them equal to the radius of the given O *. 

If these lines intersect at X, the locus of P is a whoa 
centre is X, and whose radius is equal to the radius of eithe 
of the given 0». For XP « PC = PD [iil 31]. 



THEOREMS AND EXAMPLES ON BOOK III. PAGE 246. 107 

6. Let O be the centre of the O , and Y the middle point of 
D. Join XY, DC, OY. 

Then OY is perp. to AB [iii. 3 and Hyp.]. 

Now XC" + XD* = 2 {OY* + XY»} [Ex. 24, p. 147] 

= 2 {CY« + GY^ + 0X2} j-j 47-| 

= 2 {0C» + OX^} 
= 2 {OA^ + OX^} 
= XA3 + XB'' [ii. 9]. 

7. Join FY, QX. [In the fig. taken PX and QY are on 
pposite sides of PGL] 

Then l QPX = L PQY [i. 29] = l PXY [iii. 21]. 

Also iLaPY=:iLaXY [ill. 21]. 

By addition, L XPY = l. PXa 

But L PXQ is constant, since PQ is fixed. 

.*. z. XPY is constant ; .*. arc XY is constant [iii. 26]. 

.". chord XY is constant [iii. 29]. 

.*• XY touches a fixed concentric circle [Ex. 1, p. 217]. 

8. Let CD be the perp. and let CD meet the first O at G, 
fcnd the second at and G'. 

Then by Ex. 15, p. 216, since the O" are equal, the distances 
Tom D of the two points on the one O are respectively equal to 
/he distances of the two points on the other. 

Let G be the point corresponding to G. 

Then G is the orthocentre [Ex. 21, p. 226], for DO = DG. 

Othertoise. The z. AGS is the supplement of the z_ ACB [iii. 22]. 

Ajid since the segments AGS, AGB are equal [Hyp. and iii. 28]. 

.'. Z- AGB = Z- AOB, .*. L AGB is supp^ of z. ACB. 

.'. orthocentre is on arc AGB [Ex. 35, p. 227]. But the ortho- 
centre is on perp. CD. .*. orthocentre is at 0. 
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9. Call the O" (i), (ii), (iii). Let (i) and (iii) intersect again 
at B, (ii) and (iii) at C, (i) and (ii) at D. 

Then as in the second proof of the last exercise it may be 
shewn by means of the O * (i) and (iii) that the orthocentre of 
the A ABC lies on the arc ADB. Similarly, by means of the 
0® (ii) and (iii) the orthocentre of the A ABC lies on the arc 
ADC. 

.*. the orthocentre is at D. 

Hence of the four points A, B, C, D each is the orthocentre of 
the triangle formed by joining the other three [Ex. 24, p. 226]. 



10. Let A be the given point, and O the centre of the given 0. 
Join AG, and bisect it at X. "With centre X and radius equal to 
one-half of the radius of the given O , describe a O cutting the 
convex O ^^ at Y. 

Join AY and produce it to meet the concave O ^ again at B. 

Then shall AY=YB. 

This follows, because X is the middle point of the side AG, and 
XY is half the base GB [See Ex. 2 and 3, p. 96; and vi. 7, Cor.]. 

Impossible when the minimum distance from A to the Q^ is 
greater than the diameter. 

11. Let O be the common centre. Draw OA any radius 
of outer O. Bisect AG at P. On AG and AP describe semi-0", 
of which that on AP cuts the inner at X. Join AX, and 
produce it to meet the semi-O on AG at R. Join PX, OR. 

Then ^ AXP = ^ ARC, for each is a rt. angle [iii. 31]. 
.*. PX is pari to GR ; and P is middle point of GA. 
.*. AX = XR [Ex. 1, p. 96]. 

Hence if A R is produced to meet the inner and outer O' at Y 
and B respectively, 

AB « twice XY [in. 3], for GR is perp. to AB. 



f 
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12. Join AA'. Then since the arcs AB', AC' are respectively 
half the arcs AC, AB, /. the l " AA'B', AA'C' are respectively equal 
to half the z." ABC, ACB. 

Hence the z. B'A'C' «= ^(B + C). And so for the other angles 
afthe AA'B'C'. 

Again AA' makes with B'C' an angle equal to that at the 0°* 
subtended by the sum of the arcs AB', BA', BC' [Ex. 1, p. 222] ; 

that is, an angle equal to jr + ^ + ^r , or one rt. angle. 

Z u u 

Hence AA', BB', CC' are the perps. of the AA'B'C'. 
Let A"B"C" be the pedal A of the AA'B'C. 
Then L C'A"B" = l B'A"C" = l C'A'B' = ^ (B + C) 

[Ex. 20, p. 225] ; 
.'. L B"A"C" = 2 rt. angles - l C'A"B" - L B'A"C" 
= 2 rt. angles - (B + C) 
= iLA. 

13. Let A BCD be the quad^ Let AB, DC meet at P, and 
BC, AD at Q. Let the bisectors of the ^i ^ at P and Q meet at O. 
Join PGL 

Then z. OPQ = J ( z. CPQ + z. APQ), 

and L OQP ^\{l CQP + z. AQP), 

.'. L POQ ^\{l PCQ + z. PAQ) [i. 32] 
= J( Z. BCD + Z. BAD) [l. 15] 
= one rt. angle [iii. 22]. 

14. Let ABCD be the quadrilateral whose sides AB, BC, CD, 
DA touch the inscribed at X, Y, Z, V. 

Let BA, CD, produced, meet at P; and DA, CB, produced,, 
neet at GL £isect the ^ " at P and Q by PC, QO. 

Then PC is perp. to XZ, and QO to YV [Ex. 2, p. 182]. 

But since the fig. ABCD is cyclic, .'. PC, QO are at rt. angles 
bo one another [Ex. 13, p. 247]. 

Hence XZ and YV are perp. to one another. 
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15. Let ABC be a triangle of the system on the fixed base AB. 

Produce AC to D, making CD equal to CB. 

Then AD is of constant magnitude. Join BD cutting the 
bisector of the z. BCD at P. Then CP bisects BD at rt. angles. 
Bequired the locus of P. 

Bisect AB at O. Join OP. 

Then OP is one-half of AD [Ex. 3, p. 97]. 

That is, OP is constant; and since O is a fixed point, the 
locus of P is a circle, whose centre is at O, and whose radius 
is half AD. 

16. Join AQij and produce it to meet A'P' at X. Join A'Q'. 
Then, by hyp. and iii. 31, AX, PP', A'Q' are par*. 

Also QQ' and A'X are par*. 

Then AA'' = AX» + XA'' [i. 47] 

= p'p2 + a'a». 

17. Let X, Y be the centres of the two 0*, P being on the 
O*^ of the O (X). Join AB, AX, AY, AD. 

Then AX and AY are tangents [Hyp.]. 

.-. z.XAC = Z-ADC [ill. 32]. 

Also ^YAC = ^ABP [ill. 32] 

= z.ACD [ill. 21]. 

Hence, by addition, l XAY = ^ ADC + ACD. 

But L XAY is a rt. angle [Hjrp.] ; 

hence z. DAC is a rt. angle [i. 32] ; 

.'. DC is a diameter [iii. 31]. 

18. Join PA, PB, PC ; and bisect these lines at Sj, Sj, S,. 
Then since the l^ PEA, PFA are rt. angles, .'. the four points 
-P, F, E, A lie on a whose diam. is PA. Hence Si is the centre 
of the about the A EPF. 

Similarly for Sg and Sg . 

Again [Ex. 2 and 3, p. 96], SiSg, SgSs, SjSi are par*, to AB, 
BC, CA, and equal to half of these lines, 

.'. the ASiSjS, is equiangular to the A ABC. 
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19. Take O the centre of the O. Join PC: then PC pro- 
xiced must pass through O. Join OA, OX, OY. 

Then since the z. " PAO, ACQ are rt. angles, 
.'. PA must touch the © circumscribed about the A AGO. 
.*. PC . PO = PA*= PX . PY [ill. 36]. 
.*. the four points X, C, O, Y are coney clic. 

.-. L XCP = L OYX [Ex. 5, p. 223] 

= L. OXY [i. 5] 

= L. OCY [ill. 21]. 
And AC is perp. to PO ; .*. CA bisects the l. XCY. 

20. Let AB be the sum of the lines, K the side of the sq. 
x> which the rectangle is equal. 

On AB describe a semi-0, and draw a st. line par^. to AB 
it a distance from it equal to K, cutting the semi-0 at P, P'. 
From P (or P') draw PX perp. to AB. Then AX, XB are the 
required st. lines ; for AX . XB = PX'. 

This may be proved as in ii. 14, or as a special case of 
[II. 35. 

21. Let the sum of the sqq. on required lines be equal to 
the sq. on AB, and the rectangle contained by them to the sq. 
3n K. 

Analf/sia. On AB describe a semi-0: then if any point P 
is taken on the 0«®, we shall have Ap2+ PB2= AB' [iii. 31, i. 47]. 

Hence we have to find a point P on the O^ such that 
^P . PB = sq. on K. Suppose PX drawn perp. to AB. 

Then AAPB = Jrect. AP, PB ; for lAPB is a rt. angle. 

Also AAPB = |rect. AB, PX [i. 41]. 

Hence rect. AP, PB = rect. AB, PX. 

Construction, To AB apply a rectangle equal to the sq. on K 
[1. 45]. 
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And let D be its altitude. Draw MN par^. to AB at a distance 
from it equal to D, cutting the semi-O at P or K Then evidently 
AP, BP are the lines required. 

22. Let K be the sum of the required lines, and let the 
sq. on A B be equal to the sum of the sqq. on them. 

On AB describe a semi-circle, and also a segment contaimng 
an angle equal to half a rt. angle. 

From centre A, with radius K, draw a cutting the latter 
segment at D (or D'). Join AD cutting the semi-0 at P. Join 
PB. Then shall AP, BP be the required lines. Join DB. 

For AP2 + PB' = AB« [ill. 31, and I. 47]. 

Also ext. L APB = L PDB + L PBD [i. 32]. 

But Z.PDB = JZ-APB; .'. z. PBD = ^ Z. APB [Constr.]. 

.'. Z-PDB = Z-PBD; .\ PD = PB. 

.\ AP + PB = AP + PD=AD = K. 

23. Let AB be the diff. of the required lines, and let the 
rect. contained by them be equal to the sq. on K. 

On AB as diam. describe a 0. 

At any point T on the O** draw a tangent TP, making TP 
equal to K. Take the centre O, and draw PQOR cutting the Q** 
at P, GL Then shall P€l, PR be the required lines. 

For rect. PR, PQ=the sq. on PT [in. 36] 

= the sq. on K. 
And the diff. of PR and PQ is QR, that is, AB. 

24. Let AB be the sum or diff. of the required lines, and 
the sq. on CD the diff. of the sqq. on them. 

Draw DE perp. to CD, and of any length. Join CE. 

Then CD" = CE" - ED" [i. 47]. 

From centre A, with radius CE, describe a 0. 

From centre B, with radius DE, describe a 0, catting the 
other at P (or P'). 

From P draw PX perp. to A B, or A B produced. 

Then AX and BX shall be the required lines. 
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For AX« + PX* = AP», and BX* + PX» = BP" [i. 47] ; 
.-. AX*-BX* = AP*-BP"=CE*-ED« = CD'. 

And AX + BX = AB. 

25. The L PAP' must be a rt. angle [Ex. 2, p. 29]. 
So that OP = OA = OP' [ill. 31} 

Now z. OAC = z. OAP — Z. CAP 

= Z- OPA — z.* PAB [i. 5 and Hyp.] 
= L ABC [l. 32], 
.'. OA is a tangent to the O about the A ABC [iii. 32]. 

26. Let the feet of the perps. be D, E, F. 

[Take the figure, as on p. 232, in which F is in AB produced.] 

(i) The four points E, C, P, D are evidently concyclic, 

.-. z.ECD = Z-EPD [ill. 21]. 

That is, L ACB = l A'PB'. 

Hence arc A'B' = arc AB. Hence chord A'B' = chord AB. 

And so for the other sides. Hence the A* are identically 
$qual. 

(ii) Join A'B. 

Since arc AB = arc A'B', .*. l AA'B = L A'BB' [iii. 27] ; 

.'. AA' is par^. to BB' [l. 27]. 

27. Take two lines of the system PQ and pq. 

It may be proved by method similar to that of Ex. 1, p. 196, 
that arc Pp = arc G^. Hence the chord Pp is equal and par^. to 
chord Qq. From which it follows that PQ,= pq [i. 33]. 

The prop, may also be proved by noting that P is the ortho- 
centre of the AAQB [Ex. 35 and Ex. 31, p. 227]. 

28. With figure of p. 225, let S be the centre of circum. , 
and let SA meet EF at X. 

Then Z.AFX =z.ACB [Ex. 20, Cor. ii, p. 225]. 
And L ASB = twice l ACB [ill. 20], 

.'. iLSAB = comp*, of ^ACB [i. 5, I. 32]. 
Hence from A AFX, the z. AXF is a rt. angle [i. 32]. 
H. K, E. 8 
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29. Since the L ■ CEP, CDP are rt. angles, the about 
the A RED passes through C, and is described on PC as diam. 
Hence it is required to find the locus of X, the middle point 
of CP. 

Take S the centre of the O, and join SX. 

Then since the z. CXS is a rt. angle [iii. 3], and the pointB 
C, X are fixed, .*. the locus is a O on CS as diam. 

30. Take the figure of p. 232. Draw the diam. AX, and 
join AP, PX. 

Then the four points P, D, E, C are concyclic. 

.-. L EDC = L EPC [ill. 21] 
= comp*. of z. PCE 
= comp*. of z. PXA [ill. 21] 
= L PAX [ill. 31]. 

31. Let ACD, AEF and BEC, BFD be the two pairs of lines. 
Let the 0^ about the A^ ACE, BEF meet at P. Then shall 
0* about the A* AFD, BCD pass through P. Join PF, PE, PA. 

Then Z-BFP = z.BEP [ill. 21] 

= L PAC [Ex. 5, p. 223]. 

Hence L^ PAD, PFD together = two rt. angles. 

.*. the points A, D, F, P are concyclic ; that is, the about 
the AADF passes through P. 

The proposition may also be proved by the properties of 
Simson's Line [See Exx. 74, 77, p. 232]. 

32. From the last exercise it is seen that the 0" about 
the four A^ pass through a common point P. Hence it may 
be seen (Ex. 77, p. 232) that the four A^ have a common pedal 
for the point P. 

Also (Ex. 78, p. 233) this pedal bisects each of the lines 
joining P to the four orthocentres. 

Hence, by the method of Ex. 2, p. 116, the orthocentres are 
collinear. 
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The Construction of Triangles. Pa^e 249. 

33. Let PAB be the given vertical angle, AB the given side, 
Jid K the given altitude. 

From centre A, with radius K, describe a 0; and from B 
Lraw BDC to touch the at D, and meet AP at C. 

Then ABC is the required triangle. 

For AD is perp. to BC (iii. 18), and is equal to K. 

34. Let D, E, F be the feet of the perps. 

Bisect the l " DEF, EFD, FDE, by lines which meet at O 

[Ex. 2, p. 103]. 

Draw lines through D, E, F perp. to CD, OE, OF. 

Then any one of the four A" ABC, OBC, OCA, CAB thus 
brmed will satisfy the given conditions. 

• [See Ex. 20, p. 225]. 

35. Let AB be the given base, H the given altitude, and 
C the radius of the circum. . 

Draw PQ par^. to AB and at a distance from it equal to 
\, Then the vertex of required A lies on PQ. 

Bisect AB at rt. angles by XY ; then the centre of the circum. 
3 lies on XY [ill. 1]. 

From centre A, with radius K, intersect XY at S. 

Lastly, from centre S, with radius K, intersect PQ at C or C'. 
rhen either of the A* ABC, ABC' satisfies the conditions. 

36. On AB, the given base, describe a segment containing 
he given angle; then the vertex of the required A must be 
»n the arc of this segment. Bisect AB at X. 

Hence it is required to find a point C on this arc such that 

AC^ + BC^ = Kl 

But AC* + BC* = 2 {AX* + XC*} [Ex. 24, p. 147]. 

2 {AX* + XC*} = K*. 

But AX is known, and K is given; hence XC can be deter- 
nined [ii. 14, i. 47]. 

8—2 
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From centre X, with radius XC describe a cutting ^amm:^i 
segment at C, C^ 

Then either of the A* ABC, ABC' satisfies the given 
ditions. |tr 

37- Let AB be the given base, and H the given altitude. 

Draw PQ par^. to AB and at a distance from it equal to H. 
Then the vertex of the required triangle must lie on PGL Then 
apply the method of the last Exercise. 

38. On AB, the given base, describe a segment of a con 
taining the given angle; then the vertex of the required A must 
lie on its arc. 

Divide AB internally or externally at X, so that AX* — BX'= 
the given square [See Constr, of Ex. 24, p. 248], 

From X draw XC perp. to AB to meet the arc at C. Then 
the A ABC satisfies the given conditions. 

For AC* = AX* + XC*; and BC* = BX* + XC*. 

/. AC* - BC* = AX* - BX* = the given square. 

[Note. If the side of the given square is greater than AB, 
X is external to AB, in which case there may be two solutions.] 

39. Let H and K be the lengths of the two medians, and 
X the given angle. Draw DB equal to H, and bisect DB at P. 

On PB draw a segment of a containing an angle equal 
to X. Mark off DG one-third of DB [Ex. 19, p. 99]. 

And from centre G, with radius equal to one-third of K, 
intersect the arc at F. Join FG, and produce it to C, making 
GC double of GF. Join CD and BF, and produce them to meet 
at A. Then ABC shall be the required A . 

For DG = ^DB, and DP= JDB, /. GP = JDB. 

.*. DG is double GP: also CG is double GF [Con8tr.'\, 

.*. PF is par^. to CA [vi. 2, or by the method of Ex, 10, p. 73} 
/. lCAB = lPFB = lX. 

And since PF is par\ to AC, and P is the middle point of BD, 
/. F is the middle point of AB. Also AD = DC, for each is double 
of FP. 

40. On the given base AB describe a segment containing 
the given angle, and another segment containing half the given 
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^le. Make the z. ABK half the given diff. of the base angles: 
a.d draw BD perp. to BK to cut the larger segment at D. Join 
D, cutting the smaller segment at C and BK at Q. Then ABC 
' the A required. 

For ^ACB = Z.CDB + /.CBD, and z.CDB = J^ACB; 
.'. z.CBD = Jz.ACB. .*. Z.CDB = iLCBD; .*. CD = CB. 

And KBD is a rt. angle. Hence CQ = CB [iii. 31]. 
.*. BK is perp. to the bisector of the vertical l. ACB. 
.'. ^ABK = Jdiff. of Z." CBA, CAB [Ex. 7, p. 101]. 

41. Let the bisector of the vert. z_ be a part of PGt, a line of 
nlimited length. Bisect AB, the given base, at rt. angles, by- 
line which cuts PQ at X. 

Describe a about AXB, and let it cut PQ again at C. 
?hen the A ABC will be that required. 

For chord AX = chord BX [i. 4]. 

arc AX = arc BX [iii. 28]. 

L ACX = L BCX [ill. 27]. 

42. On AB the given base describe a segment containing 
he given angle. Then the vertex of the required A must lie 
•n the arc. Complete the O . 

Analysis, Let C be the vertex. Take X the middle point 
*f the conjugate arc AB. Join XC cutting AB at D. Then DC 
3 the bisector of the vert, l , for the arc AX = the arc BX. 

Draw the diam. XY cutting AB at E. Then XY is perp. to AB. 
Toin YC. 

Now the points E, D, C, Y are concyclic, for the z. * YED, YCD 
tre rt. angles. 

.*. rect. XD, XC = rect. XE, XY, which is known. 

Hence, given the rect. contained by XD, XC and DC the diff. 
)etween these lines, the lengths XD, XC may be found by Ex. 23, 
). 248. Thus the necessary construction is obtained. 

43. Draw AD equal to the given perp., and through D draw 
'Q perp. to AD. From centre A with radii equal to the bisector 
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of the vert, l , and the median cut PQ at E and F on the 
same side of D [See Exx. 12, 13, p. 94]. 

At F draw FX perp. to PQ to cut AE produced at X. Draw 
AS, making the l XAS equal to the l AXF, and cutting XF 
produced at S. 

From centre S, with radius SA, or SX, describe a 0, cutting 
PQ at B, C. Then ABC is the A required. 

For since SX, drawn from the centre, cuts BC at rt. angles, 
/. F is the middle point of BC; .*. AF is the median. 

Also, chord BX = chord CX [i. 4] ; .', arc BX = arc CX 

[ill. 28} 

.*. L BAX = L CAX [ill. 27], 

44. Consult Ex. 8, p. 101, and the last example. 

Let AE be the bisector of the vertical L\ on AE describe 
a rt. angled triangle ADE, making the L EAD half the diff". 
of the base angles. Then AD is the altitude of the required A 
[Ex. 8, p. 101], and ED produced is the base line. 

From centre A, with radius equal to the given median, cut DE 
produced at F. Join AF. 

Then we have given the position and magnitude of the 
altitude, bisector of vert, l , and median from A. 

Hence the problem is reduced to that solved in the last 
exercise. 



BOOK IV. 

EXERCISES. 
Page 251. 

1. Let A be the given point without or within the given 0, 
and let K be the length of the required chord. 

Place any chord PQ equal to K in the given , and describe 
a concentric to touch PQ. 
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From A draw a tiGkngent AT to the of construction, cutting 
the given at X, Y. Then XY is the required chord 

[Proof by iii, 18 and iii. 14, as in Ex. 3, p. 183]. 

Impossible, if A is outside the given 0, when K is greater 
than the diam. 

Impossible, if A is within the given 0, when K is greater 
than the diam., or when A falls within the of construction. 

2. Let O be the centre of the given 0, AB the given st. 
Ime, and K the length of the required chord. 

Place any chord PQ equal to K in the given 0, and, as 
before, describe a concentric to touch PGL 

From O draw a perp. to AB cutting the of construction 
at 0. Through C draw XCY perp. to DC cutting the given at 
X, Y. 

Then XY shall be the required chord. 

Proof as in the last Exercise. 

Page 257. 

Let ABC be the inscribed equilat. A, and YZ, ZX, XY the 
tangents through the points A, B, C. 

Then each of the l « ZAB, ZBA, = z. ACB [in. 32] 

= \ two rt. angles. 

.*. the lZ = \ two rt. angles [i. 32] : and so for the z. " X 
ind Y, .'. the A XYZ is equilat. [i. 6," Cor.]. 

Again each of the A* XBC, YAC, ZAB may be shewn identi- 
lally equal to the A ABC [i. 26]. 

.'. area of A XYZ is four times A ABC. 

2. Let AB, CD be the two parK lines cut by PQ. 

Bisect the l * APGl, CQP by lines which meet at O. Draw 
)X, OY, OZ perp. to AB, CD, PQ. 

Then the A" XPO, ZPO are identically equal [i. 26]. 

.'. OX = OZ. Similarly OZ = OY. And since the L^ at 
(, Y, Z are rt. angles, a described from centre O with 
•adius OX touches the given lines at X, Y, Z. 

A second is obtained by bisecting the l ' BPQ, DQP. 
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Again since OX, OY are perp. to par^. lines, they may be 
shewn to be in the same st. line. 

Hence the diam. of each is the perp. distance between the 
given par^*.; .*. the 0" are equal. 

3. For if 0" are described about the A", the segments 
containing the A " are on equal bases and contain equal angles, 
/. they are equal [in. 24]. 

Hence the two ' of which these segments are parts must 
be equal [in. 10, Cor. (ii)]. 

4. For because the inscribed circle touches AB and AC, 
.*. its centre I lies on the bisector of the l BAG [Ex. 1, p. 182]. 

Similarly l^ lies on the same bisector : 

.'. A, I, li are collinear. 

5. Let ABC be the A, and I the centre both of the circum- 
scribed and inscribed © *. 

Then (i) lA = IB = IC; and (ii) I A, IB, IC must be the bisectors 
of the L * BAG, ABG, AGB. 

Since lA = IB, .*. z. lAB = z. IBA ; 

but L BAG = twice l IAB ; and l ABG = twice l IBA, 

.*. L ABG = L BAG. 

Similarly /. AGB = z. BAG = L ABG. 

.*. A is equilateral [i. 6, Cor.] 

6. Join BS, GS. 

Then since SA = S B, .*. l SAB = L SBA. 
And since SA = SO, .*. l SAG = l SGA. 

But since I is in AS, .*. l SAB = l SAG. 

.*. Z.SBA = £.SGA. 

Hence the A" BAS, GAS may be shewn identically equal 

[1.26]. 

.•. AB = AG. 
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7- Let ABC be the A rt.-angled at C, and let the inscribed 
) touch the sides BC, CA, AB at D, E, F; and let I be its centre. 

Join ID, IE. Then clearly the fig. IC is a square. 

Hence the diam. of inscribed 0= DC + CE. 

And since BCA is a rt. angle, the diam. of the circum. = BA 

[ill. 31] 
= BF + AF = BD + AE [ill. 17. Cor.]. 

.*. the sum of the diams. = DC + CE + BD + AE = BC + AC. 

8. In the A AFE, since AF = AE, .'. z. AFE = l AEF. 
.*. each of these z_ " is acute [i. 17]. 

But Z-AFE = z.FDE [hi. 32]. 

.', the /_ FDE is acute. So for the other two angles. 

Now since AF = AE, the z. AFE is the comp*. of half the l BAC 

[i. 32]. 

Hence the z_' of the Z- DEF are the comp*^, of half the l^ 
f the A ABC. 

9. Join Bl, Bli, also CI, Cl^. 

Then Bl, Blj are respectively the internal and external 
)isectors of the Z-ABC, 

.'. the L IBIi is a rt. angle [Ex. 2, p. 29]. 

Similarly the z. ICIj is a rt. angle. 

.'. the four points I, B, Ij, C are concyclic [iii. 31]. 

10. Take the figure of p. 254. 

Then since AG =AE [iii. 17. Cor.], it follows that the diff. of 
^C and AB = the diff. of GC and EB, that is the diff. of CF and 
BF. 

11. Let A, B, C denote the z. * of the given A . 
Then A + B + C = two rt. angles [i. 32], 

.*. Ja + JB + JC = one rt. angle, 

.'. JA + Jb is the comp*^. of JC. 
But ^BID = ^A + JB, from ABAI [i. 32], 
And L EIC = the comp^ of Jc, from A EIC 

.-. ^BID = Z-EIC. 
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12. [In the figure taken AB is greater than AC.] 

Since the z ASB is twice the /_ ACB [iii. 20], 
.*. L SAB = one rt. angle — C [i. 32], 
.'. /_ SAI = z. lAB - z- SAB 

= Ja - (one rt. angle — C) 
= jA-(jA + iB + JC) + C 
= JC-JB. 

13. See the last Exercise, and Ex. 8, p. 101. 

14. Take the figure of p. 254. Join Al. 

The area of the A ABC =the sum of the areas of the A* IBC, 
ICA, IAB = the sum of half the rects. contained by BC, IF, by 
CA, IG and by AB, IE [i. 41] =the rectangle contained by the 
radius and half the sum of the sides [ii. 1]. 

15. Let P, Q, R, S be the centres of the O" about the A 'in 
the order named. 

Then clearly SR bisects DO at rt. angles [iv. 5]. 

Similarly PQ bisects OB at rt. angles. 

.'. SR is par*, to PQ. Thus also SP is par^. to RQ; 

.'. SPQR is a par™. 

16. Join BO, Bl, OC. 

Since l BAO = L CAO, .'. arc BO = arc OC [ill. 26], 

.\ chord BO = chord OC. 

Again the ext. l BIO = l IAB + £.IBA = Ja + JB. 

Also the Z. IBO = Z. OBC + z. IBC = Z. OAC + L IBC [ill. 21] 

= iA4-iB. 
.*. Z.BIO = Z.IBO, .*. OI = OB=OC. 
.*. O is the centre of the about BIC. 

17. Let AB be the given base. Draw PQ par*, to AB at 
a distance from it equal to the given altitude. 

Describe 0* from centres A and B with radius equal to 
the given radius of circiun. ; let these * intersect at 0, on 
the same side of AB as PQ. From centre O with radius OA 
describe a cutting PQ at C or C'. Then either of the A" ABC, 
ABC' satisfies the required conditions. 



d 
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18« Find I the centre of the inscribed in the A ABC formed 
• the three given st. lines. 

From centre I, with any radius greater than that of the in- 
ribed 0, describe a 0; this will intercept equal chords from 
e sides of the A , because the perps. from the centre on these 
ords are equal, being radii of the inscribed . 

19. Let ABC be an equilat. A, I the centre of the in- 
ribed 0, Ij the centre of the escribed touching BC. Then 
is also the centre of the circum. and the intersection of the 
edians. Let Alli cut BC at D. 

Then ID, lA, IjD are the radii of the inscribed, circumscribed 
id escribed 0«. And I A = twice ID [Ex. 4, p. 105], 

Also L ABD = L liBD = J of two rt. angles ; 

hence A' IjBD, ABD are identically equal [i. 26], 

.*. liD = AD = three times ID [Ex. 4, p. 105]. 

20. Then AB, BC, CA pass through F, D, E [iii. 12]. 

And the common tangents at F, D, E meet at a point O, 
id are equal [Ex. 16, p. 218]. Hence O is the centre of the 
K)ut EDF. 

Again, since O is the intersection of tangents at E and F, 
. O lies on the bisector of the z.A. Similarly O is on the 
sectors of the z. * B and C : also OF, OE, CD are perp. to the 
des of the A ABC [iii. 18]. Hence the EFD is inscribed 
. the A ABC. 

Page 263. 

1. See solution of Ex. 7, p. 217. 

2. See solution of Ex. 8, p. 217. 

3. For the sum of one pair of opp. sides of a quadrilat. 
K)ut a =the sum of the other pair. But if the quadrilat. 

a par™., the opp. sides are equal; hence the figure must be 
[uilateral, that is, either a rhombus or a square. 

4. For if a quadrilat. is cyclic, the opp. angles together 
two rt. angles [iii. 221: and if the quadrilat. is a par°*., the 
pp. L ^ are equal, .'. each is a rt. angle. 
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5. See solution of Ex. 17, p. 245. 

6. Take AC, BD any two diams., and draw perps. to them at 
their extremities, the resulting figure is circumscribed about 
the [hi. 16], and may be proved to be a rhombus by 
Ex. 3. 

7. For the sides of all such squares are equal to the diameter 
of the 0. 

8. In the figure of p. 260, join AB, BC, CD, DA. 

Then ABCD is the inscribed square [iv. 9]. 

And the sqq. GE, AD, BC, EK are respectively double of the 
A« BEA, AED, BEC, CED. /. the whole fig. QK is double of 
the sq. ABCD. 

9. The angle subtended by a side of an inscribed square 
at any point on the major arc is half the angle subtended at 
the centre, that is, half a right angle. 

But the sum of the angles in the major and minor arc is two 
rt. angles [iii. 22], 

hence the angle in the minor arc is f of a rt. angle. 

10. In BC, CD, DA make BY, CZ, DW each equal to AX. 

Join XY, YZ, ZW, WX. Then XYZW shall be the sq. re- 
quired. 

For the A« XBY, YCZ, ZDW, WAX are all identically equal 
[i. 4], .'. the fig. XYZW is equilateral. 

Also, /_ZYC = Z-YXB; 

.*. z.« ZYC, XYB = z.«YXB, XYB = one rt. angle [l. 32]. 

.\ L XYZ is a rt. angle. Similarly each of the other L " of 
the figure is a rt. angle: .*. it is a square. 

11. The sq. of minimum area is that obtained by joining in 
order the middle points of the sides of the given square. 

For a square is a minimum when its diagonal is a minimum : 
and the least line that can be drawn between two opp. sides 
of the given square is perp. to those sides : this is obtained by 
joining the middle points. 
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12. (i) The intersection of the diagonals is the centre 

[IV. 9]. 

(ii) On AB, CD, two opp. sides of the rect., as hypotenuse, 
describe two right-angled isosceles A^ AXB, CYD externally to 
the rectangle. XA, XB, YC, YD produced will form the required 

square. 

13. (i) Let GAB be the quadrant, AB being the arc. 

Bisect the rt. angle AOB by CD ; draw DF perp. to OA ; bisect 
the z. CDF by DE ; and at E in OA draw EC perp. to OA, meeting 
OD in C, Then shall C be the centre of the required O . 

For z_CED = alt. Z.EDF = z.EDC [Constr.], 

.*. CD = CE. And if CG is drawn perp. to OB, then CE = CG, 
for the fig. GE is a square. 

Finally, since the z_^ at E and G are rt. angles, and since 
C is in OD, .'. a O described from centre C with radius CD 
touches the arc and the radii of the quadrant. 

(ii) In this question it is understood that one angle of the 
square is to coincide with the angle between the radiL 

Bisect the z. AOB by OD, and draw DF, DH perp. to OA, OB. 

Then OFDH is the square required. 

For z. FOD = J rt. angle, and z_ HOF is a rt. angle. 

.'. Z-ODF = ^rt. angle; .*. OF = DF. And since the fig. is a 
rectangular par™,, it is a square. 

(If two angular points of the sq. are to lie on the arc of 
the quadrant, and the other two on the bounding radii, see 
Ex. 3, p. 365.) 

14. Join AC, BD, and let O be the centre. Join PO. 

Then in the A APC 

PA2+PC2 = 2p02 + 2ao* [Ex. 24, p. 147] 
= 4 (radius)^ = (diam.)^ 

Similarly in A BPD, 

PB2+PD2=2P0^+2B0^ 

= 4 (radius)^ = (diam.)^ 
/. PA* + PB* + PC* + PD* = twice sq. on diam. 
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Page 265. 

1. For since each of the base angles is double of the vert 
angle, /. the sum of the z. * = 5 times the vert, l . 

That is, 5 times the vert. l = 2 rt, angles [i. 32], 

/. the vert. z. = ^ of 2 rt. angles. 

2. Describe an isosceles A ABD, having each of the l* at 
the base double of the vert, l [iv. 10]. 

Bisect the vert, l BAD, by a st. line AX : then each of 
the L ■ BAX, DAX is one-fifth of a right angle. 

Hence a rt. angle may be divided into five equal parts. 

3. The AACD in the figure of p. 264 is of the kind re- 
quired. For the ext. l ACD = l ABD + l BDC [l 32] ; 

and z_ ABD is double of Z-CDAorof Z.CAD [iv. 10]. 

.'. /_ ACD is three times either of the /_ ' CDA or CAD. 

4. For Z.ADB = Z.AFD [ill. 32]. 

And since AD = AF (radii), .*. z_ ADF = AFD. 

Hence the two A" ABD, ADF have two angles of one equal 
to two angles of the other, and the side AD common, .*. BD = DF. 

5. For these two circles circumscribe A* which have 
equal bases BD, CD, and equal vert, l ^ BAD, CAD 

[See Ex. 3, p. 267]. 

6. (i) For BD, DF are equal chords [Ex. 4] subtending at 
the centre of the in which they are placed angles equsd to 
^ of two rt. angles [Ex. 1], that is, y^^ of four rt. angles. 

(ii) For CD subtends at the O''® of the ACD an angle 
equal to ^j^ of four rt. angles. 

.*. CD subtends at the centre of the ACD an angle equal to 
i of four rt. angles. 

7. Take S' the middle point of the arc CD. 
Join AS', S'D. 

Then because the arc CS' = the arc S'D, .*. AS' bisects the 

iL BAD [ill. 27]. 

But ^ CAS' = z- CDS' [ill. 21], and the whole z. BAD = the 
whole Z.CDB [iv. 10], .*. DS' also bisects the lCDB. ; 
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And since the A" BAD, BDC are both isosceles, .*. the 
isectors of the vert, l^ also bisect the base at rt. angles 

[I. 4]. 

.'. AS' and DS' if produced, would bisect BD and BC at rt. 
ngles. 

.*. S' is the centre of the about the A BDC. 

8. Now by the last exercise, the bisectors of the z-* BAD, 
IDC meet at S' the centre of the about the A BDC. If AS' 
aeets DC at I, then I is the centre of the inscribed in the 
^ABD, for DC bisects the l ADB. Again, if Bl meets DS' at T, 
hen r is the centre of the inscribed in the A DBC. 

And the ext. ^ S'ir = z. IBA + z. lAB [i. 32] 

= f of vert. L BAD. 

Also the ext. l S'I'I = /_ IBD + z. BDI' 

= f of vert. L BAD. 
.'. L S'l \' = L S'l'l : .•. S'l = S'l'. 

Page 270. 

1. Take O the centre of the ; join AC cutting the O ^ 
at D. At D draw the tangent, cutting AB, AC at X and Y. 
A circle inscribed in the A AXY will touch AB, AC and the convex 
irc BC. 

2. For the l ABC = the l ACB [Hyp.] 

= the z_BED [ill. 21]. 

Hence by the converse of iii. 32, AB touches the about the 
^EBD. 

3. The sq. inscribed in a is clearly twice the sq. on 
he radius [i. 47]. 

Let ABC be an equilat. A inscribed in the same , of which 
> is the centre. Join AC, BO, and produce AO to meet BC 
itD. 

Then since the triangle is equilateral, O is both the inter- 
^tion of the medians and of the perps. 
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Hence AB* = AO^ + OB^ + 2A0 . OD [ii. 1 2] 

= AO'^ + OB^ + OA', for AO = 20D [Ex. 4, p. 1 
= 3 times sq. on radius. 

.'. twice sq. on AB = three times sq. inscribed in the 0. 

4. Bisect the z_ ACB by CD : then BC is a tangent to 
about the A ADC; and DA= DC = BC [iv. 10]. 

Now AB'^ = AB . BD + AB , AD [ll. 2] 

= BC2 + AB . BC [ill. 36]. 

Page 276. 

1. Apply I. 32, Cor. 1, remembering that in a reg 
polygon the interior angles are equal. 

(i) Pentagon. The five int. z. * + 4 rt. z. * = 10 rt. l% 

.'. one int. z_ = | rt. /_ . 

(ii) Hexagon. The six int. z_ ^ + 4 rt. z_ " = 12 rt. z. *, 

.'. one int. Z- = |^ rt. z. . 

(iii) Octagon. Each int. z. = f rt. z_ . 
(iv) Decagon, Each int. z. = f rt. z. . 
(v) Quindecagon. Each int. z. = ff rt. z. . 

2. Circumscribe a circle about the given pentagon [iv. 

Then in the figure of p. 266. 

Since the chords BC, CD, DE are all equal, 

.*. the minor arcs BC, CD, DE are all equal [iii. 28]. 

.'. the z.« at the O^® BAC, CAD, DAE are all equal [in. 2 

3. Solved by the method of the last Exercise. 

4. (i) Pentagon. See figure of p. 266. 

Let CD be the given base. Draw an isosceles A FGH, h« 
each of the base L ■ double of the vert, l ; and on CD as 
describe a AACD equiangular to the A FGH. 

About the AACD describe a 0, then proceed as in it. I 
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(ii) Heaxtgon, [See figure of p. 272.] 

Let AB be the given base. On AB describe an equilat. A ABG. 
Prom centre G with radius GA describe a , which will pass 
through B. Then proceed as in iv. 15. 

(iii) Octagon. Let AB be the given base; produce AB 
to X, and make the z. XBD half a rt. angle. 

Make BD equal to AB. Through the points A, B, D describe 
a O. This circumscribes the required octagon. Hence pro- 
ceed as indicated in Note, p. 275. 

5. Let ABCDEF be a regular hexagon inscribed in a circle. 
Then AEC may be shewn [i. 4] to be an equilat. A. Take O the 
centre. Join OA, OE, OG. 

(i) Then the A* AFE, AGE are identically equal 

[iv. 15 and i. 8]. 

Similarly the A» ABG, AGC, and the A" EDC, EGG. 
Hence the hexagon is double the equilat. A . 

(ii) Let AG produced meet EC at X. Then since the 
A A EG is equilat., AX is perp. to EC, and G is the intersection 
of medians : .'. AG = twice GX [Ex. 4, p. 105]. 

And AE'^ = AG^ + EG^ 4- 2AG . GX [li. 12] 
= AG^ + EG^ + AG^ = 3 (radius)^ 
= three times sq. on the side of the hexagon. 

6. (i) For by Ex. 2, p. 276, we have 

Z.HAB = Z-HBA = Z.BCH, 
each being one-third of the angle of a regular pentagon. 

Hence the z. CBH is two-thirds of the angle of the pentagon. 
Also the ext. l CHB = z. HAB + z. HBA [l. 32] 

= two-thirds of the l of the pentagon. 
.'. /.CHB = Z_CBH; .*. CH = CB = BA. 
Similarly HE = AB. 

H. K. E. 9 
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(ii) And since l ABH = l BCH, 
.*. AS touches the about A BHC [Converse, iii. 32], 

(iii) Hence AC . AH = AB^ [in. 36] 

= CH*, 
or AC is divided in medial section [ii. 11]. 

7. Let ABCDE be a regular pentagon, and let AC, AD cut BE 
at P and GL Call the interior figure PQRST. 

Then since each of the l " PAB, PBA is \ of an int. l of 
the pentagon; 

.*. AP = BP. 

And since each of the l. " APQ, AQP is § of an z. of the 
pentagon [i. 32], 

.'. AP = Aa 

.*. all lines of the type AP, AGi, <fec. are equal. 
And all L ■ of the type PAQ, QER, &c. are equal, 
.'. all bases such as PQ, QR, kc, are equal. 
And since the A APQ is isosceles, .\ l TPQ = z. RQP [i. 5} 
■ Hence the fig. PQRST is equilat. and equiangular. 

8. (i) Proved by the method of the last Exercise. 

(ii) Let ABCDEF denote the original hexagon. LetFB 
cut AE, AC in P, Q : call the interior figure PQRSTV. 

First shew that all A * of the type APQ are equilat. 

Hence that FP = PQ = QB, &c. ; so that the A« AFP, APQ, 
AQB, &c. have equal area [i. 38]. 

Now the figure PQRSTV is made up of ffwc equilateral A' 
each equal to the A APQ. 

And the figure ABCDEF is made up of eighte&n, A" (not all 
equilat.) each equal to the A APQ. 
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9. The triangle formed by joining BCD in the figure of 
p. 273 satisfies these conditions. 

For of such parts as the whole O *^® contains fifteen, the arc 
BC contains two, the arc CD Jive, and the arc DAB eight, 

10. Let A, B be consecutive vertices of the inscribed hexagon: 
let the tangents at A, B meet at P ; and let O be the centre of 
the 0. 

It is sufficient to compare the ^g. GAPB and the A GAB. 

Join OP, cutting AB at rt. angles at X [Ex. 2, p. 182]. 

The L^ APX, PAX may be shewn to be f and ^ of a rt. l 
respectively, 

.*. it may be proved that PX = ^ AP ; and similarly AP = J PO ; 
so that PX = J PO ; hence PX = ^ OX. 

F Hence APAB = ^AOAB, being on the same base. 

I /. AOAB = | fig. OAPB. 

i .*. inscribed hexagon = J circumscribed hexagon. 

I 

r 



THEOREMS AND EXAMPLES ON BOOK IV. 
I. On the Triangle and its Circles. 

Page 277. 

1. (i) AE = AF, BE=BD, and OF = CD [iii. 17, Cor.], 

.*. AE+ BD + DC =8, 

or AE+a = «, .*. AE = s— a. 

Similarly BD = s — 6, and CD = « - c. 

9—2 
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(ii) AEi = AFi [ill. 17, Cor.]. 
And AEi + AFi = AC + CEj + AB + BFj 

= AC + CDj + AB + BDj 
= AC + BC + AB=2«, 

(iii) CDi = CEi = AEi - AC = « - 6 [by (ii)J, 
BDj = BFj = AFj — AB = 8 — a 

(iv) CD = BDi, for each =« — c [by (i) and (iii)], 
BD = CDj, for each =8-h, 

(v) EEi = AEi — AE = «-(8 — a) = a. 
Similarly FFj = a, 

(vi) A ABC = the A BIC + A CIA + A AIB 

= |ra + Jr6 + |rc [i. 41] 
i= Jr (a + 6 + c) 

Again, AABC = AABIi + AACIj- ABCIj 

= JriC + ^ri6-|ria [i. 41] 
= ^ri (c + 6 - a) 
= rj (s — a). 

2. (i) The points A, I, Ij, are colliiiear, for I and I] 
lie on the bisector of the vert, l BAC. [See pp. 254, 255 N 

Similarly I, Ij and I, Ig are on the bisectors of the z.' 
ACS. . 

(ii) For AI2 and AI3 being the bisectors of opp. v( 
[p. 255] are in the same st. line. So for the two other ran 
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(iii) The z. CAI2 = z. BAI,, being halves of opp. vert, z.*, 
id z. CAI = z. BAI [Constr.]. 

.'. IjlA is perp. to IsU; similarly 1,18 is perp. to Ijli, and 
IjlC to Ijlj. 

.'. I is the orthocentre of the A Wa ^^^ ABC is the pedal A 
>f the A IJals. 

Hence the A" BIjC, ClgA, AI3B are equiangular 

[Ex. 20, Cor. ii., p. 225]. 

(iv) The chord of contact of the tangents to inscribed O 
[from A is perp. to A I [Ex. 2, p. 182], and is therefore par^ to Ijlj. 
So for the other sides. Hence the A ■ are equiangular. 

(v) and (vi) follow from the fact that I is the orthocentre 
of the A lilaU [Exx. 24, 25, p. 226]. 

3. See the fig. to p. 277, and suppose the z. at C to be a 
rt. angle. Then the fig. I DC E is a square, and 

r=ID = CE = «-c [Ex. 1 (i), p. 277]. 

Again, if the z. at C is a rt. angle, the fig. liD^CEi is a 
square, so that r^ = IjOj = D^C = 8 — b. 

Similarly rj = « — a. 

Lastly, let the third escribed O touch CA produced and CB 
produced at E3, D,. 

Then the figure IsEsCDg is a square; 

and r8=l8D3 = CE3 = « [Ex. 1 (ii), p. 277]. 

4. (i) DDa =BDa -BD =«-(«-6) = 6 [Ex. 1, p. 277], 

DiD3=CD8 -CDi = «-(«— 6) = 6. 

(ii) Similarly DDg = DiDj = c. 

(iii) DaDj = BD2+BD8 = «+s--a = 6 + c. 
(iv) DDj =BD — BDi = « — 6 — (s- c) = c-- 6. 

5. Follows directly from Ex. 20, p. 225, and Ex. 22, 
p. 226. 



i 
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6. Worked out on p. 228 ; since the centre of the inscribed 
O is at the intersection of the bisectors of the angles. [Ob- 
serve that the loci in Ex. 6 and Ex. 7 are parts of the sarM 
circle^ of which llj is a diam., the centre being on the O** of 
the circumscribed circle. Ex. 15, p. 279.] 

7. Take the figure of p. 278. 

Since Bl, Blj are respectively the internal and external bi- 
sectors of the L ABC, .*. L IBIi is a rt. angle. 

So also the l ICIj is a rt. angle ; .*. the points I, B, li, C are 
concyclic. 

.'. z.Blil=z.BCI = ^C, and z_ lliC = z. IBC = JB [ill. 21]. 

Hence by addition the z.BliC = |B+JC 

= comp*. of ^A. 

That is, the z. BI^C is constant : and the base BC is fixed, 
.'. the locus is the arc of a segment. 

8. Given the base BC and the vert, angle, the vertex A 
must lie on the arc of a certain segment described on BC as 
base. That is, the three points A, B, C lie, for all positions of 
A, on a fixed circle ; for if an arc of a circle is fixed, the 
whole circle is fixed [iii. 10, Corollaries]. 

9. Take the figure of p. 278. Required the locus of Ig. 
Since the l. ^ ICIg, lAlg are rt. angles, 

.'. the points I, C, A, Ig are concyclic. 

.'. z.ll2C = z.lAC = ^A. 

Hence the locus of I a is the arc of a segment on BC as 
base, capable of containing an angle equal to ^A. 

10. Let BC be the given base, X the given angle, and K 
the radius of the inscribed circle. 

On BC describe a segment of a circle containing an angle 
equal to one rt. angle + 1 X. 

Then the centre of the inscribed O must be on this arc [Ei 
36, p. 228]. 
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Draw PQ par^. to BC, and at a distance from it equal to K (on 
the same side of BC as the segment). 

Then the centre of the inscribed must be on PQ. 

Hence if PQ . cut the segment at I (or T), I is the centre 
of the inscribed O . 

From centre I, with radius K, draw the inscribed 0, to 
which draw tangents from B and C. If these tangents produced 
meet at A, then ABC is the required triangle. 

Prove by a method converse to Ex. 36, p. 228 that the 

L BAC = the angle X. 

11. Let BC be the given base, and X the given angle. 

On BC describe a segment of a circle, (i) capable of con- 
taining an angle equal to one rt, cmgU — J X [see Ex. 7. p. 2791 
(ii) capable of containing an angle equal to ^X [See Ex. 9, p. 2 79 J. 

Then proceed as in the last Example. 

12. On the base BC describe a segment containing oiie rt. 
angle + ^ the given angle; then the centre of the inscribed is 
on this arc [Ex. 36, p. 228]. 

At D, the given point in BC, draw a line perp. to BC cutting 
the arc at I. Then I must be the centre of the inscribed 0, 
and ID is its radius. 

From this point proceed as in Ex. 10, p. 279. 

13. On BC the given base describe a segment containing 
one rt, angle — ^ the given angle [Ex. 7, p. 279]; then the centre 
of the escribed must be on this arc. From this point proceed 
as in the last Example. 

14. The A" BAI, CAI are identically equal [i. 4]; 

.'. IB = IC; .'. z.lBC = z.ICB. 

But z.ABI = z.lCB [ill. 32] = z.lBC. 

That is, Bl bisects the l ABC. 

.*. I is the centre of the inscribed 0. 

Similarly, if AB, AC are produced to X and Y, Bli, Cl^ may 
be shewn to be the bisectors of the z." XBC, YCB : .*. Ii is the 
centre of an escribed . 
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15. Now I and Ij lie on the bisector of the l BAG. 
Let All J cut the circum-O at P. Join PB. 
Then z. PBI = z. PBC + z. CBI = z_ PAC + z. CBI [ill. 21] 

= iA + jB. 
Also, ext. z. PIB = z- lAB + z- IBA = J A + I B. 
.*. Z.PBI = 2LPIB; .•. PI = PB. 
And L IjBI is a rt. angle [Ex. 2, p. 29]. 
.-. L PBIi = L PliB [i. 32]. .*. PB = Pli . I 

Hence P is the middle point of Hi. 

16. Take the figure of p. 278. 

Since the l « IjBlj, I2CI3 are rt. angles [Ex. 2 (v), p. 278], 
.'. a O on I2I3 as diam. passes through B and C. 
Let the circum-O cut Igls at Q (and let Q be in Alj). JoinQB. 
Then l QI3B = l \^fi + l laUC 

= JA + JB [ill. 21]. 

And L IsQB = z. C [Ex. 5, p. 223]; 

.•.,from AI3QB, thez.l3BQ = ^A + jB [i. 32]. 

.'. Ql3= QB. Similarly Ql, = QB. 

.*. Q is the centre of the O through Ij, C, B, Ig, 

[Note. Observe that the points P and Q in Exx. 15, 16 are 
the- extremities of the diam. of the circum-O perp. to BC]. 

17. In the A formed by joining the three points A, B, C 
inscribe a circle : and let the points of contact be D, E, F (D 
being opp. to A, <fec.). 

Then AE = AF, BD = BF, and CE=CD [ill. 17, Cor.]. 

Hence O* described from the centres A, B, C, with radii 
AF, BD, CE will clearly satisfy the given conditions. There will 
be four solutions in all ; for solutions may also be obtained from 
the three escribed O ". 
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18. If DE does not touch the 0, from D draw DE' to touch 
:, and meet AC at E'. 

Then (i) DE' = DB + E'C [iii. 17, Cor.], 

nd (ii) DE =i DB + EC [Hyp.]. 

Then DE'-DE = EE'; 

hat is, DE'= DE + EE', or DE = DE' + EE' ; 

T^hich is impossible [i. 20]. 

Hence no line through D but DE does touch the 0. 

19. The fixed circle is the escribed circle touching the side 
)pp. to the fixed angle. 

[Take the figure of p. 2771. Since AEj = AFj = half the peri- 
meter [Ex. 1 (ii), p. 277], .*. if the perimeter is given, the points 
El, Fi are given, .'. the escribed circle is given, which is neces- 
sarily touched by the base BC. 

20. 21. It has been proved in Ex. 2, p. 278, that if 
I, li, hi h ^^^ *h® centres of the inscribed and escribed circles 
of the A ABC, each of these four points is the orthocentre of 
the triangle formed by the other three, and that the original 
^ABC is the pedal triangle. 

Hence given any three of the points i, li, l2> U» ^® have only 
to draw the pedal triangle of the triangle so formed. 

22. Let AX, AY, st. lines of unlimited length, contain the 
given vert, angle. 

Mark off AE^, AFj each equal to half the given perimeter. 

Draw Ejlj, Fjlj perp. to AX, AY, and prove that liEi= I^Fj. 

From centre Ij describe a touching AX, AY at Ej and Fj. 

Bisect the l XAY by AP, making AP equal to the given 
bisector. From P draw a tangent to the 0, meeting AX, AY 
at B, C. Then ABC is the triangle required ; for it has the given 
vert. L, and the given bisector; and since the EjFi is an es- 
cribed 0, and AEi = AFi = the semi-perimeter [Ex. 1 (ii), p. 277], 
.*. the A ABC has also the given perimeter. 
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23. Let AX, AY make the given vert, angle. Mark off 
A El, AFi each equal to half the given perimeter, and describe a 

to touch AX, AY at Ej and Fj. Then prove as in Ex. 19 
that this is an escribed O of the required triangle. 

From centre A, with radius equal to the given altitude, de- 
scribe a O . Draw either of the transverse common tangents to 
the two ©* [Ex. 17, p. 218]. If the common tangent meets AX, 
AY at B and C, then ABC satisfies the given conditions. 

24. Let AX, AY determine the given vert. z_ . Mark off 
AEj, AFj equal to half the given perimeter: and as in the last 
two examples describe a circle to touch AX, AY at Ei and Fj. 

Draw a O, with radius equal to the given radius, to touch 
AX, AY [Ex. 32, p. 221]. 

And draw either of the transverse common tangents to the 
two O". If the common tangent meets AX, AY at B and C, 
then ABC is the required triangle. 

25. Draw the inscribed O as in the last Example ; and from 
the given vertex as centre, with the given altitude as radius, 
describe a circle. Then draw either of the direct common 
tangents to the two O *. 

26. Let BC be the given base, and K the given difference 
of the sides. Cut off BX equal to K, and bisect XC at D. 

At D draw Dl perp. to BC and equal to the given radius. 

From centre I and with radius ID describe a O, to which 
draw tangents from B and C. If these tangents intersect at A, 
then ABC is the required A. 

For AB ~ AC = BD - DC [Ex. 10, p. 258] 

= BD - DX = BX = K. 

27. Let A be the vertex, S the centre of the circum-0, and 

1 the centre of the inscribed O . 

From centre S with radius SA describe the circum- . 
Join Al, and produce it to meet the O ^ at X. 

From centre X with radius XI cut the circum-0 at B andC. 
Then ABC shall be the required A. 

Join XB, XC, Bl, CI. 
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For, since BX = XC, /. L BAX = l CAX [hi. 28, 27] ; .*. Al is 
be bisector of the l BAG. 

Again, the ext. L XIC = the l ^ lAC, ICA. 

But z. XIC = z. XCI (since XC = XI) 

= L " XCB, BCI, 

.*. Z." lAC, ICA=Z.'' XCB, BCI. 

But Z- lAC = >L XCB [ill. 21], .*. Z. ICA = Z. BCI. 

.'. CI is the bisector of the l BCA. Hence I is the centre 
f the inscribed . 

28. Take the figure of p. 278. 

Since Bl and Bl^ are the internal and external bisectors of 
he L ABC, .'. the z. IBI^ is a rt. angle. 

Similarly, the l ICIj is a rt. angle. .*. \\ is the diameter 
f the about IBIjC. But the O'^® of the about the A ABC 
dsects llj [Ex. 15, p. 279]: that is, the centre of the about 
HO lies on the O^ of the about ABC. 

29. Take the figure of p. 278. 

Join ID, and produce it to P, making DP equal to liDj (i.e. r^). 

Then remembering that BDj = CD and D^C = BD [Ex. 2] we 
aay prove that the A" liDjB, PDC are equal, also the A* 
iDjC, PDB are equal [i. 4]. Hence the z. BIjC = z. BPC. .*. P 
3 on the 0IBIiC. 

.". BD . DC = PD . Dl [ill. 35] =ri . r. 

30. For the z. FDB = the z. FED [in. 32], 

Jso the L DE'F' = the z. FED [Ex. 20, €or. ii, p. 225]. 

.*. L E'DB= L DE'F' : .'. E'F' is par*, to BC [l. 27]. 

31. Let the inscribed of the A ABC touch AC, AB at E 
md F : 

and let the 0* inscribed in the A" ABD, ACD touch AD at 
SI and Q'. 
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Then by Ex. 1, p. 277, AQ = J{AD + AB - BD} 

= J{AD+AB-BF} 
= J{AD + AF}. 

SimUarly AQ' = | { AD + AE}. 

But AF = AE [ill. 17, Cor.], .•. AQ = AQ'. 

That is, the two 0" touch AD at the same point, and therefore 
touch one another. 



On the Nine-Point Circle. Page 283. 

34. Take the figure of p. 282. 

If the base and vert, l are given, then the circum- is fixed 
in position and magnitude [iii. 21]; hence the radius of the 
nine-points (being half that of the circum- ) is given : that 
is, XN is constant. But X is a fixed point; .*. the locus of N is a 
, of which X is the centre. 

35. For by Ex. 24, p. 226, each of the A « ABC, AOB, BOC, 
COA have the same pedal triangle, and therefore the same 
nine-points , for the nine-points circumscribes the pedal tri- 
angle. 

36. For by Ex. 2 (v), p. 278, the A ABC is the pedal triangle 
of each of the four triangles formed by joining three of the points 

'» \y 'sj b» 

37. For, in the figure of p. 282, both O and 8 are fixed: 
.*. N, the middle point of SO is fixed. 

And since the circum- is given, .*. the radius of the nine- 
points is given [Ex. 33 (ii), p. 282]. Hence the nine-pointsO 
is fully determined. 
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38. Take the figure of p. 225. 

Let BC be the fixed base of the A ABC, having its vert, l BAG 
onstant in magnitude. Then the circum- is fixed in position 
.nd magnitude [Ex. 8, p. 279]. Hence the about the pedal 
^DEF is fixed in magnitude, for its radius is half that of the 
lircum- [Ex. 33, p. 282]. 

Now the ^ FDE at the O** is constant,, for it is the supp*. 
)£ twice the vert, l A [Ex. 20, p. 225, Cor.]. .'. the chord FE is 
3f constant length [iii. 26, 29]. 

39. Take the fig. of p. 278. 

Now the base BC is given, and the vert, l BAC is constant, 
.'. the circum- is fixed in magnitude and position. 

But ABC is the pedal A of the A IJalj [Ex. 2 (v), p. 278], 

.*. the circum- of the A ABC is the nine-points of IjlaU. 

Hence if Al^, and I2I3 cut the about ABC at X and Y, 
these are the middle points respectively of llj and \^^ 

[Ex. 32, p. 281]. 

But since XAY is a rt. z. [Ex. 2, p. 29], .*. XY is a diam., 
and its middle point N is the centre of the about ABC, and is 
a fixed point. 

But X is a fixed point (the middle point of the arc BC, since 
L BAX = L CAX), .'. Y is a fixed point. 

Draw YS perp. to I2I3 meeting IN produced at S. 

Then S is the centre of the about IJa'sj for this centre 
nust lie both in YS and IN produced [Ex. 33, p. 282]. 

And SN = Nl : ^Iso YN = XN (proved), and l SNY = vert. opp. 
:.XNI; 

/. SY = IX [i. 4] = ^lli (proved above). 

But 111 is a diam. of the about the ABIC; and this is a 
xed , for the base and vert, l are constant [Ex. 36, p. 228]. 
lence SY is constant; and as Y has been shewn to be a fixed 
oint, the locus of 8 is a about Y as centre. 
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II. Miscellaneous Examples. Page 283. 

1. Let ABCD be the quadrilateral. Let the bisectors of the 
^^ A, B meet at X; of the z.^ B, C at Y; of thez." C, D atZ; 

and of the z. * D, A at V. 

Then the ext. l AXY = J A + J B [i. 32]. 
Also the ext. z.YZD = JC + jD. 

.*. the 2.« AXY, YZD = jA + jB+JC + jD = twort.angles. 

.-. the L » YXV, YZV = two rt. angles ; 

.*. the points X, V, Z, Y are coney clic. 

2. Let AB, BC, CD ... be the sides of the figure, O the point 
of intersection of the bisectors of the angles, and OX, OY, OZ, ... 
the perps. on AB, BC, CD ... . 

Then from the A" OBX, OBY, we have OX = OY [i. 26]. 

And from the A» OCY, OCZ, we have OY = OZ [i. 26]. 

And so on for each pair of sides. .'. the perps. OX, OY, 
OZ, ... are all equal. Hence a O may be inscribed in the 
figure. 

3. Circumscribe an equilat. triangle ABC about the given 0. 
Take O the centre, and join O A, OB, OC. 
Inscribe a O in each of the equal A" AOB, BOC, CO A. 
These O * will touch one another and the original O . 

4. Take the figure of p. 278. 

Draw IjDi and I2E2 perp. to BC, AC respectively, and let these 
lines meet at P. 

Then from the A liDjC, the l IjliP -\0, 

And from the A \JE^^ the l IJaP = Jc. 

Hence Pli = PI2, and P lies on the line which bisects Ijig »<J 
rt, angles. 

Similarly the intersections of IgEj, I3F3 and of IjFs, liD, lie on 
the lines which bisect I2I3 and Ijl^ at rt. angles. 

Hence liDj, I2E2, I3F3 meet at the centre of the circum- 
scribed about the A IJals. 
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If the circum- and the vert, l are given in magnitude, 
mgth of the base is determined [iii. 26, 29]. Hence the 
3m is reduced to that solved in Ex. 10, p. 279. 

r, othenmse. Describe the circum- with the given radius, 
Tom any point P in its O** draw the chords PB, PC each 
nding at the centre an l. equal to the given l . Join BC ; 
m. the side of BC remote from P, draw EF par^. to BC at a 
ace from it equal to the radius of the in- . From centre P 
radius PB intersect EF at I, and produce PC to meet the O^ 

ben ABC shall be the required A . Join Bl. 

or the L BAC = the given z. [iii. 20]. Also the z. BAP = the 
P. 

nd since PB = PI, .'. the l PIB = the ^ PBI . 

ut the L PIB = the z. » lAB, IBA; and z. lAB = z. PBC 

[III. 27]. 

[ence l PBI = the l " IBA, PBC; 

.'. z. IBA = z. IBC ; that is, IB bisects the z. ABC. 

[ence I, the intersection of the bisectors of the z. ^ ABC, BAC, 
5 centre of the inscribed ; and its distance from BC is equal 
e given radius. 

, Let BC be the given base, and let BP of unlimited length 
I the given angle with BC; also let the st. line K be the 
L length of 111 [See fig., p. 278]. 

ncUysis, Since Bl and B\j are the internal and external 
bors of the z. ABC, .*. the z. IBIj is a rt. angle. And since 

of given length, .'. the middle point Q of llj lies on a 
ig B as centre and a radius equal to half of K [iii. 31]. 

€^ the middle point of llj, lies on the O** of the circum-© 
b the required A [Ex. 15, p, 279]. 

. Q also lies on the st. line which bisects BC at rt. angles. 

[ence the following construction. 

'rom centre B and radius equal to JK describe a 0. 

tisect BC at rt. angles by a st. line which cuts this (on 
ide of BC remote from BP) at Q. 

'hrough B, Gl, and C describe a : this will be the circum- 
e required A, and will cut BP at the vertex A. 
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7. If the circum- Q of a A is drawn, and the length of 
the base given, the magnitude of the vert, l is determined 

[ill. 28, 27} 

Let P, Q be the given points. [In the figure taken P and Q 
are within the ]. On PQ describe a segment of a containing 
an angle equal to the vert, l previously determined, and cutting 
the given at A (or A'). 

Join AP, AQ, and produce them to meet the 0<* at B and C. 

Then ABC is the required A . 

There will be two solutions, one solution, or no solutions, 
according as the arc of the segment cuts the given , touches 
it, or falls wholly within it. 

8. See figure, p. 278. 

Since IBIi, ICIi are rt. angles, the about the ABIC passes 
through li, and ll^ is its diam., so that Si is the middle point 
of 111 . Similarly S,, 83 are the middle points of llj, 11,. 

Hence S^Sa is par*, to IJg [Ex. 2, p. 96], and SjSa is half 
of IJa [Ex. 3, p. 97J. 

Now by Ex. 4, p. 97, the AIS^Ss is one-fourth of the Aiy,; 
and similarly, the A* ISaS,, ISgSj are respectively one-fourth of 
the A 8 llgls, llgli: 

hence the AS1S2S3 is one one-fourth of the Al^lglg. 

9. Draw CD perp. to BC to meet the circum- at D. 
Join AD, BD. 

Then BD is a diam., and AD is perp. to BA [in. 31]. 

But CO produced is also perp. to AB [Hyp.]; .*. AD and CO 
are par^ Similarly AC and DC are par^. : .*. AC = DC [i. 34]. 

But, since BCD is a rt. z. , BD^ = BC* + CD* [i. 47], 

or, fl?* = BC* + A02. 

10. Let A BCD ... be the regular polygon, O the centre 
of its inscribed © , and P the given point within it. Let fl 
denote the length of each side, r the radius of the inscribed 
0, and Pi, ^2J •" Vn tbe perps. drawn from P to the sides. 
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Then the area of the polygon = 7i-times the A AOB 

= n . Jra [i. 41] 

= \nr . a [ii. 1] 

= the area of a A on the base a 
' having an alt. nr, 

Sunilarly the area of the polygon 

= AAPB + ABPC+ACPD+ ... 

= iPi<^-^iP^ + hPs^-^'"-kPn(^ [l- 41] 
= h(Pi'^P2+ "-+Pn)a [ll. 1] 
= the area of a A on the base a having 
an alt. jc>i + JOg + • • • + /^n* 
But equal A" on equal bases have equal altitudes, 

.*. Pi+P2-^Ps+ ... -i'Pn = nr, 

11. Let ABCD ... be the regular polygon of n sides, of 
which O is the centre; and let PQ be the given st. line. Circum- 
scribe a about the polygon, and at the vertices A, B, C, D, . . . 
draw tangents, thus forming another regular polygon of n sides, 
having the same centre O. Draw a tangent MN to the G par^. to 
PQ, and let T be its point of contact. 

Then it may be shewn [i. 26] that the perps. from A, B, C, ... 
to MN are respectively equal to the perps. drawn from T to the 
corresponding sides of the outer polygon. 

Hence the sum of the perps. from A, B, C, ... to MN = /i times 
the perp. from O to MN [Ex. 10, p. 284]. 

.'. the sum of the perps. from A, B, C . . . to the par^. line PQ 
= n times the perp. from O on PGL 

12. For the area of the quadrilat. is equal to the sum of the 
four A" whose vertices are at the centre of the 0, and whose 
bases are the sides of the quadrilat. And if the lengths of these 
sides are given, their perp. distances from the centre are the 
same in all positions [iii. 14]. 

But the areas of the four A^ depend only on the lengths 
of their bases and altitudes ; hence the area of the quadrilat. is 
independent of the order in which the sides are placed. 

H. K. E. 10 
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13. Take the figure of p. 282. 

Given O, N, and X, to draw the A ABC. 

Join ON, and produce it to S, making NS equal to ON : 
then S is the centre of the circum-O [Ex. 33, p. 282J. Join SX, 
and draw PXQ perp. to SX. Then the base BO must lie in PGL 

Through O draw DOR perp. to PQ: then the vertex A must 
lie in DR. Join XN, and produce it to meet DR in a : then Xa is 
the diam. of the nine-point O , and is therefore equal to the radius 
of the circum- O . 

From centre S with radius equal to Xa describe a cutting 
PQ in B, 0, and DR in A. 

Then ABC is clearly the required triangle. 

14. For suppose any two consecutive sides AB, BO of an 
inscribed polygon are unequal. Let P be the middle point of the 
arc AC. 

Then AP, PC are together greater than AB, BC [Ex. 19, 
p. 246]; and AAPC is greater than A ABC, for it has a greater 
altitude. 

Hence there is an inscribed polygon which has a greater 
perimeter and a greater area than the given polygon. 

.'.an inscribed polygon cannot have the maximum perimeter 
and maximum area unless every pair of consecutive sides are 
equal ; that is, unless it is regular. 

15. See fig., p. 255. 

Suppose AG, AK two fixed tangents, touching a O at G 
and K. 

Required to draw BC so that the sum of the lines BG, BC, OK 
may be a minimum. 

Now since BH = BG, and CH = CK, 

.'. the sum of BG, BC, CK = twice BC. 

And it may be shewn that BC is a minimum when it touches 
the O at the middle point of the arc GK. 

Hence arguing as in the last example we see that the points 
of contact of the sides of a circumscribed polygon of minimum 
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perimeter must lie at equal intervals along the O*^* of the in- 
scribed 0. That is, the polygon must be regular. And since 
the polygon may be divided into A* having a common vertex 
at the centre, and since the altitudes qf these A* are all equal 
to the radius of the in-O, .'. the area of the polygon is a mini- 
mum when the perimeter is a minimum. 

16. Let MAN be the given vert, u . Along AM, AN take 
AP, AQ each equal to half the ^ven sum of the sides containing 
the vert, u . 

Let ABC be one A of the system. Then clearly PB = CQ. 

At P and Ql draw PX, QX perp. to AM and AN. Then X is 
a fixed point; and it may be shewn [i. 47 or Ex. 12, p. 91] that 
PX= QX. Hence the A*" BPX, CQX are identically equal [i. 4]. 

/. the L PXB = the L QXC : to each add the 'l PXC ; 

then the L BXO = the L PXQ. 

But since the z. * at P and Q are rt. angles, the l ^ PXGl, PAQ 
are supplementary; .*. the l^ BXO, BAG are supplementary. 

.'. X is on the O about the A ABC. Thus the O passes 
through two fixed points A and X. Hence the locus of the centre 
is the st. line bisecting AX at rt. angles. 

17- In an equilat. A the centroid, orthocentre, and centre of 
the circum-0 are at the same point O. Let AC produced meet 
BC at D and the O*^ at E. Join PE, PD, PC. 

Then OE = OA = twice CD [Ex. 4, p. 105]: .*. 0D= DE. 

Let r denote the radius of the circum- . 

Then from A APE, PA^ + PE2 = SOA^ + 20p2 [Ex. 24, p. 147] 

= 4r2. 
And from A BPC, PB^ + PC2= 2BD2 + 2PDl 
By addition, PA^-h PB»+ PC2+ PE^ = 4r2 + 2BD2 -h 2PD2. 
Again from A O PE, r^ -I- PE^ = 20 D* -i- 2PD2. 

By subtraction, PAVPB2+PC2-r'= ^r^ + 2BD2- 20D^ 
To each of these equals add r^, or 40D^. 
Then PA^ + PB^ -h PC^ = 4r2 + 2BD2 + 200^ 

= 4r2 + 2r2 [i. 47] 

10—2 
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Page 311. 

1. Let AC, BD the diag^". of a quad', intersect in E. 

Then A ABE : ABEC = AE : CE 

= AADE : A DEC [vi. 1]. 

2. Let the three par^ st. lines cut one st. line in A, B, C and 
another in D, E, F. If ABC is pari to DEF, 

AB = DE and BC = EF; 

/. AB : BC = DE : EF. 

If not, through A draw AGH pari to DEF cutting BE and CF 
in Q and H. Then AG = DE, and GH = EF. 

Also AB : BC = AG : GH [vi. 2]; 

.-. AB : BC = DE : EF. 

3. Because EF, EG are par^. to 'bases AC, AD ; 

.'. AE : EB=CF : FB [vi. 2], 
and AE : EB = DG : GB; 

.'. CF : FB = DG : GB. 
.*. FG is pari to base CD. 

4- Draw CK pari to DF cutting AB in K. 
Then BD : DC = BF : FK [vi. 2]. 

But L AFE = L AEF ; .•. AF = AE. 

And AF ; FK = AE : EC [vi. 2] ; 

.-. FK = EC. 

Hence BD : DC = BF : CE. 

5. Let AD produced cut BC in G. Then A* ADB, GDBare 
identically equal [i. 26]. .'. AD = DG ; .'. the par^, through D 
to BGC bisects AC [vi. 2]. ' 
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6. Let BE, OF cut the median AD in K. 

ben AF : FB = AAKF : AFKB [vi. 1], 

id AF : FB=AACF : A FOB; 

/. AF : FB=AAOK : ABKC [Cf. V. 15]. 

Lmilarly AE : EC = AABK : ABKC. 

ut because BD = DC, .*. ABKD =ACKD, and ABAD=ACAD, 

.'. AABK=AACK. 

Hence AF : FB = AE : EC ; 

.*. EF is pari to BC. 

7- Draw PQ par^. to BC cutting AC in Q. Produce QC to R, 
laking CR = QC. Join PR cutting BC in X. 

Then, because CX is par^. to PQ, 

.'. PX : XR = QC : CR; 

but QC = CR, .*. PX = XR. 

8. Let G be the required pt. , so that A BG C - A CG A = A AG B. 
jet AG, BQ, CQ produced cut the sides in D, E, F. 

Then AF : FB = AAQF : ABGF 

= AACF : ABCF 
= AAGC : ABQC; 

.'. AF = FB. Similarly AE=EC, and BD = CD. Hence G is 
he centroid of ABC [Ex. 4, p. 105]. 

Page 313. 

1. Because DE bisects z. ADB ; 

/. BE : EA = BD : DA. 

Because DF bisects l ADC, 

.'. CF : FA = CD : DA. 

But BD = CD. .-. BE : EA = CF : FA. 

.*. EF is par*, to BC [vi. 2]. 

2. Let AB be the given st. line. On AB describe a triangle 
ABC, having BC double of AC [i. 22], 
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Let CD bisect the l ACB, and meet AB in D. 

Then BD : DA=BC : CA; 

.'. BD = twice DA. 

Bisect BD in E. Then AD = DE = EB. 

3. Let AD bisect l BAG. Take I in AD, so that 

Al : Dl = BA + AC : BC. 

Because AD bisects L BAC, 

.'. BD : DC = BA : AC, 
.*., componendoy BD : BC = BA : BA + AC. 

.'., alternately, BD : BA = BC : BA + AC = Dl : Al. 

.'. Bl bisects l ABC. Similarly CI bisects l ACB. .'. I is the 
centre of the inscribed 0. 

4. Let the bisectors of z. " A and C meet at X in BD. 
Then DA : BA = DX : BX = DC : BC. 

.*., alternately, DA : DC = BA : BC. 

Let Y divide AC in this last ratio. Then DY, BY are the 
bisectors of z. ^ D and B, and therefore meet in AC. 

5. Let AB be the given base, and let the st. lines X, Y be 
in the given ratio. From A draw AP = X, and produce it to Q 
so that PQ = Y. Join QB, and draw PR par*, to QB, cutting 
AB in R. 

Then AR : RB = AP : PQ = given ratio. 

.'. R is the pt. where the bisector of the vert, angle is to cut 
AB. Proceed then as in Ex. 3, p. 206. 

6. Let Bl, CI, the bisectors of B and C, intersect in I. Join 
Al. And produce Al to cut BC in D. 

Then BA : BD = AI : ID [vi. 3]. 

Also CA : CD = AI : ID. 

.-. BA : BD = CA : CD, 
or, BA : CA = BD : CD. 

.'. AD bisects the l A. 
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7- Because arc AC = arc AD, .'. Z.CFE=Z-DFE; that is, FE 
bisects z. CFD. Similarly GE bisects Z-CGD. 

.'. CG : DG = CE : DE = CF : DF. 
.-. CG : CF=DG : DF. 
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1. Join BP. Then Z-APB is a rt. z_ [ill. 31]. And PA 
bisects the l CPD, .'. PB bisects the adj. supplementary angle. 

.'. CP : PD = CA : AD [vi. 3], 

and CP : PD = CB : BD [vi. a]; 

.*. CA : AD s= CB : BD ; or, AC : CB = AD : DB. 

2. Because AB = AE, .". l CBA = z_ DEA. And L BAC = l EAD. 
.'. A" ABC, AED are identically equal [i. 26]. Since AC bisects 
L. BAD, and AE is at rt. z. * to AC ; .'. AE bisects the adj. supple- 
mentary angle. 

/. BC : CD = BA : AD [vi. 3] ; and BE : ED = BA : AD [vi. a]. 

.*. BE : ED = BC : CD. 

But DE = BC. .*. DE or BC is a mean proportional between 
BE and CD. 

3. Let BIj, CI J, the bisectors of the ext. z. * B and C, inter- 
sect in I,. Join Al^ cutting BC in D. 

Then AB : BD = AI, : liD [vi. a]. 

Also AC : CD = AI, : l,D [vi. a]. 

.•. AB : BD = AC : CD ; or, AB : AC = BD : DC. 

.'. AD bisects int. z_ A [vi. 3]. 

Page 317. 

1. Let ABCD be a trapezium, in which AD is par', to and 
double of BC. Let AC, BD cut at E Then A^ AED, CEB are 
equiangular to one another. 

.-. AE : EC = DE : EB = AD : CB. 
.'. AE = twice EC, and DE = twice Ea 
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2; Since DE=EA, and BG = GA, 

/. QE is par^. to BD [vi. 2] ; and A" AGE, ABD are equiangular. 

/. AG : AB = GE : BD; 
but AG is half of AB, .*. GE is half of BD. 
Similarly HF is half of BD ; .'. GE = HF. 

3. Because A* ABF, CEF are equiangular, 

.'. EF : BF = EG : BA. 

And because A' ABG, EDG are equiangular, 

.'. EG : AG = ED : AB. 
But CE=ED. 

.-. EF : BF=EG : AG. 
.*. GF is par^. to AB [vi. 2]. 

4. The A* BAE, AED are identically equal [i. 4 J. 

And L EAF is common to A» AFE, AED, .*. A* AFE, AED are equi- 
angular [i. 32]. 

.*. AF : AE = AE : AD. 

5. Because A * AH K, ADC are equiangular : 

.'. AH : AD = KH :CD: 

that is, EK : EF = KH : GH. 

.'. EH is par^ to base GF of AGKF. [vi. 2]. 

Again, let GE meet CA in M. Then, because A* MEK, MGC 
are equiangular, 

.*. EK : GC = KM : CM. 

Let FH meet CA in N. Then HK : FC = KN : CN. 

But EK:GC = HK:FC; 

.'. KM : CM = KN : CN. 

CK : KM = CK : KN [Of. v. 13] ; 

.'. KM = KN. 

That is, M and N coincide, 

6. Because EF is par^. to DA, .*. L FEB = L DAE. But 

L DAE = L FCE, in the same segment. 

.*. L FEB = L FCE. And z. at F is common to the A* FEB, FCE, 
which are therefore equiangular [i. 32]. 

.'. FB : FE = FE : FC. 
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Page 323. 

1. Let BC, AD be the par*, sides of a trapezium ABCD, and 
let AC, BD cut in E. Then A* EAD, ECB are equiangular. 

.•. AE : EC=DE : EB [vi. 4]. 

2. Let PA, QB, RC cut in O. Then A" DBA, OQP are equi- 
angular. 

.'. AB : PQ=OB : OQ [vi. 4]. 
Similarly, BC : QR = OB : OQ ; 

.'. AB : PQ = BC : QR. 

3. Join PQ, PR. Then because OP is tangent at P, 

.*. L OPQ = L ORP [m. 32]. 

And the angle at O is common to A* OPQ, ORP. .'. these A" 
are equiangular, [i. 32]. 

.*. OR : OP = OP : OQ [vi. 4J. 

4. See fig. of i. 38. Let a par*, to BF cut AB, AC, and DE, 
DF in X, Y, Pj a 

Then XY : BC = AY : AC, 

and PQ : EF= DP : DE [vi. 4]. 

But AY : AC = DP : DE [Ex. 2, p. 311]. 

.'. XY : BC = PQ : EF. 

But BC=EF. .'. XY = Pa .'. AAXY=ADPQ [l. 38]. 

5. Because, in A* POX, YOQ, z_* POX, YOQ are equal, 
and PO:OX = YO:OQ; 

.'. A« POX, YOQ are similar [vi. 6]. .'. l OPX = l OYa 
.*. P, X, Q, Y are concyclic. [Converse of iii. 21.] 

6. Because A® ACB, ADB are equal, .*. DC, AB are par*. 
[I. 39]; 

.'. DO : DB = CO : CA [vi. 2]. 

But, because AD is par*, to OE, 

.'. DO : DB = AE : AB [vi. 2]. 
Similarly CO : CA = BF : BA, 

.-. AE : AB = BF : AB ; 
.-. AE = BF. 
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7- Because z." ABD, ACD are rt. z.", /. AD is the diameter 
of the circumcircle of ABC [iii. 31]. .'. l ADC = l ABC. 

But L ADC = z. ACE, since each is the comp^ of l CAD [i. 32]. i 
.'. L ACE = L ABC. .'. A* ACE, ABC are equiangular [i. 32J. 

8. Because EF, AC are par^., 

.*. CF : FD = AE : ED [vi. 2]. 
But A^ AEC, DEB are equiangular; 

.*. AE : ED = AC : BD [vi. 4]; 

.'. CF : FD = AC : BD, 
and, altematelyy CF : AC= FD : BD ; 

also L ACF = Z_ BDF, .'. A» ACF, BDF are similar [vi. 6] ; 

.*. Z.AFC = Z.BFD. 

9. Because A" RPQ, RAB are equiangular, 

.*. PQ : AB = PR : AR [vi. 4]. 

And because A' SPQ, SDC are equiangular, 

.'. PQ : CD=PS : DS. 

But AB ■= CD ; .'. PR : AR = PS ; DS. 

.*. SR is par*, to AD [vi. 2]. 

10. Draw EG par*, to AB, cutting BC in Q. 
Then AB : AC = EG : EC = EG : DB = EF : DF. 

11. Let X, Y, Z be the st. lines, whose ratios are to be equal 
to those of the perps. on BC, CA, AB. Draw CD perp. to BC, on 
the same side as A and equal to X. Draw CE perp. to CA,on 
the same side as B and equal to Y. Draw DG^ Ed paP. to BC^ AC 
to meet in Q. 

Then, by similar A ^ the perps. from any point in CQ, or CQ 
produced, upon BC, CA are in the ratio CD ; CE; that is, X : Y. 
Similarly a line can be drawn, such that the perp. from any pt 
in it upon BC, AB are in the required ratio X : Z. 

Hence the pt. of intersection of the two lines so drawn is 
the pt. required. 



I 
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Page 324. 

1. In the figure of Prop. 8, because the A* BCA, BAD are 
siimlar, 

.'. BC : CA=BA : AD. 

2. The tangent intercepted between two par*, tangents sub- 
tends a rt. z. at the centre. [Ex. 10, p. 183.] And the perp. 
from the centre upon it is the radius. 

Page 325. 

1. Let AB be the st. line. Draw a st. line ACD; cut off 
AC = half AB, and CD = twice AB. Join DB, and draw OF parallel 
to DB. AF shall be a fifth of AB. 

2. Let AB be the st. line. Draw a st. line ACD E. Cut off 
CD = double of AC and DE = half of AC. Join EB: and draw CF 
par*, to EB. CF shall be two-sevenths of AB. 

Page 326. 

Let AB be the given line, and ACD any other line, divided at 
C so that AC : CD = the given ratio. Join DB and draw CH par*, 
to DB. This must cut AB in some pt. H, so that AB is divided 
internally at H in the reqiiired ratio. Next, on CA (produced, if 
necessary) take CD' = CD. Join D'B, and draw CH' par*, to D'B. 
This must cut AB produced in some pt. H', unless D' coincides 
with A. Thus AB is divided externally at H' in the required ratio, 
unless that ratio is a ratio of equality. [Or see p. 359.] 

Page 327. 

1. Join BC. Then because rt. z. ACB = rt. z. ABD, and z_ A 
is common to A" ACB, ABD, .*. the A" are equiangular [i. 32]. 

.*. AD : AB = AB : AC [vi. 4]. 

2. Because l BCA = twice l BAC, .*. the l BCD = l BAC. 
And z. B is connnon to A" BCD, BAC. .'. the A" are equiangidar; 

.-. BA : BC = BC : BD [vi. 4], 

3. Because AD touches ACB at A, .*. l BAD = l ACB [iii.32]; 
and because AC touches ADB at A, .'. l BAC = l BDA. 

.*. A" BCA, BAD are equiangular [i. 32]; 

.'. BC : BA = BA : BD [vi. 4]. 
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Page 328. 

1. The A* ADE, CFD are similar, 

.-. AE : AD = CD : CF=AB : CF. 

2. Because z. " ABD, A EC are in same segment, they are 
equal. And L BAD= L EAC. /. A^ ABD, AEC are equiangular. 

.*. BA : AD = EA : AC [vi. 4]. 

3. Join QR, PC. Then PC bisects QR at rt. angles [Ex. 2, 
p. 182]. .*. zQRT = comp*. of Z_ PCR = z. CPR. And Z.« PRC, 
RTQ are rt. angles. .*. A^ PRC, RTQ are equiangular [i. 32], 

.-. PR : RC = RT : TQ [vi. 4]. 

Pages 329, 330. 

1. Let P be in the side CD, Q in the side BC. Then by 
similar A« EPD, EAB, 

EP : EA = ED : EB. 

And, by similar A^ EAD, EQB, 

EA : EQ = ED : EB. 
.*. EP : EA = EA : Ea 

2. On AC describe a semicircle AQC. At B, make Z.ABQ 
= ^ a rt. z. . Draw QP perp. to AC. Then PB = PQ ; and since 
PQ is perp. to AC, it is a mean proportional between PA and PC. 

3. From the similar A* CDC, CDE, OD : DC = DC : DE; 
that is, AC : DC = DC : DE. 

4. Let O be the centre. Then A OBC is equilateral. Pro- 
duce OC to D, making CD = OC. Join BD. Then L ■ AOB, BCD, 
being the supplements of equal z.*, are equal. Hence A" AOB, 
BCD are identically equal [i. 4]. .*. l ABO = L BDC. And L at 
A is common to A" CAB, BAD : .*. these A* are equiangular 
[I. 32] ; 

.'. OA : AB = AB : AD [vi. 4]; 
that is, AB is mean proportional between BC and BC + CA. 
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5. In the rt. angled A' DEB, GEA, the comp**. of equal /L" 
at E are equal; .'. the L DBE = the u DGC; .*. A* DEB, DOG are 
similar. 
[ .-. DE : DB = DC : DG. 

But DB : DF= DF : DC [vi. 8]. 

.*., ex CBqimli, DE : DF = DF : DG. That is, DG is a third propor- 
tional to DE and DF. 

6. Let P be the pt. of contact of the circles; then APB is a 
rt. L [Ex. 21, p. 219]. Produce AP, BP to meet the O*^ in 
C and D; then AD, BC are diameters, since the z." APD, BPC are 
rt. Z-'. It is easily seen that A" DAB, ABC are equiangular, 

hence DA : AB = AB : BC. 

7- Let C, D. be two given pts. on AB. On AD, BC as 
diameters describe semicircles cutting in P. Draw PX perp. to 
AB. 

Then XA : XP = XP : XD [vi. 8]. 

And XP : XB = XC : XP. 

.'. ex cequali, XA : XB=: XC : XD. 

.-. X is the required pt. 

8. Because AB : AC = AC : AD ; 
.'. AB : AB-AC = AC : AC-AD; 

.'. AB : AC = BC : CD. 

Again AB : AE = AE : AD. 

.'.in A" ABE, AED, the sides about the common /. at A are pro- 
portional. .*. these A" are similar [vi. 6]. 

.•. BE : ED = AB : AE = AB : AC = BC : CD. 
.". CE bisects l BED. 

9. Let ABC be a A. Produce BC to F, making CF a third 
proportional to BC, CA. Join FA, and draw CE par^. to FA cutting 
AB in E. Draw ED par*, to AC cutting BC in D. 

Then BD : DE = BC : CA = CA : CF = DE : DC. 

.'. DE is a mean proportional to BD, DC, and is par*, to AC. 
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10. Because OF = DA, 
.-. OE : OF = OE : OA 

= OA : CD, from similar A" EGA, AOD 
= OD : GO, from similar A* AOD, DOG. 

11. The L ^ ABF, BEA are subtended by equal chords AB, 
AC of O A BEG; /. they are equal. And the /. at A is common 
to the two A^ ABF, AEB. .*. these A* are equiangular [i. 32]; 

.'. AE : AB = AB : AF. .*. AB, or AD, is a mean proportional 
between AE, AF. 

Page 333. 

1, 2. Let the pai^. ABCD, EFGH; or the A« BCD, FGH be 
equal in area, and let BC : FG = GH : CD. 

Then, if /> FGH is greater than L BCD, make z. FGK = z. BCD, 
and GK = GH. 

Then BC : FQ = GK : CD, .\ A BCD = A FQK [vi. 15]. 

But A BCD = A FGH. .*. A FGK = A FGH. .'. K is on EH [l. 39} 

.*. L FGK = L GKH = L GHK [l. 5] = supp*. of L FGH. Hence the 

Z-"BCD, FGH are either equal or supplementary. In either 

case, the par™^ ABCD, EFGH have their angles respectively equal 

3. Because AC, BD meet the par*^ AB, CD, .*. the A« OAB, 
OCD, are equiangular to one another. 

.*. AG : OC = BO : OD. 

.'. the sides of the A^ AOD, BOC about their equal z." AOD, 
BOC are reciprocally proportional .'. AAOD = ABOC. 

4. The A^ CAE, CDB are similar, because AE, BD are par'. 

.*. CA : CD = CE : CB. 
.-. AABC= ACDE. 

5. The A^ ADE, AFG are similar, 
hence AD : AE = AF : AG. 

Again, L EAD = L GAF, to each add L EAQ; then 

L DAG = L EAF ; 
and the sides about the equal l^ DAG, EAF are reciprocally 
proportional. 

.*. A DAG = A EAF. 
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6. Because GE is par^ to AC, 

.*. AG : AD = GE : CD = FA : BA. Hence the sides about the 
ommon. z_ A of the A^ DAF, GAB are reciprocaUy proportional. 

7- Let BAG be given A. Produce BA, GA to D and E, so 
hat AD = AE = mean proportional between BA, AG [vi. 8]. 

"hen BA : AD = AE : AG. 

.*. A DAE = A ABG, and DAE is isosceles, with vert, angle = z. A. 

8- AB : AG = AG : AD [vi. 8] ; 

.hat is, AZ : AG = AY : AD. 

.'. sides about the equal z_^ ZAD, GAY of the A* ZAD, GAY 
ire reciprocally proportional. .'. A ZAD = A GAY. Similarly 
AZBD = AGBX. .*. AABZ = AGAY + A BGX. 

Page 336. 

1. Let chords AB, GD intersect in O. Join AG, BD. Then 
L^ GAG, ODB in same segment are equal, and L^ OGA, OBD in 
same segment are equal. .*. A^ GAG, ODB are equiangular [i. 32]. 

.-. OA : OG = OD : OB [vi. 4J. 

.*. rect. OA, OB = rect. OG, OD. 

2. Let ABG be right l^ at A, and AD perp. on BG. Then, 
because A* ABG, DAG are similar [vi. 8], 

.*. AB : BG = DA : AG. 

.*. rect. AB, AG = rect. BG, DA. 

3. Let ABGD be the given rect., and EF the given line. 
To EF, AB, BG find a fourth proportional. Draw EG perp. to 
EF and equal to this fourth proportional. 

Then EF : AB = BG : EG. 

.*. rect. EF, EG = given rect. AB, BG. 

4. From the similar A^ FAE, FOB, 

FE : FB = FA : FG. 
And from the similar A* FAB, FOG, 

FA : FG = FB : FG. 
.'. FE : FB = FB : FG. 
.'. rect. FE, FG = sq. on FB. 
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5. Let ABC be given A ; DE the given st. line. Draw AN 
perp. to BC, Bisect DE in F. Draw FG perp. to DE and equal 
to the fourth proportional to DE, BC, AN. Then 

rect. DE, FG=rect. BC, AN. .'. AGDE=AABC [l. 41], 

6. Because z.^ ACB, ABD are rt. z.*, and lA is common to 
A® ABC, ADB. .*. these A® are equiangular, 

.-. AC : AB = AB : AD [vi. 4] ; 
.'. rect. AC, AD = sq. on AB = constant. 

7. Because AD bisects the ext. l. at A, .*. z.BAE = Z-CAD; 
and the z_ ACD = the 'l BE A. 

.'. the A® AEB, ACD are equiangular [i. 32]; 

.'. AE : AB = AC : AD. 

.*. rect. AE, AD = rect. AB, AC. 

8. Join B to F, the other extremity of the diam. 
Then rect. AB, AD = sq. on diameter [Ex. 6, p. 336] 

= rect. AC, AE. 
.*. AB : AC = AE : AD [vi. 16]. 
.*. A" ABC, AED are similar [vi. 6]. 

9. Let C be the centre, and ACB the diameter. Then, 
because CO, CR bisect adj. supplementary l * ACP, BCP, .*. L OCR 
is a rt. z. . And CP is perp. to QR. 

.*. QP : CP = CP : PR [vi. 8]. 

.'. rect. QP, PR = sq. on CP = constant. 

10. The L AEB = L ACB in same segment = L ABD. 

.'. A^ AEB, ABD are equiangular; 
.*. AE : AB = AB : AD [vi. 4], 
.*. rect. AE, AD = sq. on AB. 

11. Let the tangent at A meet BC in D. Then, because 
the tangents DA, DB, DC are equal, the O with centre D and 
radius DA passes through B and C. But SA, being the line of 
centres of the given O ^ is perp. to DA. Hence SA is the tangent 
to the circumscribing ABC. .*. sq. on tangent SA = rect. of the 
segments of the secant SB, SC. 
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12. Let AD be the median, and AL the perp. on base BC. 
From BC cut off BX equal to the mean proportional between BD 
and BL. The perp. XY will bisect the A ABC. 

Por BD : BX = BX : BL = BY : BA. 

That is, the A" ABD, XBY have their sides about the common 
L B reciprocally proportional ; 

.'. AXBY= A ABD = half A ABC. 

Page 345. 

Let A BCD, EFGH be two par°^'. Draw BM, CN perp. to AD 
and FQ, GR perp. to EH. Then par™. BMNC = par°». ABCD, and 
pai^. QFGR = par°^. EFGH. 

But par™. BN : par™. FR in the ratio compounded of BC to 
FG and BM to FGl, for these par™*, are equiangular. 

.'. par™*. BD, FH have to one another the ratio compounded 
of the ratios of their bases and of their altitudes. But A ABC 
=half par™. BD and AEFG = half par™. FH.. Hence the same is 
true of the A* ABC, EFG. 

Page 349. 

1. The A* AEB, EDA are identically equal; .*. l AEB 
= z. EDA. .'. A* AEO, ADE are equiangular [l. 32.] ; 

.*. AD : AE = AE : AC [vi. 4.]. 
.*. rect. AD, AC = sq. on AE. 

But it may be shewn, as in Ex. 6, p. 276, that CD = ED = AE ; 

.\ rect. AD, AC = sq. on CD. 

2. See ^g, p. 264. Let AB be divided at C in extreme and 
mean ratio, so that rect. BA, BC = sq. on AC. Then AC= BD, and 
BD is the side of the«regular decagon inscribed in the BDE 

[Ex. 6 (i), p. 265]. 

Page 351. 

1. See ^g, p. 350. Then BD : CD = fig. R : fig. Q; that is, 
in duplicate ratio of A B to AC [vi. 20]. 

2. The A" ABC, DBA, DAC are similar and similarly de- 
scribed on BC, BA, AC. Hence ^g, P : fig. Q= A ABC : A DAC, 

H. K. E. II 
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since each ratio is the duplicate ratio of BC to AC. .'.if P = A ABC, 
then Q = A DAC ; similarly it may be shewn that R = A DBA. 

3. Since A* AGB, XGY are similar and similarly described 
on AG, XG; .*. A AG B is to A XGY in the duplicate ratio of AG 
to XG ; that is as sq. on AG is to sq. on XG. But AG = tTvnce XG. 
.". AAGB = 4 times A XGY. 

4. Let ABC, A'B'C' be similar A«. 

(i) Let AD, A'D' be corresponding medians. 

Then AB : BD = A'B' : B'd'; and lB= lB\ 
.'. A* ABD, A'B'd' are similar, and AD homologous to A'D'. 
.-. A ABC : AA'B'C'=AABD : AA'B'D' 

= dupl. ratio of AD : A'd'. 

(ii) Let IX, Tx' be corresponding in-radii perp. to BC, B'C'. 

Then IX : l'X' = IB : I'B', from similar A« IBX, I'B'X'; 

= BC : B'C', from similar AMBC, I'B'C' : 

But A ABC : A A'B'C' = dupl. ratio of BC : B'C', 

= dupl. ratio of IX : I'X'. 

(iii) Let S, S' be the respective circumcentres. 

Then SB : S'B'=BC : B'C'; from similar A" SBC, S'B'C'. 

.*. A* ABC, A'B'C' are to one another in the dupl. ratio of the 
circum-radii. 

5. The A" DBF, ABC are similar, DB and AB being homo- 
logous sides. [Ex. 20, Cor. ii. p. 225] 

.*. A ABC : A DBF = dupl. ratio of AB to DB 

= AB2 : DB^ 
.-.A ABC- A DBF : ADBF = AB2-DB' : DB* [v. 13]; 
or, quad^ AFDC : A DBF= DA^ : DB^ [l. 47]. 

6. [The question assumes that AB is greater than AC.] 
From AB cut off AX a third proportional to BA, AC; and join 

ex. 
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Then BA : AX = dupl. ratio of BA to AC [Def.]. 

^d BD : DC = dupl. ratio of BA to AC [Hyp.], 

/. BA : AX = BD : DC. 
.*. CX is par^. to AD [vi. 2]. 
Again BA : AC = CA : AX ; 
Hence the A* BAC, CAX are similar [vi. 6]. 

.*. L ABC = L ACX = alt. L CAD ; 

aid the A" ABD, CAD have the z. D common; hence they are 
iquiangular [i. 32] ; 

.*. BD : DA = DA : DC [vi. 4]. 

7- Let ABC be the A . Draw the median AD ; and from BC 
at off BE a mean proportional between BD and BC. Draw EF 
ar^. to CA. Then EF shall bisect the A ABC. 

For BD : BE = BE : BC = BF : BA. 

.'. AEBF=AABD [vi. 15] 

= half A ABC. 

8. Let ABC be the A. Produce BC to D making BD double 
►€ BC, and from BD cut off BE a mean proportional between BD 
•nd BC. Join AD, and draw EF par^. to AC to meet BA produced 
.tF. 

Then BFE is the A required. [Proof as in Ex. 7.] 

9. Let AD, BE, CF meet in O. 

Then BD : DC = A BOA : AAOC. 

\nd BF : FA = A COB : AAOC, 

md AE : EC = A BOA : ACOB. 

But A BOA has to A AOC the ratio compounded of the ratios 
>f A BOA to ACOB and of ACOB to AAOC. 

.*. BD has to DC the ratio compounded of the ratios of 
\E : EC and of BF : FA. 

10. Let ABC be an isosceles A . From AB cut off AD equal 
Jio the mean proportional between AB or AC and BC. Draw DE 
par^. to BC. Then AB : AD = AD : BC ; 

ilso A ABC : AADE in duplicate ratio of AB to AD; 
that is, A ABC : AADE = AB : BC. 

11—2 
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11. Let P be the given pt., AB, AC the given st. lines. 
Describe an isosceles triangle HAK, having BAC as vertical z., 
and equal to the given rectilineal figure [vi. 25]. Draw PM, PN 
par^. to AC, AB cutting AB, AC in M and N respectively. Divide 
AH at X, so that rect. AX, XH = rect. AM, AN [Ex. 20, p. 248], 
and draw HC par^. to XN. The st. line CPB shall be the base of 
the required A . 

Prom AK, cut off AY = XH ; then YK = AX. Now, by. parallels, 

AM : MB = CP : PB = NC : AN 

= XH : AX = AY : YK. 

-.'. BK is par^ to MY. Again rect. AX, AY = rect. AM, AN. 
.*. MY is pari to XN. But XN is par^. to HC. .'. BK is par^. to 
HC. .'. A ABC = A AHK = given rectilineal figure. 

Page 355. 
Let AD meet BC produced; and DA produced cut the circnm- 
circle of ABC in E. Then z_ DAC = L EAB ; hence L. BAD = l EAC; 
and L ABD = l AEC [hi. 21] ; .'. A« ABD, AEC are equiangular; i 

.'. BA : AD = EA : AC. 

.'. rect. BA, AC = rect. EA, AD. 

.*. rect. BA, AC + sq. on AD = rect. EA, AD + sq. on AD. 

= rect. ED, AD [ii. 3]. 

= rect. BD, DC [iii. 36]. 

Page 358. 

1. Draw AD perp. to base BC. Then rect. BA, AX = red 
contained by AD and diameter of circumcircle of BAX [Prop. C]. 
And rect. CA, AX = rect. contained by AD and diam. of © CAX. 
But BA = CA. .'. diam. of O BAX = diam. of CAX. 

2. The A" ABD, ACD are identically equal [Ex. 12, p. 91]. 
Also A, B, D, C are concyclic [Converse of iii. 22]. 

.*. rect. BC, AD = rect. AB, CD + rect. AC, BD 

= twice rect. AB, BD. 

3. Let diagonals AC, BD intersect at rt. z. " in E. 
Then sum of rect^ of opp. sides = rect. AC, BD 

= sum of rect«. AE, BE; BE, CE; CE, DE; DE, AE [iL 1] 
= twice sum of A^ ABE, BCE, CDE, DAE 
s= twice area of A BCD. 
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4. Let BD bisect AC in E. Draw AX, CY perp. to BD. 

Then rect. AB, AD = rect. contained by AX and the diam. of 
[Prop. C]. 

Also rect. BC, CD = rect. contained by CY and the diam. of . 

But AX = CY, from the identically equal A " EAX, ECY ; 

.'. rect. AB, AD = rect. BC, CD. 

5. Draw AD perp. to BC and let X be any pt. in BC. 

Then rect. AB, AX = rect. contained by AD and diam. of 
about ABX. 

Hence AD : AX = AB : diam. of ABX [vi. 16]. 

Similarly AD : AX = AC : diam. of ACX. 

/. AB : diam. of ABX = AC : diam. of ACX ; • 
or, AB : AC = diam. of © ABX : diam. of ACX. 

6. Let BC be the given base. On BC describe a segment of 
a containing an l equal to given l . Let X, Y be the sides of 
given rectangle. To the diameter, X and Y, find a fourth pro- 
portional DA. Place DA in segment perp. to BC. Then BAC is 
the required A . [Prop. C] 

7. Let ABC, DEF be the two equal A^, and let AM, DN be 
perp^ from the vertices A, D upon the bases BC, EF. Let PQ 
be the diameter of the circumscribing the A^ ABC, DEF. 

Then rect. BA, AC = rect. PGl, AM. 

And rect. ED, DF = rect. PQ, DN. 

.*. rect. BA, AC : rect. ED, DF = AM : DN. 
But A BAC = |bC, am ; and A DEF = JEF, DN. 

.•. AM : DN = EF : BC. 

.'. rect. BA, AC : rect. ED, DF = EF : BC. 

8. Let P be on the arc BC of the circumcircle of the equilat. 
A ABC. 

Then rect. PB, CA + rect. PC, AB = rect. PA, BC. [Prop. D.] 
But BC = CA = AB. .'. rect. (PB + PC), AB =rect. PA, AB. 

.'. PB + PC = PA. 

9. Because ^ABD = iLCBD; .*. arc AD = arc CD; .'. chord 
AD = chord DC. And because A, C are fixed, 

.*. D is a fixed point, and AD is constant : 
but rect. AB, CD + rect. BC, AD = rect. AC, BD, 

or,. i-ect. (AB + BC), ad = rect. AC, BD [ii. 1], 

.'. AB + BC : BD = AC : AD = constant. 
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Theorems on Harmonic Section. 

Page 362. 

1. (i) Let A, P, B, Q be a harmonic range, and S the vertex 
of the pencil. Through P draw aPb pari to SQ meeting SA, SB 
at a and b. 

Kow AP : PB = AQ : QB [Hyp.]. 

Alternately AP : AQ = PB : QB. 

But from the similar A* APa, AQS 

AP : AQ = aP : SQ; 

and from the similar A * BP5, BQS 

PB : QB = 6P : SQ; 

.'. aP : SQ = 6P : SO, 

.*. aP = 5P. 

Hence, as in Ex. 2, p. 323, it may be shewn that any trans- 
versal a'p^b^ par^. to aPb (that is, par^. to SQ) has equal parts 
intercepted by the rays SA, SP, SB. 

(ii) Conversely, let the pencil be cut by a transversal a'pll 
par^. to SQ, so that a^p^ = b'p': then shall the pencil be harmonic 

As before, through P draw aPb pari to a'p'b' (or SQ). Then 
from the similar A^ APa, AQS; 

AP : AQ = aP : SQ. 

And from the similar A^ BP5; BQS, 

PB : QB = 5P , SQ. 

But since ap' = b'p' (hyp.). .*. aP = bP, 

.'. aP : SQ = 5p : SQ. 

Hence AP : AQ= PB : QB. 

Alternately AP : PB = AQ : QB, 

or. A, P, B, Q is a harmonic range. 

Note. As a second converse it may be shewn indirectly that 
if the range is harmonic, and if in any transversal ay='h'pi 
then a'p'^' is par^. to SQ. 
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2. Let a harmonic pencil be formed by joining a point 8 to 
he harmonic range A, P, B, Q; then any transversal shall be cut 
larmonically by this pencil. 

Through P draw a/ay transversal aPhq^ and also the trans- 
versal h?h par^. to SQ. 

Then by Ex. 1 (i), hP = k?. 

Hence by Ex. 1 (ii) the range a, P, 6, g is harmonic; .'. any 
ransversal a'p'h'q' par^ to aPhq is also cut harmonically. '[See 
Sx. 2, p. 323.] 

3. (i) In the harmonic pencil {S, APBQ} let one ray SP bisect 
lie angle between the rays SA, SB; then shall SP be perp. to SQ. 

Through P draw aPh par^. to SQ; then since the pencil is 
larmonic, aP = 6P [Ex. 1]. 

Also in the AaSb, since SP bisects the vert, z., and aP = 6P, 

.-. aS = bS [vi. 3]. 

Hence the A* SPa, SPb are identicaUy equal, so that ah is 
perp. to SP. 

.'. also SQ is perp. to SP [i. 29]. 

(ii) Conversely, in the harmonic pencil {S, APBQ] let PSQ be 
I rt. angle; then shall SP, SQ be the internal and external 
Disectors of the angle ASB. 

As before, draw aPb par*, to SGI, then aP = Pb [Ex. 1], and 
ihe Z-* SPa, SPb are rt. angles; 

hence the A* SPa, SPb are identically equal [i. 4]; 

.*. the Z-aSP = the LbSP. 

That is, SP is the internal bisector of the z. ASB ; and since 
SQ is perp. to SP, .'. SQ is the external bisector. 

4. Join SQ cutting the transversal apbq in q'. 

Then {S, APBQ} is a harmonic pencil by definition; hence, 
0, py b, q' ia & harmonic range [Ex. 2, p. 362]. 

but by hypothesis a, p, b, q is a, harmonic range, 

.*. the points q, q' coincide, since they divide ab externally in 
the fixed ratio ap : pb. 

Hence 8Q passes through g, or Qq passes through 8. 
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5. Let Pp, Bhy produced if necessary, meet at S. Join 8/ 
8Q ; and let SQ meet the transversal Apb at q\ 

Then, as in the last example, {S, APBQ} is a harmonic pencil, 

.'. A, py 5, q' is a harmonic range [Ex. 2]. 
But A, Pj b, q 18 a. harmonic range [hyp.]; 

.'. q and q' are coincident; or, Qq passes through S ; 

that is, Pp, Sp, Qiq are concurrent. 

Similarly it may be shewn that Pq, Bb, Qp are concurrent. 

6. LerriTna. Take two straight lines intersecting at A, and 
in one of them take amy two points P, Q, and in the other any 
two points py q. Let Pp and Qq intersect at S, and Pg, Qp at 
S'; now it is proved in Ex. 5, that if B and b are the harmonic 
conjugates of A with respect to P, Q and jp, q, then B, b will lie 
on the fixed line SS'. Hence it follows, if SS' intersects the 
given lines at B, 5, that A, P, B, Q and A, p, by q are harmonic 
ranges. 

Now let PQqp be a quadrilateral, and let the sides QP, qp 
meet at A, and the sides Ppy Qq at S. A complete quadrilateral 
will then be formed. 

Let the diagonals Pq and Qp intersect at S': then if SS' 
meets PQ at B, the range A, P, B, Q is harmonic. 

Let the diagonals Pq, Qp meet the third diagonal SA at X 
and Y: it is required to shew that SA is cut harmonically at X 
and Y. Join S'A. 

Then {S', APBQ} is a harmonic pencil ; therefore it cuts any 
transversal (such as the third diagonal AS) harmonically. That 
is, the range A, X, S, Y is harmonic. 

Note. The Lemma attached to this proposition furnishes a 
simple linear construction for finding a fourth harmonic to three 
points. 
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On Centres of Similarity and Similitude. Page 365. 

!• Let ABC be the given A. Take any point P in AC, and 
raw PQ perp. to BC. Prom QB cut off QR equal to PQ, and 
»mplete the sq. PQRS. Join 8C, cutting AB at s; and from 8 
raw sp, sr par*, to SP, SR to cut AC, BC in p and r ; and from 
draw pq par*, to PQ. Then pqrs is the required square. 

From the similar A" CSP, Csp, SP : 8p = SC : sC. 

From the similar A* CSR, Car, SR : sr = SC : «C; 

.*. SP : 8p=SR : sr. 

But SP = SR [constr.^, .\ 8p = 8r, 

And since the fig. pqrs is by constr. a rectangular par°^., .*. it 
a square. 

2. Let ABC be the A in which the required A is to be 
scribed : and let X be the A to which the required A is to be 
oiilar. 

In BC, BA take any points P and R respectively, and on PR 
■sscribe the A PQR equiangular to X, the vertex Q being on the 
ie of PR remote from B. 

Join BQ, cutting AC at q: and from q draw qp, qr par*, 
spectively to QP, QR, cutting BC, BA at p and r. 

Then pqr is the triangle required. 

From the similar A * BPQ, Bpq, BP : Bjt? = BQ : Bq. 

From the similar A^ BRQ, Brq^ BR : Br= BQ t Bq. 

.*. BP : B/? = BR : Br; 
.*. pr is par*, to PR. 

tut by constr. pq, qr are respectively par*, to PQ, QR ; 

.'. the A pqr is similar to the A PQR, that is, to the AX. 

3. Let OA, OB be radii of the sector. Join AB, and on 
iB describe the sq. A BCD, on the side remote from O. Join OD, 
)C, cutting the arc at d and c. Then it is clear that dc is par*. 

DC. From d and c draw da, cb par*, to DA, CB. Join ab. 

• 

Then as in Examples 1 and 2, it may be shewn that abed is 
^ square. 
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4. (i) Here A is the external centre of similitude of the 
two O^ whose centres are at l^ and I, 

/. liA : IA = ri : r [Ex. 2, Cor. 1, p. 364] 

= liDi : IX. 

Also IjDi and DIX are par*, since they are both perp. to BC. 

Hence the two A* DJiA, XIA are similar [vi. 6]. 

.*. the L DjAli = the l XAI; that is, D^, X, A are collinear. 

(ii) Since Bl, Blj are the internal and external bisectors of 
the Z.ABC, .*. the pencil {B, AIYIJ is harmonic [p. 360], 

5. Taking the fig. and the results of Ex. 33, p. 282, we 
have from the similar A^ ASO, aNO, 

SO : NO = SA : Na 

= circum. -radius : nine-point-radius. 

.*. O is the external centre of similitude of the two circles 

[p. 362, Ex. 2, Cor. 1]. 

Again from the similar A* ASG, XNG, 
8G : GN = SA : XN 

= circum-radius : nine-points-radius. 
.*. G is the internal centre of similitude of the two circles. 

6. Let 0, C' be the centres of the two fixed * external to 
one another, and O the centre of a variable touching the 
others at P, Q respectively. In the fig. taken, the given 0*are 
both external to the (O). Then OC, OC' pass respectively 
through P and Q [iii. 12]. 

Produce PQ to cut the (C') at P', and join C'P'. 

Then, since OP = OGl, and C'P' = C'Gl, 

.*. Z. OPQ = ^ OQP = vert. opp. l C'QP = L C'P'a 

.'. OP and C'P' are par*. 

.*. P'P passes through the external centre of similitude S. 

It will be found that if the given 0* are both external, or 
both internal, to the variable 0, then TQ passes through the 
external centre of similitude. 

If one of the given ^ is within, and the other without the 
variable , it will be found that PQ passes through the inti&fvd 
centre of similitude. 
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7. Let C, C' be the centres of the given circles, and X the 
iven point. 

Take S the external centre of similitude, and let C'CS cut 
he given 0* between 0, 0' at M and N. 

Join SX, and in SX (by describing a through MNX) take a 
K>int Y, such that 

SX.SY = SM. SN. 

3y Ex. 22, p. 236, describe a to pass through X, Y and to 
ouch the 0(0) at P. This shall also touch the 0(0'). Let 
> be its centre. 

Let SP, produced if necessary, meet the (O') at Q: 

hen SX . SY = SM . SN [constr.] = SP . SQ [Ex. 2, p. 364]. 

.*. the (O) passes through Q. 

It remains to prove that (O) Uyuchea (O') at Q, that is, that 
)Q, C'Q are in one line. Let SPQ meet the 0(0') again at P' ; 
hen since P, P' are corresponding points, OP is par*, to O'P': hence 

L OOP = Z. OPQ = alt. L O'P'Q = L. O'QP' 

)ut PQP' is one st. line, .'. OQO' is one st. line. 

Since two ^ can be drawn through X, Y to touch the (O) 
Ex. 22, p. 236] it follows that there are two solutions of the 
)roblem corresponding to the external centre of similitude. 
Similarly there will be two more solutions corresponding to the 
ntemal centre of similitude. 

8. Let A, B, O be the centres of the given ■. 

Take the general case when the ^ are unequal and external 
o one another. Let (A) be the least of the given 0". From 
«ntre B, with radius equal to the difference of the radii of (B) 
ind (a) describe a ; and from centre O with radius equal to 
he difference between the radii of (O) and (A), describe a 0. 
rhen by the last exercise describe a to pass through A and to 
»uch the two 0® of construction. Take O the centre of the 
ast drawn , and join OA, cutting the (A) at P. Then a 
lescribed from centre O with radius OP will touch the three 
jiven ©■. The validity of this construction is apparent at once 
>n drawing the figure. 
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As each of the given 0* may be touched by the required 
either internally or externally, the required may in general 
be drawn in 2 x 2 x 2, or 8, ways. 

The student will have no difficulty in investigating special 
cases for himself. 

9. Let Cj, Cg, Cg be the centres of the three 0", and rj, rj, r, 
their radii. Let Sj and Si' be respectively the external and 
internal centres of similitude of the " (Cg), (Cj), and let Sj, Sj, 
Sj, Sj' have corresponding meanings. 

(i) Si'Ci, Sa'Cj, Sg'Cg shall be concurrent. 

Let Sa'Cg, Sg'Cg intersect in O ; join CjO and produce it to 
meet CgCg at X. 

The A^ C2OC3, CgOCj are on the common base OCj; hence 
it may be proved by simHar triangles that 

the alt. of A CaOCg : the alt. of A CsOCj = CaSj' : C1S3' 



A CaOCg : A CgOCi = CaSg' 



= ^2 



CiSj, 



CgX, 

^8- 



Similarly A CiOCj : A CjOCg = CiSj' 

= n 

Ex Equally A CjOCa : A CjOCi = rg 
But A C1OC2 : A C3OC1 = C2X 

.*. X coincides with S/; hence Si'Cj, Sa'Cg and Sg'Cj are con- 
current. 

(ii) To prove S^ S2', Sg' coUinear. 

Join Sa'S'g, and produce it to meet Ofi^ at Y. 

Then CgCg, the external diagonal of the quad^. CiSa'OS,' is 
divided harmonically at Si' and Y [Ex. 6, p. 362] : 

hence Y, the harmonic conjugate of S/ with respect to CjC, is 
coincident with Sjj or Sj, Sg', Sg' are coUinear. 

In the same way it may be shewn that each of the ranges of 
points consisting of one external and two internal centres of 
similitude are collinear, and also that the three external centres 
are collinear. 
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Examples on Pole and Polar. 

Page 370. 

1. Let A and B be the two given points, and let P be the 
Intersection of their polars. Then by the Reciprocal Property 
of Pole and Polar, since the polar of A passes through P, 

/. the polar of P passes through A. 

Similarly, since the polar of B passes through P, 
.*. the polar of P passes through B. 

Hence the polar of P passes through both A and B; that 
is, AB is the polar of P. 

2. Let P be the intersection of the given st. lines PQ, PR, 
and let A and B be their poles. 

Then since AB passes through A, .*. its pole lies on PQ the 
polar of A. 

Similarly since AB passes through B, .'. its pole lies on PR the 
polar of B. 

Hence the pole of AB is at P, the only point common to 
PQ and PR. 

3. The locus must be the polar of the given point A; for 
by the Reciprocal Property of Pole and Polar, (i) the pole of 
any st. line through A must lie on the polar of A; and (ii) any 
point on the polar of A must be the pole of some st. line 
through A. 

4. Let O be the common centre, P the point of contact 
of any one of the tangents, and Q its pole : then since the 
tangent is perp. to OP [iii. 18], Q must lie on OP (or OP pro- 
duced), and OP . OQ = the sq. on the radius of the given circle. 
But this radius is constant, and OP is constant, .*. OQ is 
x^nstant. Hence the locus of Q is a concentric circle. 

5. Let PQ be a diameter of one of the ©^ and let O be 
bhe centre, and r the radius of the other. From O draw OT 
touching the first O, and join OP cutting the first O at R. 
Join QR. 
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Now OR . OP = OT* [ill. 36] 

= r*, since the circles are orthogonal: 

and QRP is a rt. z. , being in a semicircle. 

Hence QR is the polar of P: that is, the polar of P passes 
through Qu 

6. Let P and O be the centres of the two 0' which intersect 
at A, B: and let OP cut AB at Gu Join PA, PB. 

Then since the O " are orthogonal, PA and PB touch the (O) 
at A and B ; hence OP . OQ = (radius)* [Ex. 1, page 233]. 

And OP meets the chord of contact at rt. angles 

[Ex. 2, p. 182} 

.'. AB is the polar of P with regard to the O (O). 

* 

7. Let A and B be the given points, and O the centre of 
the given . Then since the polars of A and B are respectively 
perp. to OA, OB, .*. one of the L * between the polars = the L AOB 

[Ex. 3, p. 59} 

8. Let Gl be the point inverse to P with respect to the given 
0. Draw OY perp. to AB; and through Q draw QX perp. to 
OP, meeting OY at X. 

Then since the z. ^ at Q and Y are rt. angles, 
.*. the points Gl, X, Y, P are coney clic [ill. 31]. 
.*. OX . OY = OP . OQ [ill. 36] 
= ^ [Hyp.]. 

But OY is constant, .*. OX is constant ; that is, X is a fixed 
point. 

And since the l OQX is a rt. z. [Constr.], .*. the locus of 
Q is a circle on OX as diaiQ. [iii. 31]. 

9. Let Qbe the point on OP inverse to P, and r the radius 
of the O whose centre is O. Draw OX a diam. of the first 0. 
Join PX, and draw QY perp. to OX. 

Then OPX is a rt. z. , being in a semicircle; 

and QYX is a rt. L by construction; 
.*. the points Gl, Y, X, P are coney clic [iii. 31]; 
/. OX . OY = OP. oa = r^. 
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But since OX is constant, .*. OY is constant; 

hence Y is a fixed point. 

Therefore the locus of Q is the st. line perp. to OX through 
the point inverse to X; that is, the polar of X. 

10. Let C and D be the points inverse to A and B respec- 
tively, and let AX, BY be the perps. from A and B on the polars 
of B and A. From A and B draw AN, BN perp. respectively 
to OB and OA (produced if necessary). 

Then OA . OC = OB . OD = r* [Definition]. 

And since the z. * at M and N are rt. l *, the points M, B, N, A 
are concyclic, 

.*. OA , ON = OB . OM [ill. 36]. 

By subtraction 

OA . NC = OB . DM. 

But NO = BY, and DM = AX [l. 34]. 

.'. OA. BY = OB . AX. 

11. Let RGl cut AD and BC at /> and p'. Then it was 
proved in the solution of Ex. 6. p. 362, that the ranges P, A, je?, D 
and P, B, jE?', C are harmonic. 

Hence by the hit/rmonic property of Pole and Polar, the polar 
of P passes through both p and p^: that is, RQ is the polar of P. 
Similarly it may be shewn that PQ is the polar of R. Hence by 
the reciprocal property of Pole and Polar, PR is the polar of Q ; 
that is to say, the APQR is self -conjugate with respect to the 
circle. 

12. Let P be the point whose polar with respect to a given 
circle is to be found. 

Through P draw PAD, PBC cutting the O at A, D and B, C. 
Let BA, CD intersect at R; and AC, BD at Q. Then, by the last 
Ex., RQ is the polar of P. 

If P is an external point, and RQ cuts the circle at T, T', 
then clearly PT, PT' are the required tangents [Ex. 1, p. 366]. 
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13. Let PQR be a triangle self-conjugate with regard to a 
circle whose centre is O. Then since QR is the polar of P, .*. PO 
is perp. to GIR [Def. ii. p. 36Q]. 

Similarly RO is perp. to PQl, and consequently QO is perp. to 
PR [Ex. 19, p. 224]. That is, O is the orthocentre of the A PQR. 

14. Let A, P, B, Gl be a harmonic range, and O the centre 
of the given O . Then by the reciprocal property of pole and 
polar, the polars of the points A, P, B, Q are concurrent, since 
they must all pass through the pole of the line AB. And since 
these polars are respectively perpendicular to OA, OP, OB, OQ, 
they must form a pencil whose rays contain severally the same 
angles as the rays of the pencil {O, APBQJ. But {O, APBQ} is a 
harmonic pencil [hyp. and def. 2, p. 362], .*. the pencil fonned 
by the polars is also harmonic. 



Examples on Radical Axis and Co-axial Circles. 

Page 373. 

1. Let TT' be a common tangent to the two circles, and 
let their Radical Axis cut TT' at P. Then, by Definition, the 
tangential distances of the point P to the two O* are equal: that 
is, PT = PT'. 

2. Let P be any point on the Radical Axis ; then the four 
tangents drawn from P to the two circles are equal [Def.]. 

Hence a O described from centre P with any one of these 
tangents as radius will pass through all four points of contact. 

And since the radii drawn from P to the points of contact 
are also tangents to the given circles, .*. the O whose centre 
is P cuts the given O ^ orthogonally [p. 222. Def.]. 

3. As in the last example, all tangents drawn from to 
the three ©^ are equal, .'.a circle from centre O with radius OT 
will pass through all the points of contact. And since the radii 
of this drawn to the points of contact are also tangents to 
the given 0«, .'. the O whose centre is O cuts the given 0' 
orthogonally. 



r 
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4. Let the 0" (A), (B), (C) touch one another two and two, 
and let OT, OT' be the common tangents of the O ' (A), (B) and 
(a), (C) at their points of contact. 

Then since OT and OT' are tangents to the (A), 

/. OT = OT'. 

That is, tangents drawn from O to the ©' (B), (C) are equal : 

.". O is a point on the radical axis of the 0* (B), (C). 

But the radical axis of two 0* which touch one another 
is clearly the common tangent at their point of contact. 

Hence the common tangent to the 0* (B), (C) passes also 
tiirough O. 

6. Take the figure of p. 225. 

Since the z." BEA, BEC are rt. angles, .'. Q* described on 
AB, BC as diams. pass through E [iiL 31] ; 

that is, BE is the common chord of the 0' on AB and BC. 

Similarly AD and OF are respectively the common chords 
of the 0" on A B, AC and on BC, CA. 

Hence O, the point of intersection of the common chords, 
is the radical centre [p. 372. Cor.]. 

6. See solution of Ex. 7, p. 234. Observe that the required 
point B is the inverse of the given point A with regard to the 
given circle. 

7- Since by the last Example all 0» which pass through 
the fixed point A and cut a given orthogonally, pass also 
through a second fixed point B (the inverse of A with regard 
to the given 0), .*. the locus of their centres is the st. line 
bisecting AB at rt. angles. 

To find this point B, draw any radius CT to the given : 

describe a to pass through A and touch CT at T 

[Ex. 28, p. 220]. 

Let this cut CA at B. Then B is the required point; for 

CA . CB = CT* [ill. 36]. 
H. K. E. VI 
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8. Let C be the centre of the given 0, and A, D the given 
points. Now by Ex. 6 all ©^ through A cutting the given 
orthogonally must pass through B the inverse point of A witii . 
respect to the given O . 

Determine B as in the last. Example. Then the O circum- 
scribed about the AABD is that required. 

9. Let P be the centre of any O which cuts the two given 
G " orthogonally at T and T'. 

Then PT = PT', being radii. 

Also PT and PT' are tangents to the given 0", since the 0' 
are cut orthogonally. 

Hence the locus of P is the radical axis of the two given 0'. 

10- Let C and C' be the centres of the given 0% and A 
the given point. 

Then all ^ through A cutting the (C) orthogonally pass 
through B the inverse of A with respect to the (C) ; 

and all * through A cutting the (C') orthogonally pass 
through B' the inverse of A with respect to the (C'). 

Determine the points B and B' as in the solution to Ex. 7. 

Then the about the A ABB' is that required. 

Kote that by Ex. 9 the centre of this is on the radical 
^xis of the given 0^(C) and (C'). 

11. Let A, B be the centres of the two given 0*; PQ, PR 
tangents to them from the given point P. Let the Radical Axis 
cut AB at S. 

Draw PM, PN perp. respectively to AB and the Radical Axis; 
and bisect AB at O. 

Then AP^ - BP* = 2AB . OM [Ex. 8, p. 145]. 

And AQ2 - BR2 = AS^ - SB' [Ex. 1, p. v.] 

= 2AB.OS [Ex. 8, p. 145], 
.'., by subtraction, 

AP^ - A€^ -- (BP2 - BR«) = 2AB (OM - OS), 
or Pa» - PR2 = 2AB . SM = 2AB . PN. 
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12. Let A, B be the centres of two 0' of the system, and 
let their Radical Axis cut AB at S. From P, any point in 
the Radical Axis, draw tangents PQ, PR to the two 0*; then 
PQ = PR [Hyp.]. From centre P, with radius PQ, describe a 
catting AB at L, L'. Then L, L' shall be fixed points for all 
positions of P. 

From S draw tangents ST, ST' to the two ■. 

Then 8L»= PL» - PS* [l 47] 

- Pa» - PS* 
= PA«-aA*-PS' 
= PS* + AS* - OA* - PS* 
= AS* - AT* 
= ST*. 

But ST is independent of the position of P; .'. L is a fixed 
point. 

Similarly SL' = ST' = ST = SL. 

13. Let the radical axis cut the line of centres at 8, and let 
any of the system cut the same line at XY. If ST is the 
tangent from S to this circle, then by definition ST = SL = SL', 
where L, L' are the Umiting points. 

Also SL* = ST* = SX . SY [in. 36], 

.*. L, X, L', Y form a harmonic range [Ex. 2, p. 360], since 
S bisects LL'. 

14. With the notation of the last Ex., since L, X, L', Y form 
a harmonic range, .'. the polar of L with regard to any circle of 
the system which cuts the line of centres at X, Y, must cut this 
line perpendicularly at L' [Ex. 4, p. 369]. But L' is a fixed 
point [Ex. 12]; .*. the polar of L for all circles of the system is 
the same. 

15. Let O, O' be the centres of two ©' which cut one 
another orthogonally at T. Let AB, a diameter of the (O), 
cut the (O') at P, a 

Then OP . OQ = OT* = OB*, 

/. A, P, B, Gl form a harmonic range [Ex. 2, p. 360]. 
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On Transversals. Page 377. 

1. Take the figure and the results of p. 277. 

We have, since AF = AE, BF = BD, CD = CE, 

AF BD CE I 
FB'DC* EA~^ 

.*. AD, BE, CF are concurrent [Ex. 1, p. 375]. 

2. Let the four st. lines EAB, EDC, FDA, FCB form the com- 
plete quad^ ABCDEF ; and let X, Y, Z be the middle points of the 
diagonals BD, AC, EF. 

Then shall X, Y, Z be collinear. 

Take P, Q, R the middle points of EA, ED, AD. 

Then from the A A EC, since P and Y are the middle points 
of AE, AC, 

.'. PY is par^ to EC, and cuts AD at its middle point R. 
Similarly PZ is par^ to AF, and cuts ED at its middle point Q; 
also QX is par^ to EB, and cuts AD at R. 

Hence QX, XR, PZ, ZQ, RY, YP are respectively halves of EB, 
BA, AF, FD, DC, CE. 

But the sides of the A EAD are cut by the transversal EOF, j 

. EB AF DC 

" BA • FD ' CE ~ I 

^ QX PZ RY , 

Hence — . — . — = 1. 

XR ZQ YP 

.*. X, Y, Z, points in the sides of the APQR, are collinear. 
[See Rouche et de Comberousse, Traite de Giometrie, p. 205.] 

3. Let the A» ABC, A'B'C' be co-polar; that is, let AA', BB', 
CC' meet at S : then shall they be co-axial ; that is X, Y, Z the 
intersections of BC, B'C', of CA, C'A' and of AB, A'B' shall be 
collinear. 



From the A SAB and the transversal A'B'Z, 

AZ BB' SA' 
ZC'FS'A^" 



I 
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!From the A SBC and the Iransversal B'C^X, 

B^S C'C XB 
BB"SC''CX" 

From the A SCA and the transversal C'A'Y, 

AA' SC^ ^Y_i 
A'S'C^' YA"" 

Multiplying these results we have 

AZ XB CY 
ZB • CX • YA " 

.*, X, Y, Z are collinear. 

Conversely, let X, Y, Z be collinear; then shall AA', BB', CC' 
be concurrent. 

Let BB', CC' meet at S. 

Then the A' BZB', CYC' are co-polar; hence by the first 
proof they are co-axial ; that is, A, A', S are collinear, 

)r A A', BB', CC' meet at 8. 

4. Let Cj, C , Cg be the centres of the three ©■, and 
'*!» **«» ^8 ^^^^^ radii. Let Sj and 8/ be respectively the external 
md internal centres of similitude of the O ■ (C^), (C^), and let 
5j, Sg', Sy, S3' have corresponding meanings. 

To prove Sj', 8,' and 83 collinear. 

By definition we have 

CS r C8' r CS' r 

S Co r ' 8 'C r ^ 8 'C r ' 
^z 9 'a ^18 a ^a 1 1 

C 8 C S ' C S ' 

• i 8 ^a^i ^8^g _ 1 

8 C S C 8 C 

Hence from the A CjCgC*3, the points S/, S/, Sg are collinear 

[p. 376, Ex. 2, Converse]. 

In the same way it may be shewn that each of the ranges of 
points consisting of one external and two internal centres of 
dmilitude are collinear, and also that the three external centres 
^re collinear. 
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Miscellaneous Examples on Book VI. 

Page 377. 

1. By paA, BF : FA = BD : DC« AE : EC; 
And ABFD : AAFE= BF : FA [VL 1]. 

And AAFE : ACDE = AE : EC. 

.'. ABFD : AAFE= AAFE : ACDE. 

2. Let L ABC = L DEF; and l. ACB = supplement of l DFL 
With centre A and radius AC describe a O to cut BC in C'. Then j 
AC = AC', .'. z. BC'A = supplement of l BCA = L DFE. .'. A» DEF, 
ABC' are equiangular ; 

.*. ED : DF = BA : AC' = BA : AC [vL 4]. 

3. The diameters of the 0' about ABE, ACE are in the ratio 
of AB to AC [Ex. 5, p. 358]. But, because AE bisects l BAG, 

/. AB : AC =i BE : EC [vL 3]. 

4. Let A and B be the two other fixed pts. Divide AB at C 
in the given ratio. Join OC: and, through O, draw MON perp. to 
OC. MN is the required line. [Ex. 2, p. 311.] 

5. Let AB > AC. Draw CF perp. to AD. And let CF pro- 
duced cut AB in M. Then A^ CAF, MAF are identically equal, 
/. CF = MF; and AM = AC. .*. BM = difierence of sides AB, AC. 
Bisect BM in K. Then AK = J sum of sides AB, AC. Join KF, XF. 
Then K, F, X being the middle pts. of the sides of BMC, KFis 
pari to BC and XF is par^. to BA. .*. by similar A* DXF, FKA, 

XD : KF = XF : KA; 

that is, XD:BX=BK:KA 

= \ diff. of sides : \ sum of sides. 

6. BD : DC = BA : AC = BE : EC [vL 3 and a]. 

.*. BD-DC : BD + DC=BE-EC : BE + EC [v. 13], 
or, 20D : 20B = 20B ; 20E. 

Hence OB is a mean proportional between CD and OE. 
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7. Draw PX perp. to AB, and QlY perp. to CD. Then by 
similar A» MPX, NQY, 

PM : QN = PX : QY ^constant 

Let MN meet PGl in O. 

Then OP : OQ = PM : GIN = constant. 

Hence MN passes through a fixed pt. O, which divides PQ in the 
ratio PX to QY (internaUy or externally according as PX is in the 
opposite or in the same dnrection as QY). 

8. Because C bisects arc AB, .*. chord AC = chord BC. 

But rect. AD, BC + rect. DB, AC = rect. AB, DC [Prop. D]. 

.*. rect. AC (AD + DB) = rect. AB, DC ; 
.'. AD + DB : DC = AB : AC [vL 16]. 

9. Because CD bisects z. ACB intemcUly, 

:. BD : DA=BC : CA^ 1 : 2. 

And because CE bisects z. ACB externally, 

.*. BE : EA = 1 : 2. 

Hence AD=2db, AB = 3db, DE=4db. 

Also ADCB : AACD : AACB : ADCE 

= DB : AD : AB : DE 
= 1:2:3:4. 

10. Because DE is par*, to the tangent at A, .'. it makes 
with AB, AC angles respectively equal to ACB, ABC; [iii. 32] ; 

or iLADE = Z-ACB and z_AED = Z-ABC. 

.'. A* ABC, AED are equiangular ; 

.'. AB : AC = AE : AD ; 
.'. rect. AB, AD = rect. AC, AE [vi. 16]. 

11. Let A ABC be rig:ht l^ &t A, From D in BC, draw DE, 
>F perps. on AC, AB. Then the rt. z. ** A* BFD, DEC are similar. 

.*. rect. BD, DC = rect. BF, DE + rect. DF, CE [vi. 31], 

But DE = FA and DF= EA. 

.*. rect. BD, DC = rect. BF, FA + rect. CE, EA. 
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12. Let BD, CE cut in O. Because BO : OD = CO : OE, 
.'. DE is paH. to BC, and A" BOG, DOE are similar; 

.*. BC : DE = BO : OD 
= 4:1. 

But BA:EA=BC:ED 

= 4:1. 
/. BA - EA : EA = 4 - 1 : 1 [v. 13], 
or BA:EA=3:1. 

13. Let P, Q be two fixed pts., AB any st. line between 
them. Draw PM, GIN perps. on AB, and let PQ cut MN in O. 

Then OP : 0Q= PM : GIN = constant. 

.'. MN always passes through the fixed pt. O, which divides 
PQ internally in the given constant ratio. 

14. Because z.PAG = z.ADC [ill. 32], .'.A* PAD, PCA are 
equiangular [i. 32] ; 

.*. AD : CA = PA : PC. 

Similarly, BD : CB = PB : PC. 

But PA = PB. .*. AD : CA= BD : CB. 

.*. rect. AD, CB = rect. CA, BD. 

15. Because l DAC = z. ABD, .*. A " DAC, DBA are equiangular. 
.*. DC : DA = AC : BA 

= circum-diam. of ACD : circum-diam. of ABD 

[Ex. 5, p. 358]. 

16. Let F be between E and B. Then l EFC = L EDC in 
same segment = complement of ECD = z. CQH. 

.*. A* CFE, CQH are equiangular [i. 32]. 

.•. CE : EF = CH : HQ. 

.*. rect. CE, HQ =rect. CH, EF. 

17. Make l CAD = L ABC. Then A* BDA, ADC are similar. 

.'. BD : DA=DA : DC. 
•'. DA is a mean proportional between BD and DC. 
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18. The common tangent at O makes with OA an L equal 
o z_OQP and to Z.OBA [iil. 32]. .'. Z.OQP = z_OBA. .*. PQ 
s par^. to AB. .*. L PQC = alt. Z- QCB = z. CPGl in alternate seg- 
lent. .'. chord CQ = chord CP. .*. OC bisects ' l BOA [ill. 28, 27]. 

.'. OP ; OQ=OA : OB = AC : BO [vi. 3]. 

19. Taking the figure in which D is on the side of O remote 
rom AB, the z. CEO = comp^ of z. B = comp*. oi \l CO A at 
entre = l OCD. .*. A" ODC, OCE are equiangular. 

.•. OD : OC = OC : OE. 

.*. rect. OD, OE = sq. on OC. 

20. Join AD, BD. Then the L BDY = l BAD = L BDX. 
.*. DB bisects l YDX internally. Again, DA is perp. to DB, 

.*. DA bisects L YDX externally. 

/. XB : BY = XD : DY = XA : AY [vi. 3 and a]. 

.*. BX : AX = BY : AY. 

21. Let P, Q be the given pts. Divide PQ, internally and 
externally, at A and B in the given ratio ['Ex. 1, p. 359]. On AB 
IS diameter describe a . Then the distances of P and Q from 
iny pt. on this circle are in the given ratio [Ex. 4, p. 361]. 
rhe pt. or pts., if any, where this O cuts the given are the pts. 
"equired. 

22 Produce AO to meet the Q ^ at B, and let LP produced 
neet OA at Z. 

Join LA, LB. 

Then since the arc AP = arc AQ, 

.*. LA bisects the l VLZ internally : 
ind since LB is perp. to LA [iii. 31], 

.*. LB bisects the l VLZ externally. 

Hence Z divides BA externally in the fixed ratio BV : VA 
>. 360]. 
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23. Let O, O' be the centres. Then, because BE and C'O' 
are both at rt. z. ' to ABC', 

.'. AB : BC'= AE : EO' [vi. 2]. 

/. AB : 2BC' = AE : EA'. 

Similarly A'B' : 2b'C = A'E : EA. 

.*. AB : 2BC' = 2B'C : A'B'. 
.*. rect. AB, A'B' = four times rect. BC', B'C. 

24. Let A, B be the centres of the £bced O *; and C the centre 
of the circle touching them externally in D and E respectively. 
Let DE cut AB in S and the B again in E'. Join BE'. 
Then D is in AC, and E in BC. Because CD = CE, and BE = BE', 

.-. L. CDE = u CED = L BEE' = L BE'E. .'. BE' is par^. to AD. 

.*. AS : BS = AD : BE'. 

That is, S is the external centre of similitude of the fixed 0'. 

25. Because DC bisects Z.ADB, 

.*. DA : DB = CA : CB = AE : BF. And the L " AED, BFD are 
i*t. L*, .'. the A^ AED, BFD are similar [vi. 7. Cor.]. 

.'. rect. DA, DB = rect. DE, DF + rect. AE, BF [vi. 31]. 

But rect. DA, DB = rect. AC, BC + sq. on DC [vi. b] 

= rect. AE . BF + sq. on DC ; 

.'. rect. DE, DF = sq. on DC. 

26. Let D be middle pt. of BC, AX parallel to BC : and let 
DX cut AB in Y and AC in Z. Then, by similar A* XYA, DYB, 

XY : DY=XA : DB. 

And, by similar A* XZA, DZC, 

XZ : DZ = XA : DC. 

But DB = DC. .-. XY : DY = XZ : DZ : 

that is, XD is divided harmonically at Y, Z. [Del p. 360.] 
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27. Let the line cut the median in X. Through X draw EF 
paH. to the base. Then EF is bisected in X. Hence, by the last 
example, the line is divided harmonically. 

28. Let L BAG be bisected internally and externally by AX 
and AY, and let the four concurrent lines be met by a fifth line 
at B, X, C, Y. 

Then BX : XC = BA : AC r= BY : YC [vi. 3 and a]. 

.'. BC is cut harmonically, at X, Y. 

29. See Ex. 3, p. 362. 

30. Divide AB at Q, so that AB is to AG in the given ratio 
[Ex. 1, p. 326]. Join GG, and produce it to meet AE at E. Then, 
because EA is par^. to BG, 

GE : GE = AB : AG = given ratio [vi. 2]. 

31. Produce PA to X, so that PA : PX = given ratio [vi. 12]. 
Draw XR par^. to AB cutting AG in R, and let PR cut AB in d. 
Then Pd : PR = PA : PX = given ratio. 

32. Let P be the given pt. within the circle ABD. Through 
P draw the diam. APB, and on it take AP : PG in the given ratio. 
With P as centre and radius equal to a mean propl between 
BP and PG describe a circle cutting ADB in D (or D') \ join 
DP and produce it to E ; then DE is the required chord. 

For, by construction BP : PD = PD : PG, 
and since the rect. PE, PD = the rect. PB, PA [iii. 35], 

.-. BP : PD= PE : PA [vL 16]; 
.*. PE : PA = PD : PG, 

.'., alternately, PE : PD = AP : PG 

= the given ratio. 

Since the circle of construction will in general cut the given 
circle in two points there will be two solutions. 
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33. Let A be the common pt. of contact, and B the pt. on 
the common tangent BA. Let a having centre B, cut one of 
the ■ in C, and let BC cut this again in D. 

Then sq. on BA = rect. BC, BD 

= sq. on BC + rect. BC, DC. 

But BA and BC are constant. .*. DC is constant. 

34. Let SPT meet CA, CB produced in S and T. Draw PN 
perp. to BC. 

Then ASCT : AACB = CS . CT : CA . CB 

= CS . CT : CP^ 

Also CS:CP = CP:CM, 

and CT : CP = CP : CN [vi. 8] ; 

.*. CS . CT : CP2= CP2 : CM . CN 

= CP' : CM . MP 

= CA.CB : CM. MP, 

.'. ASCT; AACB = CA . CB : CM . MP 

= AACB : ACMP. 

35. The tangents at B and C make with BC angles equal 
to L BAC in alt. segment. And AD, AE being par^. to these, 

/.BDA = Z.AED = Z.A. .*. AD=AE; 

again the A^ BDA, A EC being each similar to BAC are similar to 
one another, BA, AC being homologous sides. 

.*. BD : CE = ABDA : ACAE [vi. 1] 

= dupl. ratio of BA : AC. 

36. Let X, Y be the centres of the 0* on AE, EB. 

AE+ EB = 20B = 4EB; 
.*. AE = 3EB ; or PX = 3QY. ' 
Now XL : YL = PX : aY = 3 : L 

.-. XY = 2YL. 

But XY=XE + EY= PX + aY = 4:aY = 4BY, 

.*. YL=2BY. 
.*. BL = BY. 
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37. Because rect. AC, CB = rect. CD, CE, 

/. AC : CE = CD : CB; 
.*. A •ACE, DCB are similar [vi. 6], 
and the pts. A, C, B, E are eoncyclic. 

And since AB is fixed, and the Z.ACB is constant, .'. the 
ACB is fixed. 

But the z. ' ACE, BCE are equal ; 

.'. E bisects the fixed arc AEB. 

38. By IV. 10, the A" ABC, BEC are similar. 

Also AE = BC = BE. 

.*. AB : BC = AE : EC; 
.'. AB + BC : BC = AC : EC [v. 13] 

= A ABC : A BEC 

= A ABC : AADE. 

.*. AB : BC = fig. DBCE : AADE [v. 13], 

39. Let H, K be the centres of the equal O"; G that of the 
inscribed O, which touches the equal 0* in E and F and the 
outer in D. Then G, E, H and G, F, K, and D, G, C, are 
collinear. 

Produce GEH to meet circle (H) in L; 
then rect. LG, GE = sq. on GC ; 

.*. EG : GC = GC : LG [vi. 17] 

= EG + GC : GC + LG [v. 12] 
= CD : LE + DC 
= 1*2 
.*. EG : EG + GC = 1 : 3 ; 
that is DG : DC = 1 : 3 ; 

.-. 2DQ : DC = 2 : 3. 
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40. Let the quad^ ABCD touch the O at G, H, K, M ; and let 
DA, CB meet at L. Because LE = LF and LM = LH, and OM = OH, 
/.A" OEM, OFH are identically equal And jlMOA = z.G0A 
and z. HOB = u GOB. 

.*. L ■ EGA, BOH together = half u ■ EGG, FOG = a rt ^ . 

.*. L EGA = complement of z. BOH = u OBH. 

.*. A" EGA, FBG are equiangular [i. 32], 

.*. AE : OE = OF : BF. 

.*. rect. AE, BF = rect. OE, OF. 

Similarly rect. DE, CF = rect. OE, OF. 

.*. AE : DE=CF : BF [vi. 16]. 

41. Considering the A ABC as the limiting form of a quadri- 
lateral AFBC touching the O , it follows by last example that 

BX : XF = AY : YC, 

for F is the pt. where the tangent from B cuts the tangent from A. 

42 and 43. Let AB be the base of the segment. Bisect AB 
in C. Draw CD perp. and equal to AB, on the same side of AB 
as is the segment. Draw CE pari to AD cutting the arc in E: 
and draw EF perp. to AB. EF shall be the side of the square 
inscribed in the segment. For, by similar A* ACD, CFE, since 
DC = twice AC, .*. EF = twice CF. 

44. Let ABC be the isosceles A. Draw AD perp. to the 
base BC. At A make the l ' DAE, DAF each = ^ of a rt. z. , E 
and F being in BC. Then AEF is an equilateral A. From AE, 
AF cut off AG, AH each equal to the mean proportional between 
AE and BC. Then by similar A* AQH, AEF, 

A AEF : A AGH = dup. ratio of AE : AG [vi. 19] 

= AE : BC 

= EF : BC 

= AAEF: ABC. 

.*. the equilateral A AGH = given A ABC. 
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45. Let AB be the given difference. Draw BC at rt. z.' 
Uid equal to AB. Produce AC to D making CD = BC = AB. AD 
is a side of the square required. 

46. With the given diameter EB describe a EABC. Make 
L BEC = given vertical l . Divide BC in given ratio at D. 
Bisect arc BC in F. Produce FD to A. ABC shall be required A . 
Tor L ' BAC, BEC in same segment are equal, and since 

arc BF — arc CF, .*. l BAF = L CAF. 

.*. AB : AC = BD : CD = given ratio. 

47. Let AD be the given median. Produce AD to E, making 
DE = AD. On AE describe segment of ©ABE containing an angle 
equal to the supplement of given vertical l . Draw the base 
BDC making required l with the median AD, cutting the arc 
ABE in B, and making DC = BD. ABC shall be the required A. 
For, because BC, AE bisect one another, ABEC is a par™. 

L BAC = supplement of l ABE. 

48. Let XY be the given st. line, and P, Q the given pts. 
Join PQ and in it take a pt. F so that rect. PF, PQ = the rect- 
angle contained by the segments of any chord of the circle 
through P [vi. 12]. Let QP and YX be produced to meet at Z. 
Let K be the length of a chord of the O which subtends at the 
0** an angle equal to Z.QZY; through F draw a line FBD 
Jutting off a chord BD equal to K [Ex. 9, p. 183]. Draw PBA 
meeting in B, A, and join AQ meeting the O in C. Then ABC 
ihall be the required A . 

Because rect. PF, PQ = rect. PB, PA; 

.*. PF : PB = PA : PQ, 
.*. A* PBF, PAQ are similar [vi. 6].' 
.'. Z.PFB = Z.PAC 

= L BDC, (or the supplement of BDC ;) 
.*. DC is par^. to P€L 

And because l DCB = l QZ Y ; 

.'. BC is par*, to XY. 
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49. Let P, Q, R be the given pts. Join PQ and determine 
a pt. F in it as in £x. 48. 

In the circle inscribe a A DBC so that DB and BC pass through 
F and R respectively, while DC is pari to PQ [Ex. 48], 

Produce PB to meet the O** in A; join QA meeting the 0" 
in C', and join DC'. 

Then i. BAQ = z. FDC' in the same segment. 

Also, as in Ex. 48, the A" PFB, PAQ are similar; 

/. z. PAQ = L. PFB = alt. L FDC. 

.*. L FDC = L FDC'. 

Hence C' coincides with C, and the A ABC fulfils the required 
conditions. 

50. Take the case in which the points are in the following 
order: O, A, B, X, Y. 

Take OE a mean prop^ between OA and OY and describe a 
with O as centre and OE as radius. Take P on the O^ of 
this 0; describe a O round PAY and also round PBX. Then OP 
touches each of these O*, since OP* = OA . OY = OB . OX. 

.'. z.OPB = z.PXB [ill. 32]. 

But L OPB = sum of z. ^ OPA, APB, 

and L PXB = sum of l « XPY, PYA [i. 32], 

.'. sum of L^ OPA, APB = sum of l^ XPY, PYA; 

but L OPA = L. PYA [ill. 32]: 

.*. L APB = L XPY. 

51. Through Q draw a st. line pari to the given st. line. 
This is the required locus. 

52. Let C be the centre of the given O. In OC takeD, 
so that OD : OC = given ratio. Then A* OPC, OQD are similar, 
and DQ : CP = given ratio. But CP is constant, and D is fixed; 
.*. locus of Q is a 0, having centre D and radius DQ. 

53. Let O be a given pt. Take OP : OQ = given ratio, 
where P is on given line and z. POQ = given l . 

Take any other pt. P' on given line, and make L P'OQ'= l POQ, 
and L OQQ= l OPP'. Then, because l P'0Q'= l POQ and l P'oa 
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is common, .'. l P0P'= l QOQ'. /. A" POP', QOQ' are similar. 

/. OP' : OQ' = OP : 0Q = given ratio. 

.*. Locus of extremity Q' is the st. line through Q making 
with OQ the same l that the given st. line makes with OP. 



Let E be middle pt. of AB. Then, since diagonals of a 
par™, bisect one another, E is middle pt. of CD. 

Draw DO, par^. to EP, meeting CP in O. Then A* DOC, EPC 
are similar. .*. OC = twice PC, and 0D = twice PEj hence O 
is a fixed point, and OD is of constant length. .'. the locus of D 
is a O , having the fixed pt. O as centre. 

55. See p. 361, 4. 

56. Let A, B be the centres of the given O * : and let O be a 
pt. from which the O * subtend equal l ^ 

Let OS, OS' and OT, OT' be tangents to the O ^ from O. 

Then z.« SOS', TOT' are equal; .'. the z.»SOA, TOB are 
equal. And L^ ASO, BTO are rt. z.*. .'. A^ SAO, TBO are 
equiangular. 

.*. OA : OB = SA : TB = fixed ratio. 
.'. locus of O is a 0. [Ex. 55.] 

67. Let OA, OB be the two given lines. Produce AC to A', 
and in OA' and OB take points H and K, so that OK : OH = the 
given ratio. 

Draw OC par*, to HK. OC is the required locus. 

For, draw KQ perp. to OB, and QR perp. to OA. Also, from 
any pt. P in OC, draw PM perp. to OA and PN perp. to OB. 

Then PM : PN = QR : QK. 

But A' OHQ, OKQ on same base OQ and between same pa^^^ 
are equal 

.*. rect. QR, OH = rect. QK, OK. 

.*. QR : QK = OK: OH. 

.'. PM : PN = given ratio, 

H. K. E. la 
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58. Because TP is pari to T'P', 

/. L ST'P'= ^ STP = L PQT [ill. 32] = supplement of l P'QT. 

.*. Q, T, T', P' are coney clic. If then TO, T'P' cut in X, the 
rect. XQ, XT = rect. XP', XT'. .*. tangents from X to the 0*are 
equal. .'. X is on the radical axis. 

59. Let D, E, F be the vertices of the equilateral A*. | 
Then the A" BAE, FAC are identically equal. .*. BE = FC. But \ 
the A* BZA, CYA are similar. 

.*. ZA : AB = YA : AC. 

.*. ZA : YA = AF : AC. 

But L Z AY = L FAC. .*. A « ZAY, FAC are similar. 

.*. ZY : CF = AY : AC. 

Similarly XY ; BE = AY : AC. 

Hence XY = YZ = ZX. 

60. Let ABC be the triangle; S, I the centres, and R, rthe 
radii of the circumscribed and inscribed circles. 

(i) To prove Sl^ = R* - 2Rr. 

Join Al, and produce it to meet the O^ of the circima-0 atX. 
Join XS, and produce it to meet the O^® again at Y. JoinXC, 
and draw IE perp. to AC. Join YC. 

Then in the A« lAE, XYC, 

Z.IAE = iLXYC [ill. 21]; and z.lEA = z.XCY [ill. 31]; 

hence the A *■ I AE, XYC are equiangular [i. 32], 

.-. IE : IA = XC : XY [vi. 4], 
.*. IE. XY = IA. XC [vi. 16]. 

But IE = r; XY = 2R; and XC = XI [Ex. 16, p. 258], 

.*. 2Rr=XI. lA. 

Join SI, and produce it both ways to meet the O** at P, CL 
Hence XI . lA = PI . IQ [ill. 35] 

= (PS + SI)(SQ-SI> 

= R2 - Sl^ 
or, SI^=R^-2Rr. 
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Similarly, if Ij, I,, I3 are the centres and r^, r^, r, the radii of 
the escribed O ^ it may be shewn that 

Sl^a^ Ra + 2Rri; Sl,^ = R* + 2Rr^', 
and Sl3^=R'* + 2Rr3. 

R 

(ii) To prove IN = ^— r. (Feuerbach's Theorem.) 

Several proofs of this theorem have been given, those de- 
pending upon pure geometry being difficult and complicated. 
[See Casey's Sequel to EibcUd^ p. 105, Milne's Companion to Weekly 
Problem, Papers, Chapter vi., p. 185.] 

We here give an outline of Feuerbach's proof, one step of 
which depends on trigonometrical work. 

Let S, I, and N be the centres of the circumscribed, inscribed, 
and nine-point O" of the A ABC, and O its orthocentre. Let AO 
meet BC at D, and the O^ of the circumscribed O at G. Join 
81, 10, and SO ; and let SO produced both ways meet the Q^^ at 
P and Q. 

Then N is the middle point of SO [Ex. 33, p. 282]. 

And since IN is a median of the ASIO, 

.*. S|2+I0^=:2IN2 + 2SNS 

or S|2+IO'=2lN2+ JSO^ (i). 

But S|2= R2- 2Rr; and SO^ = R^- PO . OQ [11. 5] 

= R2 - AO . OG. 

Also it may be proved by trigonometry from the A lAO that 
I02 = 2r2-A0.0D 

= 2r" - JAO . OG [Ex. 21, p. 226]. 
Substituting these results in (i), we have 

2 (r2 - 2Rr) + 4r2- AO . OG = im^ + R'* - AO . OG, 
or, R2-4Rr+4r2 = 4lN2, 

i.e., (R-2r)2=:(2lN)2, 



^-r=IN. 



u— ^ 
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Remembering that the radius of the nine-points-circle is half 
the radius of the circum- , we see that the nine-points touchet 
the inscribed . 

Similarly it may be shewn that 
so that the nine-points- touches also the three escribed ■. 
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EXERCISES. 

Page 403. 

1. Let AB be the perpendicular, and AP any other st. line 
drawn from the external point A to the plane XY. 

Join BP; then by Def. i. p. 384, AB is perp. to BP. 
Hence the z.ABP>the lAPB; /. AP>AB. [i. 19.] 

2. Let AP, AQ be equal st. lines drawn from A to the plane 
XY, and let AB be the perp. drawn from A to that plane. 

Then by Def. i. p. 384, BP, BQ are at rt. angles to AB. 
Hence the A^ ABP, ABQ are identically equal. 

[Ex. 12, p. 91.] 
.'. the L PAB = the l PAQu 

3. Place the spirit-level along any two intersecting lines BP, 
BQ in the plane. Then if these lines are found to be horizontal, 
a vertical line AB is perp. to both, and therefore [xi. 4] perp. to 
the plane XY in which they are: that is, the plane XY is hori- 
zontal. 

Consider the inclined plane BC in the fig. to Def. 7, p. 386; 
and let AB be its common section with the horizontal plane AD. 
Then AB is horizontal, since it lies in a horizontal plane. Hence 
all st. lines drawn in the plane BC par*, to AB are also horizontaL 
If therefore two par^. lines are shewn by the spirit-level to be 
horizontal, it cannot be inferred that the plane in which they are 
is horizontal. 



— ~' 
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4. Let A, B be the fixed points, P any point in the locus, 
and C the middle point of AB. 

Then for all positions of P the A" ACP, BCP are identically 
equal [i. 8], so that CP is always perp. to AB. 

Hence CP in all its positions lies in the plane through C 
perp. to AB. [xi. 5.] 

Conversely all points in this plane may be shewn to be equi- 
distant from A and B: .'. the plane through C perp. to A B is the 
required locus. 

5. By the last Ex., the locus of points equidistant from two 
fixed points A, B is the plane which bisects AB at rt. angles. 
Hence the point at which the given st. line intersects this plane 
is that required. The method fails when the given line lies in 
the above mentioned plane, or is par^. to it. 

6. Let the st. line XY be par*, to the plane AD, and let any 
plane BC passing through XY have AB as its common section with 
the plane AD. Then XY shall be pari to AB. 

For if not, XY must meet AB at some point Z ; but every 
point in AB is in the plane AD; .*. XY meets the plane AD at Z; 
which is impossible, for XY is par*, to AD. 



Page 407. 

1. See Def. 4, p. 385. 

Let AP, AQ be equal st. lines drawn from A to the plane XY. 

Draw AB perp. to the plane XY [xi. 11], and join BP, BQ; 
then shall the z. " APB, AQB be equal. 

This follows because the A^ APB, AQB are identically equal. 

[Ex. 12, p. 91.] 

2. Let A be the given point, BC the given st. line ; and let 
BE be any plane through BC. 

From A draw AD perp. to the line BC, and AP perp. to the 
plane BE [xi. 11]. Then AP, PD, AD lie in a fixed plane through 
D perp. to BC [xi. 11]. And the Z.APD is a rt. angle. There- 
fore the locus 01 P is a circle on diam'. AD. 
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3. Through F draw FH par^ to BC. [See fig. to xi. 11.] 

Then since FH is par^ to BC, and FDC is a rt. angle [hyp.], J 
.*. HFD is a rt. angle. And H FA is a rt. angle, for AF is perp. to ■ 
the plane in which FH is drawn. ^ 

Hence FH, being perp. to FA, FD, is perp. to the plane of : 
FDA [xi. 4]; so that BC, being par*, to FH, is also perp. to this 
plane. .*. BC is perp. to AD in this plane. , 

Page 413. 

1. Take the fig. of Def. 6, p. 386. 

Let the dihedral angle PQR between the planes CD, EB be a 
rt. angle, and let AB be the common section of these planes. 

Then PQ is perp. to AB [Del 7, p. 386 note], and to QR [hyp.]; 
.'. PQ is perp. to the plane CD. 

And EB is a plane through PQ, .'. the plane EB is also perp. 
to the plane CD [xi. 18], 

Page 418. 

1. Let PA, PB be equal st. lines drawn from the point P to 
the plane XY. Draw PC perp. to the plane [xi. 11]. Then OA, 
OB are the projections of PA, PB [Def. 3, p. 384]. 

In the right-angled A* PC A, POB, we have 

PA = PB, and PC is common, 

.*. OA = OB. [Ex. 12, p. 91.] 

2. Let X be any point in SP. 
Then in the A« XSA, XSB, XSC, 

XS is common, and SA = SB = SC [hyp.]. 

Also the L ^ XSA, XSB, XSC are equal, being rt. z. ' 

[Def. 1, p. 384], 
.-. XA=XB = XC. [l. 4.] 

3. Let A, B, C be the three points; then the lines AB, BC, CA 
are in one plane [xi. 2]. 

Find S the centre of the O circumscribed about the A ABC, 
and draw SP perp. to the plane of the A ABC [xi. 12]. Then it 
may be shewn, as in Ex. 2, that every point in SP produced both 
ways is equidistant from A, B, and C. 
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4. Place the rod successively in three positions, so that one 
of its extremities may be at the given point P and the other in 
the plane, thus determining three points A, B, C in the plane. 

"Find S the centre of the O circumscribed about the A ABC. 
Then shall S be the foot of the perp. required. 

For by Ex. 1, if O is the foot of the perp. from P on the 
plane, then OA = OB = OC. But there is only one point in the 
given plane equidistant from A, B, C, namely, the centre of the 
circumscribed circle. Hence S is the foot of the required perp. ' 

5. Let OA, OB, OC be the three st. lines. 

From O cut off along these lines three equal parts OP, OQ, OR; 
and from O draw OS perp. to the plane PQR [xi. 11]. 

Then the rt.-angled A^ OSP, OSQ, OSR may be shewn identi- 
caUy equal [Ex. 12, p. 91]. 

.'. L SOA = L SOB = L SOC. 

6. Let ABCD be the gauche quadrilateral, and X, Y, Z, V the 
middle points of the sides AB, BC, CD, DA. 

Then ABC, ADC are plane triangles, .*. XY and VZ are both 
par*, to the common base AC [Ex. 2, p. 96], and are therefore 
par*, to one another [xi. 9]. 

Similarly it may be shewn by joining BD that XV and YZ are 
par^. Also YZ and VX are in the same plane as XY, ZV [xi. 7]. 

.'. the figure XYZV is a parallelogram. 

7. Through B draw BF par^ to AC. Then BF must be in 
the same plane as AB, AC; and since BAC is a rt. l, .'. FBA is 
a rt. z.. 

Again, since DB is perp. to the plane of AB, AC, and BF meets 
it in that plane, .*. FBD is a rt. z. . 

Hence FB, being perp. to BA and BD, is perp. to the plane of 
the AABD [xi. 4]. And since AC is par*, to BF, .*. AC is also 
perp. to the plane of the AABD [xi. 8]: 

.*. AC is also perp. to AD which meets it in that plane. 
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8. Let XZ and YV be the two given planes intersecting in 
the St. line XY; and let these two planes be cut by the first of 
two par^. planes in AP, AQ and by the second in ap, aq. Then 
shall the u PAQ = the L.paq, 

Because the par*, planes PAQ, paq are cut by the plane XZ, 
.*. AP and ap are par*, [xi. 16]. 

Similarly AQ, aq are par*. 

.'. the z. PAQ = the L.paq, [xi. 10.] 

9. Let XY be the given plane, and AB the given st. line 
par*, to it. Let the plane AB6a pass through AB and cut the 
given plane X Y in the st. line ah : then shall ah be par^. to AB. 

For if not, AB and ah will meet if produced, since they are 
in the same plane AB6a; but ah lies wholly in the plane XY; 
.'. AB will meet the plane XY; which is impossible, for AB is given 
par*, to the plane. 

Thus AB and a6, being in the same plane and not intersecting, 
are par*. 

10. Let the two planes AY, CY pass one through each of 
the par*, lines AB, CD, and let XYbe their common section. Then 
shall XY be par*, to AB and CD. 

For if XY be not par*, to CD, these lines must intersect at Z, 
since they are in the same plane. 

But XY is in the same plane ABYX ; hence Z is in the plane 
ABYX and also in the plane ABDC; .'. Z is in AB, their common 
section. That is, AB and CD intersect at Z; which is impossible, 
since they are par*. 

Hence XY and CD not intersecting, and being in the same 
plane, are par*. : .'. XY is also par*, to AB [xi. 9]. 

11. Let ABYX, CDYX be two planes, having XY as their 
common section; and let PQ be a st. line par^. to both planes: 
then PQ shall be par*, to XY. 

Through PQ take a plane, cutting the plane ABYX in ah, and 
the plane CDYX in cd', then ah and cd are each par*, to PQ, and 
therefore par* to one another [Ex. 9, p. 418]. 

Hence, by Ex. 10, XY is par*, to ah and cd, and therefore to 
PQ [xi. 9]. 
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12. Let AB, CD be the two st. lines, and P the given point. 
Take the planes containing AB and P, and CD and P; and let XY 
be their common section. Then XY shall be the line required. 

For since P is a point in each plane, .*. P lies in XY. And 
since XY is in a plane with AB, and also in a plane with CD, it 
intersects both of these lines. 

13. Let X, Y, Z be the middle points of AB, BC, CD. Then 
AC is par^. to XY, a line drawn in the plane XYZ ; .*. AC is par^. 
to the plane XYZ ; for if AC meet the plane XYZ at some point 
P, then P would be both in the plane AXYC and in the plane 
XYZ; that is, P would be in the common section XY, which is 
impossible, since AC and XY are par*. 

Similarly BD is pari to the plane XYZ. 

14. Through E draw EF pari to AB; Then EF is peip. to 
the plane XY [xi. 8]; hence FEC is a right angle. But AEC is 
also a rt. angle: .'. CE is perp. to the plane of EF, EA [xi. 4]. 
Now EF, EA, AB, EB are in the same plane [xi. 7]; .*. CE is perp. 
io EB. 

15. Let XYE, XYF be the two planes, having XY as their 
common section; and let BP, BQ be the common sections of these 
two planes with the plane of AP, A€L 

Then since AP is perp. to the plane XE, .'. the plane of AP, 
AQ is also perp. to the plane XE [xi. IS]. 

Similarly the plane of AP, AQ is perp. to the plane XF. 

Hence the plane of AP, AQ being perp. to the planes XE, XF, 
is perp. to XY their common section [xi. 19]. 

16. Let XYE, XYF be the two planes, having the common 
section XY : and let A be a point in the plane XYE. 

Then since AQ is perp. to the plane XF, .'. the plane APQ is 
perp. to the plane XF. [xi. 18.] 

And since AP is perp. to the plane XE, .'. the plane APQ 
is perp. to the plane XE. 

.*. the plane APQ, being perp. to the planes XE, XF, is also 
perp. to XY their common section. 

.'. XY is perp. to PQ, a st. line which meets it in the plane 

APa 
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17. Join AC, BD. 

Then the six angles of the two A* ABC, ADC, namely the 
L ■ ABC, ADC, BAC, DAC, BCA, DCA are together equal to /our rt. 
angles, [i. 33.] 

But the two z- ' BAC, DAC at the solid angle A are greater 
than the third l BAD. [xi. 20.] 

Similarly the two z. * BCA, DCA are greater than the l BCD. 

Hence the four z." ABC, ADC, BAD, BCD are together less 
than four rt. angles. 

18. (i) L AOX + L BOX greater than L AOB [xi. 20] 

z- BOX + L COX greater than l BOC 

L COX + L AOX greater than L COA. 

Hence, by addition, twice the sum of the L * AOX, BOX, COX 
is greater than the sum of the z. * AOB, BOC, COA. 

(ii) Let OY be the common section of the planes AOB, 
COX. 

Then z. COB + z. BOY greater than z. COY [xi. 20] ; to eacH 
add z. YOA. 

Then z_ COB + z. BOA greater than l COY + L. YOA. 

But L YOA + L YOX greater than z. AOX [xi. 20] ; to each add 
Z.COX. 

Then z. COY + z. YOA greater than z. COX + L AOX. 

A fortiori z. COB + z. BOA greater than z. COX + z. AOX. 

(iii) It has been proved that 

L AOX + L cox less than z. AOB + z. BOC ; 

similarly z. BOX + l AOX less than z. BOC + z. COA ; 

and L COX + z. BOX less than z. COA + z. AOB. 

Hence, by addition, the sum of the l ® AOX, BOX, COX is less 
than the sum of the z. ^ AOB, BOC, COA. 

19. Cf. Ex. 8, p. 94. 

In the plane COX and on the side remote from C make the 

L Cox equal to the L COX ; and in OC, OC' take c, c' so that 

Oc = Oc' : then cd will be bisected perpendicularly by OX at ^ 

Through x in the plane AOB draw aa;6 perp. to Qx meeting OAy 

OB in a, 6. Join ac^ hc\ 
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Then from the A^ cxa, c'xb, we have ac = be, [i. 4.] 

Hence from the A * aOc, hOc\ we have l aOc — l. hOc, [i. 8.] 

Now L cOc' is less than the sum of ^i * hOc\ bOc ; 

That is, twice z. COX is less than the sum of z. ^ CO A, COB. 

20. Let ABC be the A rt. angled at C, O the middle point 
of AB, and P a point not in the plane of the A , such that 

PA=PB = PC. 

Then PC shall be perp. to the plane of ABC. Join OC. 

Then since ACB is a rt. angle, OA = OB = OC [iii. 31]. 

Hence from the identically equal A* POA, POB, POC, 

L POA = lPOQ = L POC. [l. 8.] 

But z. " POA, POB, being adjacent z." and in the same plane, 
ire rt. angles ; .*. POC is also a rt. angle ; 

/. PO is perp. to the plane ABC. [xi. 4.] 

21. Let AB be a st. line drawn from the point A in the 
plane XY. 

Draw BC perp. to the plane, and join AC. Then AC is the 
projection of AB on the plane. 

Let AD be any other line drawn from A in the plane XY. 

Then l BAC shall be less than l BAD. 

Make AD equal to AC, and join BD, DC. 

Then from the rt. -angled A BCD, BD is greater than BC. 

And in the A^ BAC, BAD, we have BA, AC equal to BA, AD 
respectively, but base BC less than base BD ; 

.'. L BAC less than L BAD. [l 25.] 

22. Let A, B be the points, and XY the plane. 

Draw AF perp. to the plane, and produce it to E making FE 
equal to AF. Join EB cutting the plane in P. Join A P. 

Then AP + PB shall be a minimum. 

For take any point R in the plane XY, and join AR, RB. 

If R is in FP (or FP produced) then AP + PB is less than 
AR+ RB. [Ex. 3, p. 243.] If not draw RQ perp. to FP and join 
AQ,aB. 
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Then it may be shewn AP, PB and AQ, QB lie in a plane perp. 
to XY, and that RQ is perp. to the plane AQB. 

Hence AR is greater than AQ, and RB greater than QB. 
So that AP + PB is less than AQ + QB [Ex. 3, p. 243] ; 
and AQ + QB less than AR + RB. 

23. Let XYE and XYF be two planes having XY as their 
common section ; and let PA, PB be drawn from a point P in the 
plane XYE so as to be equally inclined to the plane XYF. 

Prom P draw PQ perp. to the plane XYF, and join AQ, Ba 

Then the L PAQ = the L PBa [Def. 4, p. 385.] 

Hence the A" PAQ, PBQ are identically equal [i. 26] ; 

.*. AP = BP; 
.'. the L PAB = the l PBA. [i. 5.] 

24. Since PA is perp. to PB, PC, .'. PA is perp. to the plane 
BPC [xi. 4] ; and PX is drawn perp. to BC in that plane; hence 
it may be proved that AX is perp. to BC. [Ex. 3, p., 407.] 

Similarly BY and CZ are respectively perp. to CA, AB. 
.'. XYZ is the pedal A of the A ABC. 

25. Produce AG, BO, CO to meet BC, CA, AB respectively at 
X, Y, Z. 

Then because AP is perp. to PB, PC, .*. AP is perp. to the 
plane PBC. 

Hence the plane APXO, which passes through AP, is perp. to 
the plane PBC. [xi. 18.] 

Similarly the plane APXO, which also passes through PO, is 
perp. to the plane ABC ; 

.*. BC, the common section of the planes PBC, ABC, is perp. to 
the plane APXO [xi. 19] ; 

.*. AX is perp. to BC. 
Similarly BY, CZ are respectively perp. to CA, AB; 
.*. O is the orthocentre of the A ABC. 
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Miscellaneous Exercises on Solid Geometry. 

Pages 428-430. 

1. Let aby cd be the projections of two par^ st. lines AB, CD 
on aaiy plane XY. Then, because Aa, Cc are both perp. to plane 
XY, .'. Aa is pari to Cc [xi. 6]. And AB is par*, to CD, .*. plane 
BAa is par^. to plane DCc [xi. 15]. But these planes intersect 
XY in a6 and cd respectively; .*. ab is par^. to cd [xi. 16]. 

2. Draw AE par^ to ab, AE will be in plane AabB and will 
cut B6 in E. Similarly CF, drawn par^. to cd, will cut Dd in F. 
Because AE and CF are par*, respectively to ah and cd which are 
par*, to one another, .*. AE is par*, to CF [xi. 9]. And because 
the sides of A ABE are respectively par*, to the sides of A CDF, 
.*. the /-* of A ABE are equal respectively to the ^.* of A CDF 
[xi. 10]. .'. AB : CD = AE : CF = a6 : cd. 

3. Let AB, CD be the two given st. lines. Through E any 
pt. in AB, draw EF par*, to CD: and through H any pt.. in CD, 
draw HG par*, to AB. Then the plane containing AB, EF is par*, 
to the plane containing CD, HG [xi. 15]. 

4. Let AB, CD be the two given st. lines. As in the last 
Ex., draw through AB, CD two par*, planes. Then it follows from 
XI. 16 that the projections of A B, CD on any plane perpendicula/r 
to the two pwr^, planes will be par*. 

5. In the fig. of p. 421, let AB, CD be the given non-intersect- 
ing st. lines, having directions at rt. angles to one another ; and 
let HE be the line of constant length. Kequired the locus of M 
the middle point of HE. 

Draw PQ perp. to AB, CD [Ex. 2, p. 421], and let XY be the 
plane through AB par*, to CD. Draw HK perp. to the plane XY. 
Join QK, KE ; and let the plane through M par*, to XY cut PQ, 
HK at O, S. Then O, S are the middle points of PQ, HK [xL 17]. 
Join CM, OS, SM ; and draw MN perp. to the plane XY, meeting 
KE at N. Join QN. Then N is the middle point of KE. 

Now in the rt. angled A HKE, since HE and HK are constant, 

.*. KE is constant, [i. 47.] 

And in the rt. angled A KQE, since the hyp. KE is constant, 
and N is its middle point, 

.'. QN = one half of KE = constant. [iiL 31.] 
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But OM=QN; 

.*. the locus of M is a O , of which O is the centre, lying in a 
plane par^. to AB, CD and midway between them. 

6. Let O be the angular point. 

Then from the rt. angled A" AOB, AOC, it follows that 
BO, OC are less than BA, AC respectively, [i. 18.] 

But BC^ = BO' + OC^ [l. 47.] 

.*. BC' is less than BA' + AC' ; 

.*. the L BAC is acute. [Ex. 43, p. 114.] 

7. Since the opp. faces of a parallelepiped are parallel, .'. 
their common sections with a third plane are parallel [xi. 16]. 

8. Let c^A, c?B, do be three edges terminating in d^ and let 
a, 6, c, D be the vertices diagonally opposite to A, B, C, d respec- 
tively. Join c?D, dc^ Then, because each of the planes DcBa 
and DcA6 are perp. to the plane o^BcA, .'. their common section 
Dc is perp. to the plane d^ck [xi. 19]. .'. Dc is perp. to de which 
meets it in that plane. .'. rfD' = cD' + d(?. Again, because the 
planes Bc^Ca, B<fAc are each perp. to the plane BcDa, .*. their 
common section Be? is perp. to the plane BcDa. .'. Be? is perp. to 
Be, which meets in that plane. .'. cfc' = Be* + <f B'. 

.-. e^D' = CD' + Be' + dfB' = c?C' + c?A' + c^B', 

since the faces are parallelograms. 

9. Since the edges of a cube are equal, .". (diagonal)' = three 
times (edge)'. [Ex. 8.] 

10. See fig. p. 422. In par"*. ACA'C', 

A'A* 4- C'C = 2AC' + 2A'C' [Ex. 25, p. 147]; 

and in par°». BDB'd', B'B' + D'D' = 2BD' + 2B'D'. 

.-. A'A' + B'B' + C'C 4- D'D' = 2AC' + 2A'C' + 2BD' 4- 2B'D'. But in 
par°». ABCD, AC'+ BD' = 2AB'+ 2BC'. .'. sum of squares on di- 
agonals of par** = 4AB' + 4BC' + 2A'C' + 2B'D' = 4AB' + 4BC' + 4A'C 
= sum of squares on twelve edges. 

11. Let AP be perp. to base BCD of a regular tetrahedron 
ABCD. Join BP, CP, DP, and produce them to meet the sides 
of the base in X, Y, Z. 
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Then from the rt. angled A ■ APB, A PC, APD, we have 

PB = PC = PD. [Ex. 12, p. 91.] 

And from the A" PBC, PBD, the L PBC = the L PBD. [i. 8.] 

Lastly from the A« XBC, XBD, we have XC = XD. [l 4.] 

Hence BX is a median of the hase : similarly CY, DZ are 
medians, and P divides each of them in the ratio 2:1. 

[Ex. 4, p. 105.] 

12. Let AP, BQ be perp". from the vertices A, B upon the faces 
BCD, ACD respectively. Then AGl, BP meet at E, the middle pt. 
of CD [Ex. 11]. Draw QR par^. to AP. This will cut BE, because 
the par^. AP, QR are in the same plane ABE. And because AP 
is perp. to plane BCD, so also is QR. .*. AP : QR = AE : QE = 3 : 1. 
[Ex. 11.] 

13. With the ^g. of last Ex., AE' = BE' = BC' - CE' = 3CEl 
But BE=3PE, .-. BE»=9PE^ .-. CE'^=3PEl 

Again, 3Ap2=3(AE'^- PE2) = 9CE2-CE2 = 8CE'=2a2. . 

14. Let A BCD be the given tetrahedron. Bisect AB in E, 
CD in E', AD in F, and BC in F'. Then EF, E'F' are both par^. 
to BD, .*. EF is par^. to E'F'; and EF', E'F are both par*, to AC, 
.-. EF' is par*, to E'F [xi. 9]. .'. EFE'F' is a par"*. .'. FF' bisects 
EE'. Similarly if G, G' are the middle pts. of AC, BD, GG' also 
bisects EE'. .". EE', FF', GG' intersect one another at the middle 
pt. of each. 

15. In the tetrahedron A BCD let a plane par^. to AC and 
BD cut the edges AB, BC, CD, DA in the pts. E, F, G, H respec- 
tively. Then, because BD is par^ to the plane EFGH, .". BD is 
par*, to EH, the common section of EFGH with the plane ABD 
through BD [Ex. 9, p. 418]. Similarly FG is par*, to BD. .*. FG, 
EH are par*, to one another. Similarly EF, HG are par*, to one 
another. 

16. Let E, F be the middle pts. of AB, CD, opp. edges of 
a regular tetrahedron ABCD. Then the A* CED, AFB being 
isosceles, EF is perp. to CD and to AB. .*. EF is the shortest 
distance between AB and CD. [Ex. 2, p. 421.] Now 

EF^ = CE^ - CF^ = BC^ - BE* - CF'' = 2CF«. 

.-. 4EF2 = 8CFl 

But sq. on diagonal of sq. on CD = 2CD* = 8CF*. .*. EF = half 
diagonal of sq. on edge CD. 
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17- Let AB be at rt. z." to CD, and AD at rt. L" to BC. 
Draw BL, CM, DN pe^p^ on CD, DB, BC to cut in a the ortho- 
centre of BCD. Then, because CD is at rt. z.' to AB and BL, 
/. it is at rt. z. " to the plane ABL, and /. at rt. z. ' to Aa in this 
plane. Similarly BC is at rt. z. * to Ao. .". Aa is perp. to plane 
BCD, and .'. perp. to BD in that plane. .*. BD is perp. to Aa and 
aM. .'. BD is perp. to plane AaM, and .*. perp. to AC in that 
plane. 

18. By last example, the perp". Aa, Cc upon the opp. faces 
cut those faces in their orthocentres. And the perp*. upon any 
edge such as BD from the extremities of the opp. edge AC meet 
BD in the same pt. M. 

(1) Let Aa, Cc cut in X. Then, since a is on CM, and c is 
on AM, .*. X is the orthocentre of A ACM. .*. X is the pt. where 
MM', the perp. from M upon AC, cuts Aa and Cc. But BD is 
perp. to plane ACM, .*. MM' in this plane is perp. to BD and to 
AC. .'. Aa, Cc and the shortest distance between AC and BD cut 
in the pt. X. 

(2) Join BX, and produce it to meet the plane ACD at h. 
Then, because CD is perp. to AB and Ba, CD is perp. to plane Pha. 
.'. plane ACD is perp. to plane A6a, and similarly it is perp. to 
plane Ohc, .*. it is perp. to BX the common section of kha and C6c 
Hence the perp^ from B on ACD and from D on ABC cut at X. 
.'.all the perp^. are concurrent with one another and with the 
shortest distance between AC and BD, and therefore with the 
shortest distances between AB and CD, and between AD and BC. 

19. By the last examples, 

AB2 = AM2+BM2 and CD2=CM^+DM^ 

and BC^ = BM^ -i- CM^ and AD^ = AM^ + DM^. 

.*. AB2 4-CD2 = BC' + AD2. 

20. In the tetrahedron ABCD let P, Q, R be the middle pts. 
of AB, AC, AD; and L, M, N the middle pts. of CD, DB, BC. Join 
PL, PC, PD. Then 

2 (DA^ + DB^) = 4DP2 + 4AP2 [Ex. 24, p. 147-.] 

= 4DP2 + AB*. 
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Similarly 2 (CA" + OB*) = 4CP" + AB« 

.'.by addition, DA' + DB' + CA' + OB' - 2DP» + 2CP^ + AB« 

= 4PL2+CD' + AB*. 

[Ex. 24, p. 147.] 
Adding the three similar equations, 

AB' + AC* + AD* + DB'* + BC« + CD' = 4PL' + 4QM' + 4RN«. 

21. Let the plane ACE, which bisects the l between the 
planes ACB, ACD cut BD in E. Draw DN perp. to plane ACE, 
and DP, DQ perp. respectively to AC, CE in that plane. Then 
NP and NQ are perp. respectively to AC and CE [Ex. 14, p. 418]. 
/. the z.* NPD, NQD are respectively the inclinations of the 
plane ACE to the planes ACD and BCD. If now Bn, Bp, Bq are 
drawn perp. respectively to the plane ACE and to the st. lines 
AC, CE, then the l ' npB, nqB are respectively the inclinations 
of the plane ACE to the planes ACB and BCD. .*. l npB = L NPD 
and LnqB= l NQD. .*. by similar A", 

BE : DE = B5': DQ=Bn : DN = Bjo : DP = AACB : A ACD. 

22. If OA, OB, OC are mutually at rt. z.*, and the A ABC 
is equilateral, it may be proved that 

OA=OB = OC. 

Take P any point within the A ABC; and draw PL, PM, PN 
perp. respectively to the planes OBC, OCA, OAB. 

Through P take a plane obc par*, to OBC, and therefore perp. 
to OA. Then PM and PN lie in the plane ohc. 

Now PL + PM + PN = PL + oN + N6 

= Oo + o6 
= Oo + oA = OA. 

23. Let ABCD... be the base, and ahcd.., the top of the 
prism. Let two par^ planes cut Aa, Bb,Cc, Dd..., in H, K, L, M... 
and hy k, /, m, . . . 

Then HK is par^ to hk [xi. 16], and Hh is par^ to Kk 

[xi., I>e/. 14.], 

.'. HK is par*, and equal to hk. 
H. K. E. 14 
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Similarly KL is par^. and equal to kl : and so on. 
.'. the £. HKL = the l hkl [xi. 10.] 

In this way it may be shewn that the two polygons have 
their sides and angles severally equal, .*. the polygons are equal 
in all respects. 

24. Draw AX perp. to BC, and join OX. 
Then OX is also perp. to BC. [Ex. 14, p. 418.] 

Now . AX^ . BC« = (AO* + OX^) BC=^ [l. 47.] 

= AO^ . BC^ + OX^ . BC^ 
= a^ {ly" + c2) + 6V [Ex. 2, p. 336.] 

= a«6« + 6 V + c V. 

/. A ABC = I AX . BC = ^Ja^b^ + b^€^ + c'a\ 

25. See the fig. on p. 426. 

Let P and Q be opp. vertices of the octahedron, and A, B, C, D 
the remaining vertices. 

Then it may be easily proved that the fig. ABC D is a square, 

.-. AC' = AD' + DC« = 2AD'. 

Hence AC = AD ^2. 

26. Let fl?A, fl?B, dC be three conterminous edges of the cube, 
and D, a, 6, c the vertices diametrically opposite to d, A, B, C 
respectively. Bisect a6, bc, Ca, aB, Be, cA in E, yj G, e, F, ^ 
respectively. Then the sides of the hexagon E/*GeF^ are clearly 
equal. And, if X be the middle pt. of cD, then EX, Xe are re- 
spectively par^ to and double of gc, cf ; .". Ee is par^. to and 
double of gf. Similarly Ee is par^. to and double of /G. Hence 
the pts. E, yj G, 6, F, g are co-planar, and the hexagon E/Gefg 
is regular. [See Book iv. Prop. 15.] 

[Four regular plane hexagons are obtained by bisecting all 
the edges, except those that meet (1) Aa, (2) b6, (3) Cc, (4) Dd] 
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27. Let O be the centre of the sphere. 

Draw OC perp. to the plane of section ; and take any point P 
on the line of section of the plane and sphere. 

Then CP« = OR* - OC* [i. 47]. 

And since OP and OC are constant, CP is constant. 

Hence all points on the line of section are equidistant from C. 
.". the section is a circle, of which C is the centre. 

28. See %. to p. 423. 

Since the tetrahedron is regular, the perp*. from the vertices 
meet the opp. faces at their centroids. [Ex. 11.] 

Hence the perpendiculars meet at a point G, [p. 423.] 
where G^j = jA^^. 

But 3A^,* = 2a^ (Ex. 13). .'. A^, = a ^^ , 



a /'2 a 



29. Let XY be the given plane, and AB the given st. line. 

On AB as diameter describe a sphere. Then it follows from 
IIL 31 that AB subtends a rt. angle at every point on the sphere. 

Hence the required locus consists of the points common to 
the sphere and the plane, and is therefore a circle. [Ex. 27.] 

30. Draw ON perp. to given plane, and in ON take A, so 
that rect. ON, OA = rect. OP, 0Q = given constant. .'. P, G, A, N 
are concyclic. And 2L PNA is a rt. z. . :, l AGO is a rt. z. . 
/. locus of G is a sphere described on OA as diameter. 
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GREEK AND LATIN CliASSICS. 

Elementary Classlos ; Classical Series ; Olassical Library, (1) Tezts^ (2) Tram- \ 
lations; Grammar, Gompositioii, and Philology; Antiqiiitiei, Andint 
History, and Philosophy. 

^ELEMENTARY CLASSICS. 

I 

ISino, Eighteenpence each. \ 

The following contain Introductions, Notes, and VocabnlarieB, and 
in some cases Exercises. 

AGCIDEKOE, LATIN, AND EXEROISES ARRANeED FOB BBODniSB8.~B7 

W. Welch, M.A., and C. G. Ddffield, M.A- 
AESCHYLUS.— FBOMETHEUS VINGTUS. By Bev. H. M. Stephsmbok, H.A. 
ARRIAN.— SELECTIONS. With Exercises. By Rev. John Bokd, M.A., and 

Rev. A. S. Walpole, M.A. 
AULUS GELLIUS, STORIES FROM.— Adapted for Beginners. With Ezeroiaes. 

By Rev. G. H. Nall, M.A., Assistant Master at Westminster. 
GiESAR.— THE HELVETIAN WAR. Selections from Book L, adapted for Be- 
ginners. With Exercises. By W. Welch, M.A-, and G. G. Duffisld, M.A 
THE INVASION OP BRITAIN. Selections from Books IV. and V., adapted for 

Beginners. With Exercises. By the same. 
SCENES FROM BOOKS V. and VI. By G. Golbeck, M.A. 
THE GALLIC WAR. BOOK I. By Rev. A- S. Walpole, M.A. 
BOOKS II. AND III. By the Rev. W. G. Rutherford, M.A, LL.D. 
BOOK IV. By Clement Bryans, M.A., Assistant Master at Dulwich Goll^ 
BOOK V. By C. Colbeok, M.A., Assistant Master at Harrow. 
BOOK VL By C. Colbeck, M.A. 

BOOK VIL By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 
THE CIVIL WAR. BOOK L By M. Montoomret, M.A- 
OICERO.— DE SENECTUTE. By E. S. Shuckburoh, M.A- 
DE AMICITIA. By the same. 

STORIES OF ROMAN HISTORY. Adapted for Beginners. With BxerdsM. 
By Rev. G. E. Jeans, M.A., and A. V. Jones, M.A. 

OUBTIUS (Quintus). — SELECTIONS. Adapted for Beginners. With Notes, 
Vocabulary, and Exercises. By F. Coverlet Smith. [7n preporatiott. 

EURIPIDES.— ALCESTIS. By Rev. M. A. Bayfield, M.A. 
MEDEA. By Rev. M. A- Bayfield, M.A. 

HECUBA. By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 
EUTROPIUS.— Adapted for Beginners. With Exercises. By W. Welch, MA, 
and C. G. Duffield, M.A. 
BOOKS I. and II. By the same. 
HERODOTUS, TALES FROM. Atticised. By G. S. Farnbll, M.A. 

HOMER.— ILIAD. BOOKL ByRev.J.BoNDtM.A., andRey.A.S.WALPOUB,M.A 
BOOK VI. By Walter Leaf, Litt.D., and Rev. M. A. Bayfield. 
BOOK XVni. By S. R. James, M.A., Assistant Master at Eton. 
ODYSSEY. BOOK I. By Rev. J. Bond, M.A-, and Rev. A. S. Walpole, M.A 

HORACE.— ODES. BOOKS L-IV. By T. E. Faoe, M.A., Assistant Master 
at the Charterhouse. Each Is. 6d. 

UVY.— BOOK I. By H. M. Stephenson, M.A. 
BOOK V. By M. Alford. 
BOOK XXI. Adapted from Mr. Gapes's Edition. By J. B. Melhttisb, M.A 
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BOOK XXIL By J. B. Mblhttish, M.A. 

SBLBCnONS PROM BOOKS V. and VI. By W. Ctcil LAMiira, M.A. 

THB HANNIBALIAN WAR. BOOKS XXI. and XXU. adapted by 0. 0. 

Kagauult, H.A. 
BOOKS XXIIL and XXIV. adapted by the same. [In mreparation. 

THB SIEGB OF SYRACUSE. Being part of the XXIV. and XXV. BOOKS OF 

LIVY, adapted for Beginners. With Exercises. By G. Richards, M4A., and 

Bey. A. S. walfole, M.A. 
LEGENDS OF ANCIENT ROME. Adapted for Beginners. With Exercisea 

By H. Wilkinson, M.A. 

LUOIAN.— EXTRACTS FROM LUGIAN. With Exercises. By Rev. J. Bond, M. A., 
and Rev. A. S. Walpols, M.A. 

NEP0S.~SBLEGTI0NS ILLUSTRATIVE OF GREEK AND ROMAN HISTORY. 
With Exercises. By G. a Fabnkll, M.A. 

OVID.— SELECTIONS. By B. &. Shuckbubqh, M.A. 
EASY SELECTIONS FROM OVID IN ELEGIAC VERSE. With Exercises. By 

H. Wilkinson, M.A. 
METAMORPHOSES.— BOOK I.— By Charles Simmons, M.A. [In preparaiicm. 
STOBIBS PROM THB METAMORPHOSES. With Exercises. By Rev. J. Bond, 

M.A., and Rev. A. S. Walpolk, M.A. 
TRISTIA.— BOOK L By E. S. Shuokburgh, M.A. [In prepa/ration, 

BOOKIII. By E. S: Shuokburgh, M.A. [In pr^pouiubion, 

PaSDBUS.— SELECT FABLEa Adapted for Beginners. With Exerciser 
By Rev. A. S. Walfolx, M.A. 

THUOYDIDES.— THE RISE OF THB ATHENIAN EMPIRE. BOOK L Caa. 
89-117 and 228-238. With Exercises. By P. H. Colson, M.A. 

VntGIL.— SELECTIONS. By E. S. Shuckburoh, M.A. 
BUCOLICS. By T. B. Page, M.A. 
GEORGICa BOOK L By T. B. Page, M.A. 
BOOK IL By Rev. J. H. Skrine, M.A. 
' JENBID. BOOK L By Rev. A. S. Walpole, M.A. 
BOOK I. By T. B. Page, M.A. 
BOOK IL By T. B. Page, M.A. 
BOOK IIL By T. B. Page, M.A. 
BOOK IV. By Rev. H. M. Stephenson, M.A. 
BOOK V. By Rev. A. Calvert, M.A. 
BOOK VL By T. B. Page, M.A. 
BOOK VII. By Rev. A. Calvert, M.A. 
BOOK VIIL By Rev. A. Calvert, M.A. 
BOOK IX. By Rev. H. M. Stephenson, M. A. 
BOOK X. By a G. Owen, M.A. 

ZENOPHON.— ANABASIS. Selections, adapted for Beginners. With Exercises. 

By W. Welch, M.A., and C. G. Duffield, M.A. 
BOOK L With Exercises. By B. A. Wells, M.A. 
BOOK L By Rev. A. S. Walpole, M.A. 
BOOK IL By Rev. A. S. Walpole, M.A. 
BOOK IIL By Rev. G. H. Nall, M.A. 
BOOK IV. ByRev. B. D. Stone, M.A. 
BOOK V. By Rev. G. H. Nall, M.A. 
BOOK VL By Rev. G. H. Nall» M.A. 

SELECTIONS PROM BOOK IV. With Exercises. By Rev. B. D. Stone, M.A. 
SELECTIONS FROM THE OYROPiBDIA. With Exercises. By A. H. 

GooKl, M.A. 

TALBS FROM THB OYROP JIDIA. With Exercises. By Charles H. Keenk. 

[In prepa/ration. 

The following contain Introductions and Notes, bat no Vocabulary: — 

OIOEBO.— SELECT LETTERS. By Rev. G. E. Jeans, M.A. 

HEBODOTUS.— SELECTIONS FROM BOOKS VIL and VIII. THE BXPEDI- 
TION OF XERXES. By A. H. Cooke, M.A 
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HOBAGB.-SELEOTIONS FROM THB SATIRES AND BPISTLES. By BoT. W. 

J. y. Bakjbb, m.a. 
SELECT BPODES AlH) ARS FOBTIGA. By H. A Bauiok, M.A. 
PLATO.— EUTHYPHRO AND MENEXENUS. By 0. E. Gravw, M.A. 
TEBENCB.— SCENES FROM THE ANDRIA. By F. W. Cobnibh, M.A., Anlitut 

Master at Eton. 
THE GREEK ELEGIAC POETS.— FROM CALLINUS TO OALLIMACHUa 

Selected by Rev. Herbkbt Ktnaston, D.D. 

THUCYDIDBS.— BOOK IV. Chb. 1-41. THE CAPTURE OP SPHAOTBRIA. Bj 
C. E. Gravis, M.A. 

OLASSIOAL SERIES 
FOB COLLEGES AND SOHOOLS. 

Fcap. 8vo. 

iESCHINES.— IN CTESIPHONTA. By Rey. T. GwATXur, M.A., and B. & 

Shuckbuboh, M.A. 5s. 
iBSOHTLUS.— PERS^ By A. O. P&iokabd, M.A., Fellow and Tator of New 

College, Oxford. With Map. 2a. 6d. 
SEVEN AGAINST THEBES. SCHOOL EDITION. By A. W. Vkrrall, littD., 

and M. A. Bayfield, M.A. 28. 6d. 

AMDOGIDES.— DE MTSTERIia By W. J. Hickib, M.A. 2s. ed. 

ATTIC ORATORS.— Selections from ANTEPHON, ANDOCIDBS, LTSIAS, ISO- 
CRATES, and ISAEUa By R. C. Jebb, LittD., Regius Professor of Gieek 
in the University of Cambridge. Ss. 

*02BSAR.— THE GALLIC WAR. By R«y. Johh Bond, M.A., and Rev. A S. 
Walpolb, M.A. With Maps. 4s. 6d. 

CATULLUS.— SELECT POEMS. By F. P. Simpson, B. A 88. 6d. The Text of this 
Edition is carefully expurgated for School use. 

•CICERO.— THE CATILINE ORATIONS. By A. S. Wilkins, LittD., Professorof 

Latin, Owens College, Manchester. 2s. 6d. 
PRO LEGE MANILIA. By Prof. A. S. Wilkins, LittD. 2s. 6d. 
THE SECOND PHILIPPIC ORATION. By John E. B. Mayor, M. A. , Professor 

of Latin in the University of Cambridge. Ss. 6d. 
PRO ROSCIO AMERINO. By E. H. Donkin, M.A. 2s. 6d. 
PRO P. SESTIO. By Rev. H. A, Holden, LittD. Ss. 6d. 
PRO MI LONE. By F. H. Colson, M.A. 
SEL ECT L ETTERS. By R. Y. Tyrrell, M.A- 48. 6d. 
DEMOSTHENES.— DE CORONA. By B. D&akx, M.A. 7th Edition, revised by 

E. S. Shuckbuboh, M.A. 8s. 6d. 

AD VERSUS LEPTINEM. By Rev. J. R. King, M. A., Fellow and Tutor of Oii«l 

College, Oxford. 2s. 6d. 
THB FIRST PHILIPPIC. By Rev. T. Qwatkin, M.A. 2s. 6d. 
IN MIDIAM. By Prof. A. S. Wilkins, LittD., and Hebman Haobb, Pfa.D., the 

Owens College, Victoria University, Mandiester. iln prtparaHon. 

EURIPIDES.— HIPPOLYTUS. By Rev. J. P. Mahatfy, D.D., Fellow of Trinity 

College, and Professor of Ancient History In the University of Dublin, and J. 

B. Bury, M.A-, Fellow of Trinity College, Dublin. 28. 6d. 
MEDEA. By A. W. Vebrall, LittD., Fellow of Trinity CoUege, Cambridge. 

IPHIGENIA IN TAURIS. By E. B. England, M.A. 8s. 

ION. By M. A. Bayfield, M. A., Headmaster of Christ Collie, Brecon. 2s. 6d. 

BACCHAE. By R. Y. Tyrrell, M.A., Regius Professor of Greek in the University 
of Dublin. 8s. 6d. 
HERODOTUS.- BOOK IIL By G. C. Maoaulay, M.A. 2s. 6d. 

BOOK V. By J. Strachan, M.A., Professor of Greek, Owens College, Man- 
chester. [In prepwraiUm, 

BOOK VI. By the same. 8s. 6d. 

BOOK VIL By Mrs. Montagu Butler. 8s. 6d. 
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HOMEB.— ILIAD. In 4 Tols. Edited by W. Lkaf, LittD., and Rev. M. A. 
Bathsld, M. a. [In prepcmUion. 

ILIAD. BOOKS L, rX., XL. XVL-XXIV. THE STORY OP AOHHiLBS. By 
the late J. H. Paatt, M.A., and Waltbb LsAr, Litt.D., Fellows of Trinity 
CoUef e, Cambridge. 53. 
ODYSSEY. BOOK IX. By Prof. John B. B. Mayor. 2s. 6d. 
ODYSSEY. BOOKS XXI.-XXIV. THE TRIUMPH OP ODYSSEUS. By S. 
G. Hamilton, M. A, Fellow of Hertford Oollege, Oxford. 2s. 6d. 
HOBAOE.— *THE ODES. By T. E. Page, M.A.. Assistant Master at the Oharter- 
house. Se. (BOOKS I. II. and IV. separately, 2s. each.) 
THE SATIRES. By Abthub Palmxr, M. A. , Professor of Latin in the University 

of Dnblin. £s. 
THE EPISTLES AND ARS POBTIOA By Prof. A. S. Wilkins, Litt.D. 6s. 
ISAEOS.— THE ORATIONS. By William Ridoewat, M.A., Professor of Greek, 
Qneen's Oollege, Cork. [In preparation. 

JUVENAL.— rmiRTEEN SATIRES. By E. G. Hardt, M.A. 6s. The Text is 
careftdly expurgated for School use. 
SELECT SATIRES. By Prof. John B. B. Mayor. XIL-XVI. 4s. M. 
UVT.— *BOOKS IL and IIL By Rev. H. M. Stephenson, M.A. 8s. 6d. 
♦BOOKS XXI. and XXIL By Rev. W. W. Capes, M.A- With Maps. 4s. 6d. 
•BOOKS XXIII. and XXIV. By G. C. Macaulay, M.A- With Maps. 8s. 6d. 
•THE LAST TWO KINGS OP MAOEDON. EXTRACTS FROM THE FOURTH 
AND FIFTH DECADES OF LIVY. By F. H. Rawlins, M.A., Assistant 
Master at Eton. With Maps. 2s. 6d. 
LUGRETIUS.— BOOKS L-III. By J. H. Warburton Lee, M.A., late Assistant 

Master at Rossall. 88. 6d. 
LYSIAS.— SELECT ORATIONS. By E. S. Shuckburgh, M.A. 6s. 
IIABTIAL.— SELECT EPIGRAMS. By Rev. H. M. Stephenson, M.A 68. 
♦OVED. — FASTI. B y G. H. Hallam. M.A, Assistant Master at Harrow. 8s. 6d. 
♦HEROIDUM BPISTULffi XIIL By E. S. Shuckburgh, M.A Ss. 6d. 
METAMORPHOSES. BOOKS I.-IIL By C. Simmons, M.A [In preparation, 
BOOKS XHL and XTV. By the same. 8s. 6d. 
PLATO.— LACHES. By M. T. Tatham, M.A 2s. 6d. 
THE REPUBLIC. BOOKS I.-V. By T. H. Warren, M.A, President of 
Magdalen College, Oxford. 6s. 
FLAUTUS.— MILES GLORIOSUS. By R. Y. Tyrrell, M.A, Regius Professor of 
Greek in the University of Dublin. 2nd Ed., revised. 8s. 6d. 
AMPHITRUO. By Prof. Arthur Palmer, M.A 8s. 6d. 
CAPTIVI. By a R. S. Hallidie, M.A 8s. 6d. 
PLINY.— LETTERS. BOOKS L and II. By J. Cowan, M.A, Assistant Master 
at the Manchester Grammar School. 8s. 
LETTERS. BOOK IH. By Prof. John B. B. Mayor. With Life of Pliny by 
G. H. Rendall, M.A 8s. 6d. 
PLUTAEOH.— LIFE OF THEMISTOKLES. By Rev. H. A Holden, Litt.D. 8s.6d. 
LIVES OF GALBA AND OTHO. By E. G. Hardy, M.A 6s. 
LIFE OF PERICLES. By Rev. H. A. Holden, Litt.D. [In preparation. 

POLYBIUS.— THE HISTORY OF THE ACH^AN LEAGUE AS CONTAINED IN 

THE REMAINS OF POLYBIUS. By Rev. W. W. Capes, M.A 5s. 
PBOPERTIUS.— SELECT POEMS. By Prot J. P. Postgate, LittD. 2nd Ed. 6s. 
SALLUST.— *CATILINA and JUGURTHA By C. Merivale, D.D., Dean of Ely. 

88. 6d. Or se^u«tely, 2s. each. 
*BELLUM CATULIN-fi. By A M. Cook, M.A 2s. 6d. 
J UGU RTHA By the same. [In preparation. 

TACITUS.— THE ANNALS. BOOKS I. and II. By J. S. Reid, Litt.D. [In prep. 
BOOK VL By A J. Church, M.A, and W. J. Brodribb, M.A 2s. 
THE HIITORIES. BOOKS I. and IL By A D. Godley, M.A. 8s. M. 
BOOKS in.-V. By the same. 88. 6d. 
AGRICOLA and GERMANIA By A. J. Church, M.A., and W. J. Brodribb, 

M.A 8s. 6d. Or separately, 2s. each. 
AGRICOLA AND GERMANIA (separately). By F. J. Haverfield, M.A, 
, Student of Christ Church, Oxford. [In preparation. 

TERENCE.- HAUTON TIMORUMENOS. By B. S. Shuckburgh, M.A. 28. 6d. 
With Translation. Ss. 6d. 
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FHORMIO. By Rev. John Bond, M. A., and Rev. A. S. Walpoub, M.A. Ss. Oi 

ADELPHI. By Prof. S. G. Ashmore. [In ihe Pnu. 

THnOTDn>BS.— BOOK I. By Olruent Bryanb, M.A. [Inpr^paration^ 

BOOK II. By B. 0. Marohant, M.A., Fellow of St Peter's GolL, Gaim. Ss. 6d. 

BOOK in. By B. d Marohant, M.A. {In preparaHon. 

BOOK lY. By C. B. Gratis, M.A., Classical Leetarer at St. John's College, 
Cambridge. 8s. 6d. 

BOOK v. By C. E. Graves, M.A, Ss. 6d. 

BOOKS VL AND Vn. By Bev. PsRcnrAL Frost, M.A. With Map. ' Ss. 6d. 

BOOK VI. By E. 0. Marciiant, M.A. [in pr^MratUm. 

BOOK VIL By B. C. Marchant, M.A. 8s. 6d. 

BOOK VIII. By Prof. T. G. Tucker, Litt.D. Ss. 6d. 
TIBULLUS.— SELECT POEMS. By Prof. J. P. Postoate, LittD. [InvreparaHon. 
VIRGIL.— ^NEID. BOOKS IL and III. THE NARRATIVE OP -fiNBAS. 

By E. W. Howson, M.A., Assistant Master at Harrow. 2s. 
XBNOPHON.— *THB ANABASIS. BOOKS I.-IV. By Profs. W. W. QooDwnr 
and J. W. White. Adapted to Goodwin's Greek Grammar. With Map. 88. 6d. 

BOOKS V.-VII. By Rev. G. H. Nall, M.A. ilnprepcmOhn. 

HELLENICA. BOOKS L and IL ByH. Hailstone, B.A. With Map. 2b. 6d. 

HELLBNICA. BOOK III.-VTI. 2 vols. By H. G. Daktks, M.A. 

iIII.-IV.in(hePn». 

OTROP^DIA. BOOKS VIL and VIIL By A. Goodwin, M.A. 2s. 6d. 

MEMORABILIA SOCRATIS. By A. R. Cluxr, B.A., Balliol CoUege, Oxford. 68. 

HIERO. By Rev. H. A. Holden, LittD. 2s. 6d. 

OECONOMICUS. By the same. With Lexicon. Ss. 

OT.ASSIOAIi LIBRAB7. 

Texts, Edited with Introdaotions and Notes, for the use of 
Advanced Students ; Commentaries and Translations. 

JBSOHYLUS.— THE SUPPLIOES. A Revised Text, with Translation. By T. 

G. Tucker, Litt.D., Professor of Classical Philology in the University of Mel- 
bourne. Svo. 10s. 6d. 
THE SEVEN AGAINST THEBES. With Translation. By A. W. Verrall, 

LittD., Fellow of Trinity College, Cambridge. Svo. Ts. 6d. 
AGAMEMNON. With Translation. By A. W. Verrall, Litt.D. Svo. 128. 
THE CHOEPHORL With Translation. By A. W. Verrall, LittD. Svo. 128. 
AGAMEMNON, CHOEPHORI, AND EUMBNIDBS. By A. O. Priokard, 

M.A., Fellow and Tutor of New College, Oxford. Svo. [In prepanUion. 

THE EUMBNIDES. With Verse Translation. By B. Drake, M.A. Svo. 5s. 
JESCHYLUS. Translated into English Prose by Prof. T. G. Tucker. Or. Sva 

[In prnmration. 
ANTONINUS, MARCUS AURELIUS.— BOOK IV. OF THE MEDITATIONS. 

With Translation. By Hastings Crossley, M.A. Svo. 6s. 
ARISTOPHANES.— THE BIRDS. Translated into English Verse. By B. H. 

Kennedy, D.D. Or. Svo. 6s. Help Notes to the Same, for the Use of 

Students. Is. 6d. 
SCHOLIA ARISTOPHANICA ; being such Comments adscript to the text of 

Aristophanes as are preserved in the Codex Ravennas, arranged, emended, and 

translated. By Rev. W. G. Rutherford, M.A., LL.D. Svo. iln ike Pru$. 
ARISTOTLE.— THE METAPHYSICS. BOOK L Translated by a Cambridge 

Graduate. Svo. 6s. 
THE POLITICS. By R. D. Hioks, M.A., Fellow of Trinity College, Cambridge. 

Svo. [In the Press, 

THE POLITICS. Translated by Rev. J. E. C. Wblldon, M.A., Headmaster of 

Harrow. Cr. Svo. 10s. Cd. 
THE RHETORIC. Translated by the same. Cr. Svo. 7s. 6d. 
AN INTRODUCTION TO ARISTOTLE'S RHETORIC. With Analysis, Notes, 

and Ai)pendices. By E. M. Cope, Fellow and late Tutor of Trinity OolI^;e, 

Cambridge. Svo. 14s. 
THE NICOMACHBAN ETHICS. Translated by Rev. J. B. C. Wklldok, M.A 

Cr.Svo. 7s. 6d. 
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THB BOFHISTIOI BLBNOHL With Translation. By E. Posts, M.A., FeUow 

of Oriel Oollege, Oxford. 8vo. 8s. 6d. 
ON THE CONSTITUTION OP ATHENS. By J. E. Sandys, Lttt.D. 8vo. ISs. 
ON THE CONSTITUTION OF ATHENS. Translated by E. Fostb, M.A. 2nd 

Ed. Or. 8vo. 8s. 6d. 
ON THE ART OF POETRY. A Lecture. By A. 0. Friokard, M.A., 
Fellow and Tutor of New College, Oxford. Cr. Svo. 8s. 6d. 
ATTIO OKATOBS.— FROM ANTIPHON TO ISAEOS. By R. 0. Jbbb, LlttD., 
R^ns Professor of Oreek in the University of Cambridge. . 8 vols. 8vo. 25s. 
BABBIUS.— With Lexicon. By Rev. W. O. Ruthsbfosd, M.A., LL.D., Head- 
muter of Westminster. Svo. 12s. (kL 
O ATUL LUS. By Prof. Abthxtb Palmer. [In preparaH<m, 

CnOBBO.— THE ACADEMICA By J. B, Rsid, LittD., Fellow of Cains College, 
Cam bridge. 8to. 15s. 
THE ACA I)EMIC S. Translated by the same. Svo. 5s. 6d. 
SELECT LETTERS. After the Edition of Albert Watson, M.A. Translated 
by G. E. Jeans, M.A., Fellow of Hertford College, Oxford. Cr. Svo. 10s. 6d. 
EURIPIDBS.— MEDEA. By A. W. Vcrrall, Litt.D. Svo. 7s. 6d. 
IPHIOENEIA AT AULIS. By E. B. England, Litt.D. Svo. 7s. 6d. 
•INTRODUCTION TO THE STUDY OF EURIPIDES. By Professor J. P. 

Mahavit. Fcap. 8vo. Is. 6d. (Clastioal Writers.) 
HBBODOTUS.— BOOKS L-IIL THE ANCIENT EMPIRES OF THE EAST. 
By A. H. Satox, Depnty-Professor of Comparative Philology in the University 
of Oxford. Svo. 100. 
BOOKS lY.-IX. By R. W. Macan, M^A., Reader in Ancient History in the 
Universitqr of Oxford. Svo. [In preparation, 

THE HISTORY. Translated by O. 0. Macaxtlat, M. A. 8 vols. Cr. Svo. ISs. 
HOMER.— THE ILIAD. By Walter Leaj*, LittD. Svo. Books I.-XII. 14s. 
Books XIIL-XXIV. 14s. 
COMPANION TO THE ILIAD FOR ENGLISH READERS. By the same. 

Cr. Svo. 7s. 6d. 
THE ILIAD. Translated into English Prose by Andrew Lanq, M.A., Walter 

LsAV, LittD., and Ernest Mters, M.A. Cr. Svo. 12s. 6d. 
THE ODYSSEY. Done into English by S. H. Butcher, M.A, Professor of 
Greek in the University of Edinburgh, and Andrew Lano, M.A. Cr. Svo. 6s. 
♦INTRODUCTION TO THE STUDY OF HOMER. By the Right Hon. W. B. 

Gladstone. ISmo. Is. (^Literature Primers.) 
HOMERIC DICTIONARY. Translated from the German of Dr. G. Autenrieth 
bv R. P. Keep, Ph.D. Illostrated. Cr. Svo. 6s. 
HORACE.— Translated by J. Lonsdale. M.A., and S. Lee, M.A. Gl. Svo. 8s. 6d. 
JUVENAL.— THIRTEEN SATIRES OF JUVENAL. By John E. B. Mayor, 
M.A., Professor of Latin in the University of Cambridge. Cr. Svo. 2 vols. 
10s. 6d. each. 
THIRTEEN SATIRES. Translated by Alex. Leeper, M.A., LL.D., Warden of 
Trinity College, Melbourne. Revisea Ed. Cr. Svo. 3s. 6d. 
KTBSIAS.— THE FRAGMENTS OP THE PBRSIKA OF KTESIAS. By John 

GiLMORE, M.A. Svo. Ss. 6d. 
LIVT.— BOOKS L-rV. Translated by Rev. H. M. Stephenson, M.A. [In prep. 
BOOKS XXI.-XXV. Translated by A. J. Church, M.A., and W. J. Brodribb, 

M.A. Cr. Svo. 7s. 6d. 
•INTRODUCTION TO THE STUDY OP LIVY. By Rev. W. W. Capes, M.A, 

Fcap. Svo. Is. 6d. (Classical Writers.) 
LONOmUS.— ON THE SUBLIME. Translated by H. L. Havbll, B.A, With 

Introduction by Andrew LANa Cr. Svo. 4s. 6d. 
MARTIAL.— BOOKS I. and IL OF THE EPIGRAMS. By Prof. John E. B. 
Mayor, M. A. Svo. [In the Press. 

MELEAGER.— FIFTY POEMS OF MELEAGER. Translated by Walter Head- 

LAM. Fcap. 4to. 7s. 6d. 
PAUSANIAS.— DESCRIPTION OF GREECE. Translated with Commentary 
by J. G. F razer, M.A., Fellow of Trinity College, Cambridge. [In prep. 

PHRYNIOHUS.— THE NEW PHRYNICHUS ; being a Revised Text of the Edoga 
of the Grammarian Phrynichus. With Introduction and Commentary by Rev. 
W. G. Rutherford, M.A., LL.D., Headmaster of Westminster. Svo. ISs. 
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PINDAR.— THE EXTANT ODES OF PINDAR. TmnsUted by Bbitsbt Mtbm, 

M.A. Cr. 8vo. 68. 
THE OLYMPIAN AND PTTHIAN ODEa Edited, with an Introductory 

Essay, by Basil Gilderslskvx, Professor of Greek in the Johns Hopkini 

University, U.S.A. Cr. 8vo. 7s. 6d. • 
THE NEMBAN ODES. By J. B. BimY, M.A., Fellow of Trinity College, 

Dublin. 8yo. 12s. 
THE ISTHMIAN ODES. By the same Editor. Svo. 128. 6d. 
PLATO.— PHjEDO. By R. D. Abohsb-Hind, M.A., Fellow of Trinity College, 

Cambridge. Sva 8s. 6d. 
PHiEDO. By Sir W. D. Okddes, LL.D., Principal of the Unirenity of Aberdeen. 

8vo. 8s. 6d. 
TIMAEUS. With Translation. By R. D. Abcheb-Hind, M.A. Svo. 16a. 
THE REPUBLIC OP PLATO. Translated by J. Ll. Davibs, M.A., and D. J. 

YAunHAiT, M.A. 18mo. 28. 6d. net. 
BUTHYPHRO, apology, CRITO, and PHJaX). Translated by P. J. 

CnuROH. 18mo. 2s. 6d. net. 
PHJiJ^RUS, LYSIS, AND PROTAGORAS. Translated by J. Wbioht, M.A. 

ISmo. 28. 6d. net. 

PLAUTUS.— THE MOSTELLARIA. By William Ramsat, M.A. Bd. by G. G. 

Ramsay, M.A., Professor of Humanity, Universily of Glasgow. Svo. 14s. 
PUNY.— CORRESPONDENCE WITH TRAJAN. C. Plinii Gaecilii Secondl 

BpistulsB ad Traiannm Imperatorem cnm Binsdem Responsis. By B. G. 

Habdy, M.A. 8yo. 10s. 6d. 
POLYBIUS.— THE HISTORIES OP POLYBIUa Translated by B. S. Shwjk. 

BUBOH, M.A. 2 vols. Cr. 8vo. 24s. 
SALLUST.— CATILINE AND JUGURTHA. Translated by A. W. Pollabd. B.A. 

Cr. 8vo. 6s. THE CATILINE (separately). 8s. 
SOPHOCLES.— GBDIPUS THE KING. Translated into English Verse by E. D. A 

MoRSHBAD, M.A., Assistant Master at Winchester. Fcap. Svo. Ss. 6d. 
TACITUS.— THE ANNALS. By G. O. Holbbooke, M.A., Professor of Latin io 

Trinity College, Hartford, U.S.A. With Maps. 8vo. 16s. 
THE ANNALS. Translated by A. J. Chubch, M.A., and W. J. Bbodbibb, M.A 

With Maps. . Cr. 8vo. 7s. 6a. 
THE HISTORIES. By Rev. W. A. Spoonbb, M.A., Fellow and Tntor of New 

College, Oxford. 8vo. 16s. 
THE HISTORY. Translated by A J. Chubch, M.A., and W. J. Bbodbibb, 

M.A. With Map. Cr. 8vo. 6s. 
THE AGRICOLA AND GERMANY, WITH THE DIALOGUE ON ORATORY. 

Translated by the same. With Maps. Cr. 8vo. 4s. 6d. 
♦INTRODUCTION TO THE STUDY OP TACITUS. By A J. Chubch, M.A, 

and W. J . Brodbtbb, M.A. Fcap. Svo. Is. 6d. (CUuuicdl Writers,) 

THEOCRITUS, BION, AND MOSCHUS. Translated by A. Lanq, M.A. 18ma 

2 8. 6d . net. Also an Edition on Large Paper. Cr. Svo. 9s. 
THUCYDIDBS.— BOOK IV. A Revision of the Text, Dlustrating the Principal 

Causes of Corruption in the Manuscripts of this Author. By Rey. W. G. 

RuTHKBFOBD, M.A., LL.D., Headmaster of Westminster. Svo. 78. 6d. 
BOOK VIII. By H. C. Goodhabt, M.A., Professor of Latin in the University 

of Edinburgh. [In the Pre$$. 

VIRGIL.— Translated by J. Lonsdalb, M.A., and S. Lbb, M.A. GL Svo. Ss. 6d. 
THE iENBID. Translated by J. W. Mackail, M.A., Fellow of Balliol College, 

Oxford. Cr. Svo. 7s. 6d. 
XENOPHON.— Translated by H. G. Dakyns, M.A. In four vols. Cr. Svo. VoL I. 

'• The Anabasis " and "The HeUenica L and II." 10s. 6d. VoL IL " Hellenica" 

IIL-VIL " Agesilaus," the " Polities," and " Revenues." lOs. 6d. 

G-RAMMAR, COMPOSITION, & PHIIiOIiOO-Y. 

Latin. 

•BELCHER.— SHORT EXERCISES IN LATIN PROSE COMPOSITION AND 
EXAMINATION PAPERS IN LATIN GRAMMAR. Part I. By Rev. H. 
Bklghkb, LL.D., Rector of the High School, Dunedin, N.Z. ISmo. Is. 6d. 
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EST, for Teftehers only. 18mo. So. 0d. 

*FUrt IL. On the Syntax of Sentences, with an Appendix, inclnding BXBROISBS 
IN LATIN IDIOMS, etc. 18mo. 28. KBT, for Teachers only. 18mo. 88. 
«BBYANS.— LATIN FROSB BXBRGISBS BASBD UPON GJISAR'S OALLIO 
WAR. With a dassiflcation of Cesar's Chief Phrases and Grammatical Notes 
on Ceesar's Usages. By Clemxnt Bryans, M.A., Assistant Master at Dnlwich 
College. Bx. fcap. 8vo. 2s. 6d. EBY, for Teachers only. 4s. 6d. 

OORMELL UNIVERSITT STUDIES IN CLASSICAL PHILOLOOY. Bdited by 
L Fuloo, W. O. Halb, and B. I. Whxsler. I. The CUAT-Constractions : their 
History and Functions. By W. G. Halb. Part 1. Critical. Is. 8d. net Part 
S. Oonstmctiye. 8s. 4d. net. II. Analogy and the Scope of its Application 
in Language. By B. I. Whkxlxb. Is. 8a. net 

•BIOKE.— FIRST LBSSONS IN LATIN. By E. M. Bickb, B.A., Assistant Master 
at Onndle School. GL 8yo. 2s. 6d. 

•ENGLAND.— BXBRCISBS ON LATIN SYNTAX AND IDIOM. ARRANGBD 
WITH RBFBRBNCB TO ROBTS SCHOOL LATIN GRAMMAR. By B. 
B. Enoland, Assistant Lecturer at the Owens College, Manchester. Or. 8vo. 
28. 6d. KEY, for Teachers only. 2s. 6d. 

GILES.— A SHORT MANUAL OP PHILOLOGY FOR CLASSICAL STUDBNTa 
By P. GiLBB, M. A., Reader in Comparative Philology in the University of Cam- 
bridge. Cr. 8vo. [In the Press. 

HADLET.— ESSAYS, PHILOLOGICAL AND CRITICAL. By jAinn Hablby, 

late Professor in Yale College. 8vo. 10s. 
HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. Fkbles for render- 

ing into Latin Verse. By F. Hodgson, B.D., late Provost of Eton. New Bd., 

revised by F. C. Hodosok, M.A. 18mo. Ss. 

JANNARIS.— HISTORICAL GRAMMAR OF THE GREBE LANGUAGE. By 
Prof. A. N. Jaknabis. 8vo. [In preparation. 

LXJPTON.— *AN INTRODUCTION TO LATIN ELEGIAC VERSE COMPOSI- 
TION. By J. H. LuPTON, Bur-Master of St Paul's School. Gl. 8vo. 2s. 6d. 
KEY TO PART II. (XXV.-C.), for Teachers only. Gl. 8vo. 8s. 6d. 
♦AN INTRODUCTION TO LATIN LYRIC VERSE COMPOSITION. By the 

same. GL 8vo. 8s. KEY, for Teachers only. Gl. 8vo. 48. 6d. 
•MAGBOLLAN.-^FIRST LATIN GRAMMAR. By M. a Macmillan, M.A. 

Fcap. 8vo. Is. 6d. 
BCAOMILLAN*S LATIN COURSE. 
*FIRST PART. By A. M. Cook, M.A., Assistant Master at St Paul's SchooL 

GL 8vo. 8s. 6d. 
♦SECOND PART. By A. M. Cook, M. A., and W. E. P. Pantin, M.A. New and 
Enlarged Edition. Gl. 8vo. 4s. 6d. 

♦MAOMn.LAN'S SHORTER LATIN COURSE.— By A. M. Cook, M. A. Abridgment 
of " Macmillan's Latin Course," First Part GL 8vo. Is. 6d. [2nd Part in prep. 
KEY, for Teachers only. 4s. 6d. 

•MAOMILLAN*S LATIN READER.— A LATIN READER FOR THE LOWER 
FORMS IN SCHOOLS. By H. J. Hardy, M.A., Assistant Master at Win- 
chester. Gl. 8vo. 2s. 6d. 

NIZON.— PARALLEL EXTRACTS, Arranged for Translation into English and 
Latin, with Notes on Idioms. By J. B. Nixon, M.A., Fellow and Classical 
Lecturer, Eins's College, Cambridge. Part I.— Historical and Epistolary. 
Cr. 8vo. 8s. 6a. 
PROSE EXTRACTS, Arranged for Translation into English and Latin, with 
General and Special Prefoces on Style and Idiom. By the same. I. OratoricaL 
II. HistoricaL III. Philosophical. IV. Anecdotes and Letters. 2nd Ed., 
enlarged to 280 pp. Cr.8vo. 4s. 6d. SELECTIONS FROM THE SAME. 2s. 6d. 
Translations of about 70 Extracts can be supplied to Schoolmasters (2s. 6d.), 
on application to the Author : and about 40 similarly of *' Parallel Extracts. ** 
Is. 6d. iMMBt tree, 

•PANTIN.— A FIRST LATIN VERSE BOOE. By W. B. P. Pantin, M.A 
Assistant Master at St Paul's School. GL 8vo. Is. 6d. 
EBY, for Teachers only. 4s. net 
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*PEILB.— A PRIMER OF PHILOLOGT. By J. Peilb, LittD., ICastor of CbMli 

Oollege, Oambridge. 18mo. Is. 
*P0STOATE.— SERMO LATINUS. A short Gnide to Latin Prose OmpositioD. 

By Prot J. P. PosTOATB. LittD., Fellow of Trinity Oollege, Ounbricbm. CH. 

8vo. 2b. 6d. KEY to " Selected Passages." OL Svo. Ss. 6d. 
POTTS.— •HINTS TOWARDS LATIN PROSE COMPOSITION. By A. W. Pom, 

M.A., LL.D., late Fellow of St. John's Oollege, Oambridge. Bz. fcap. 8to. Ss. 
•PASSAGES FOR TRANSLATION INTO LATm PROSE. Bditod with Notesaad 

References to the above. Bz.fcap. 8to. 2b. 0d. KEY, for Teachers only. SB.8d. 
•PRESTON.— EXERCISES IN LATIN TERSE OF VARIOUS KINDS. By Rer. 

Q. PnasTOH. OL 8to. 2s. gd. KEY, for Teachers only. GL Sro. ta. 
REID.— A GRAMMAR OF TAOITU& By J. & Rmn>, LitkD., FeXlow of GUm 

College, Cambridge. [In prepcmxHon, 

A GRAMMAR OF VIRGIL. By the same. [InpnpanMon. 

BOBT.— Works by H. J. Rosy, M.A., late Fellow of St John's Oolleipe, Oambridga 

A GRAMMAR OF THE LATIN LANGUAGE, from Plantos to Snetonins. Part 

I. Sounds, InflexioDs, Word-formation, Appendices. Or. 8to. 0b. Part IL 

Syntax, Prepositions, etc 10s. 6d. 
•SCHOOL LATIN GRAMMAR. Or. 8yo. 5s. 
BOBY— WILKINS. AN ELEMENTARY LATIN GRA MM AR. By H. J. Robt, 

M.A., and Prof. A. S. Wilkins, LittD. Gl. 8vo. 2s. Od. 

•BUSH.— SYNTHETIC LATIN DELECTU& With Notes and Vocabnlaiy. QyB. 

Rush, B.A. Ex. fcap. 8vo. 2s. 6d. 
•RUST.— FIRST STEPS TO LATIN PROSE COMPOSITION. By Rer. G. Bxm, 

M.A. 18mo. Is. 6d. ElEY, for Teachers only. By W. M. Yatxs. 18ma 8s. 6d. 
SHUCKBURGH.— PASSAGES FROM LATIN AUTHORS FOR TRANSLATION 

INTO ENGLISH. Selected with a view to the needs of Candidates for tin 

Cambridge Local, and Public Schools' Examinations. By B. S. BHVOKBunaB, 

M.A. Or. 8yo. 2s. 
•SIMPSON. —LATIN PROSE AFTER THE BEST AUTHORS : Caesarian PraM> 

By F. P. SiMPsoK, B.A. Ex. fcap. 8vo. 2s. 6d. KEY, for Teaehfirs only. fia. 

STRACHAN— WILKINS. — AN ALBCTA. Selected PassaoBB for Translation. 
By J. S. Stbaohan, M.A., Professor of Greek, and A. S. Wiuuxs, LittD., 
Professor of Latin, Owens College, Manchester. Or. Sro. In two parts, 2s. fid. 
each. Indexes to Greek and Latin passages, 6d. each. 

THRING.— A LATIN GRADUAL. By the Bey. E. Thbino, M.A., late Headmaster 
of Uppingham. A First Latin Construing Book. Fcap. Sro. Ss. 6d. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. Is. 6d. 
•WELCH— DUFFIELD.— LATIN ACCIDENCE AND EXERCISES ARRANGED 

FOR BEGINNERS. By W. Welch and C. G. Duftisld. ISmo. Is. 6d. 
WRIGHT.— Works by J. Wbioht, M. A., late Headmaster of Sutton Coldfield School. 

A HELP TO LATIN GRAMMAR ; or, the Form and Use of Words in Latin, 
with Progressive Exercises. Cr. 8vo. 4s. 6d. * 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged from «he Pint 
Book of Livy by the omission of Difficult Passages ; being a First Latin Read- 
ing Book, with Grammatical Notes and Vocabulary. Fcap. 8vo. 8s. 6d. 

FIRST LATIN STEPS; or, AN INTRODUCTION BY A SERIES OF 
EXAMPLES TO THE STUDY OF THE LATIN LANGUAGE. Cr. 8to. 8s. 

A COMPLETE LATIN COURSE, comprising Rules with Bxamples, Bxercises, 
both Latin and English, on each Rule, and Vocabularies. Or. fvo. 8s. 6d. 

Greek. 

BLAOKIE.— GREEK AND ENGLISH DIALOGUES FOR X7SE IN SCHOOLS 
AND COLLEGES. By John Stuart Blackib, Emeritus Professor of Gnek 
in the University of Edinburgh. New Edition. Fcap. 8vo. 2s. 6d. 
A GREEK PRIMER, COLLOQUIAL AND CONSTRUCTIVE. Or. 8va 2s. fid. 

BRYANS.— GREEK PROSE EXERCISES based upon Thucydides. By a 
Bbtaks, M.A. lln pngparutieiii. 

GILES.— See under Latin. 
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300DWIN.— Works by W. W. Goodwin, LL.D., D.O.L., Professor of Oreek in 

Hamid University. 
SYNTAX OF THB MOODS AND TBNSES OF THE GREEK VERB. New 

Bd., rerlsed and enlarged. 8vo. 14s. 
•A GREEK GRAIOCAR. Gr. 8vo. 6b. 
*A GREEK GRAMMAR FOR SCHOOLS. Or. 8vo. Jb. 6d. 
ffADLET.— See under Latin. "^ 

lADLET— ALLEN.— A GREEK GRAMMAR FOR SCHOOLS AND COLLEGER 

By Jamsb Hadlkt, late Professor in Yale College. Revised by F. dk F. Allen, 

Professor in Harvard College. Cr. 8vo. Os. 
»JAOK80H.— FIRST STEPS TO GREEK PROSE COMPOSITION. By Blomvikld 

JaoksoKi M.A. 18mo. Is. 6d. KEY, for Teachers only. 18mo. 8s. 6d. 
«8EC0ND STEPS TO GREEK PROSE COMPOSITION, with Examination 

Papers. By the same. 18mo. 2s. 6d. KEY, for Teachers only. 18mo. 8s. 0d. 
CYNASTON.— EXERCISES IN THB COMPOSITION OF GREEK IAMBIC 

YERSE. By Rev. H. Kynaston, D.D., Professor of Classics in the University 

of Dnrham. With Vocabulary. Ex. fcap. 8vo. 6s. KEY, for Teachers only. 

Ex. fcap. 8vo. 4s. 6d. 
lEAOKIB.— PARALLEL PASSAGES FOR TRANSLATION INTO GREEK 

AND ENGLISH. With Indexes. By Rev. E. C. Maokis, M.A., Classical 

Master at Heversham Grammar School. Gl. 8vo. 4s. 6d. 
HAOMILLAN'S GREEK COURSE.— Edited by Rev. W. G. RuTHsnTORD, M.A., 

LIj.D., Headmaster of Westminster. GL 8vo. 
•FIRST GREEK GRAMMAR— ACCIDENCE. By the Editor. 28. 
•FIRST GREEK GRAMMAR— SYNTAX. By the same. 2s. 
ACCIDENCE AND SYNTAX. In one volume. 8s. 6d. 
•EASY EXERCISES IN GREEK ACCIDENCE. By H. G. Underbill, M.A., 

Assistant Master at St. Paul's Preparatory SchooL 2s. 
•A SECOND GREEK EXERCISE BOOK. By Rev. W. A. Heard, M.A., 

Headmaster of Fettes College, Edinbui^h. 28. 6d. 
•EASY EXERCISES IN GREEK SYNTAX. By Rev. G. H. Nall, M.A., 

AMdstant Master at Westminster School. 28. 6d. 

MANUAL OF GREEK ACCIDENCE. By the Editor. [In preparation. 

MANUAL OF GREEK SYNTAX. By the Editor. [In preparation, 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 

•liAGMILLAN'S GREEK READER.— STORIES AND LEGENDS. A First Greek 

Reader, with Notes, Vocabulary, and Exercises. By F. H. Colson, M.A., 

Headmaster of Plymouth College. Gl. 8vo. 8s. 
"ICABSHALL.— A TABLE OriRRBGULAR GREEK VERBS, classified according 

to the arrangement of Curtius's Greek Grammar. By J. M. Marshall, M. A., 

Headmaster of the Grammar School, Durham. 8vo. Is. 
lEAYOR.— FIRST GREEK READER. By Prof. John E. B. Mayor, M. A., Fellow 

of St. John's College, Cambridge. Fcap. 8vo. 4s. 6d. 
HAYOR.— GREEK FOR BEGINNBRS. By Rev. J. B. Mayor. M.A., late 

Professor of Classical Literature in King's College, London. Part I., with 

Vocabulary, Is. 6d. Parts II. and III., with Vocabulary and Index. Fcap. 

Svo. 8s. 6d. Complete in one VoL 4s. 6d. 
NALL.— A SHORT LATIN-ENGLISH DICTIONARY. By Rev. G. H. Nall. 

[In preparation. 
A SHORT GREEK-ENGLISH DICTIONARY. By the same. [In preparation. 
PEILE.— See under Latin. 
RUTHERFORD.— THB NEW PHRYNICHUS; being a Revised Text of the Ecloga 

of the Grammarian Phrynichus. With Introduction and Commentary. By the 

Rev. W. G. RuTHERTORD, M.A., LL.D., Headmaster of Westminster. 8vo. 18s. 

8TRAGHAN— WUiKINS.— See under Latin. 

WHITE.— FIRST LESSONS IN GREEK. Adapted to Goodwin's Greek Gram- 
mar, and designed as an introducldon to the Anabasis of Xenophon. By 
John Willlams White, Assistant Professor of Greek in Harvard University, 
U.S. A. Cr. 8vo. 8s. 6d. 

WRIGHT —ATTIC PRIMBR. Arranged for the Use of Beginners. By J. Wright, 
M.A. Ex. fcap. 8vo. 2s. 6d. 
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ANTIQUITIBS, ANCIENT HISTORY, AND 

PHILOSOPHY. 

ARNOLD.— A HISTORY OF THE EARLY ROMAN EMPmB. By W. T. Aehoid, 

M.A. Gr. 8yo. [In prqpttratin. 

ARNOLD.— THE SECONb PUNIO WAR. Being Ohspters finm THE HISTORT 

OF ROME by the late Thomas Arnold, D.D., Headmaster of Rugby. 

Edited, with Motes, by W. T. Abnold, M.A. With 8 Maps. Or. Syo. 5b. 
«BEESLY.— STORIES FROM THE HISTORY OF ROME. By Mrs. BrasLT. 

Fcap. 8yo. 2s. 6d. 
BLAOSLIE.— HORfi HELLENIOiB. By John Stuabt Bulckix, Bmeritns Pro- 
fessor of Greek in the University of Bdinbui^h. 8vo. 12s. 
BURN.— ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rct. 

Robert Burn, M.A., late Fellow of Trinity College, Cambridge. Hlastrsted. 

Ex. cr. 8yo. 14s. 
BURY.— A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCADIUS 

TO IRENE, A.D. 896-800. By J. B. Bury, M.A., Fellow of Trinity College, 

Dnblin. 2 vols. 8vo. 82s. 
A SCHOOL HISTORY OF GREECE. By the same. Cr. 8yo. [In preparatim. 
BUTCHER.— SOME ASPECTS OF THE GREEK GENIUS. By S. H. Botchkb, 

M.A., Professor of Greek, Edinburgh. Cr. 8yo. 7s. 6d. net. 

•CLASSICAL WRITERS.— Edited by John Richard Green, M.A., LL.D. Fcap. 
8yo. Is. 6d. each. 

SOPHOCLES. By Prof. L. Campbell, M.A. 

EURIPIDES. By Prof. Mahatft, D.D. 

DEMOSTHENES. By Prof. S. H. Butcher, M.A. 

VIRGIL. By Prof. Nbttlbship, M.A. 

LrVY. By Rey. W. W. Capes, M.A. 

TACITUS. By A. J. Church, M.A., and W. J. Brodribb, M.A. 

MILTON. By Rev. Stoppord A. Brooke, M.A. 
DYER.— STUDIES OF THE GODS IN GREECE AT CERTAIN SANCTUARIES 
RECENTLY EXCAVATED. By Louis Dyer, B. A Ex. Cr. 8vo. 8s. 6d. net 

POWLER.— THE CITY^TATB OP THE GREEKS AND ROMANa By W. 

Warde Fowler, M.A. Cr. 8vo. 58. 
FREEMAN.— HISTORICAL ESSAYS. By the late Edward A. Freeman, D.O.L, 

LL.D. Second Series. [Greek and Roman History.] 8yo. lOs. 0d. 
GARDNER.— SAMOS AND SAMIAN COINS. An Essay. By Percy Gardnib, 

Litt.D., Professor of Archseology in the University of Oxford. 8vo. 7s. 6d. 
OEDDES. — THE PROBLEM OP THE HOMERIC POEMS. By Sir W. D. 

Oeddes, Principal of the University of Aberdeen. Svo. 14s. 
GLADSTONE.- Works by the Rt. Hon. W. E. Gladsttone, M.P. 
THE TIME AND PLACE OF HOMER. Cr. 8vo. to. 6d. 
LANDMARKS OF HOMERIC STUDY. Cr. 8vo. 2s. 6d. 
*A PRIMER OP HOMER. 18mo. Is. 
QOW.— A COMPANION TO SCHOOL CLASSICS. By Jamss Gow, LittD., 

Head Master of the High School, Nottingham. Illnstrated. Cr. 8to. 6s. 
HARRISON— VERRALL.— MYTHOLOGY AND MONUMENTS OF ANCIENT 
ATHENS. Translation of a portion of the "Attica" of Faosanias. By 
Margaret de G. Verrall. With Introductory Essay and Archseologic&l 
Commentary by Jane B. Harrison. With Illustrations and Plsju. Cr. 
8yo. 16s. 
HOLM,— HISTORY OF GREECE. By Professor A. Holm. Translated. 4 vols. 

[In preparcUion. 
JBBB.— Works by R. C. Jebb, Litt.D., Professor of Greek in the University of 
Cambridge. 
THE ATTIC ORATORS FROM ANTIPHON TO ISAEOS. 2 vols. Svo. 2«8. 
*A PRIMER OF GREEK LITERATURE. 18mo. Is. 

LECTURES ON GREEK POETRY. Cr. Svo. [In tU Prest 

KIBPBRT. — MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kiepebt 
Cr. 8vo. 5s. 



ANCIENT HISTORY AND PHILOSOPHY 18 

LANOIAML— ANOIBNT ROME IN THB LIGHT OF BEGBNT DISGOA'ERIEa 
By BODOLVO Lanciaki, Professor of Archaeology in the University of Borne. 
lunslxatecL 4to. 24s. 
PAGAN AND CHRISTIAN BOME. By the same. Illostrated. 4to. 2is. 
LEAF.— GOMFANION TO THB ILIAD FOB ENGLISH BEADEBS. By 

V alteb Lsat, Litt.D. Or. 8vo. 7s. 6d. 
ICAHAFFT.— Works by J. P. Mauaitt, D.D., Fellow of Trinity College, Dublin, 
and Professor of Ancient History in the University of DnbliL 
SOCIAL LIFB IN GBEECE ; from Homer to Menander. Or. 8vo. 9s. 
GBBBE LIFB AND THOUGHT ; from the Age of Alexander to the Boman 

Conquest. Cr. 8vo. 12s. 6d. 
THB GBEBK WOBLD UNDBB BOMAN SWAT. From Plutarch to PolyUns. 

Cr. 8yo. 10s. 6d. 
PBOBLEMS IN GBEBK HISTOBY. Cr. Svo. Ts. 6d. 

RAMBLES AND STUDIES IN GREECE. 4th Ed. Illust. Cr. Svo. lOs. 0d. 

A HISTOBY OF CLASSICAL GBEEK LITEBATURE. Cr. Svo. Vol. L 

The Poets. Part I. Epic and Lyric. Part IL Dramatic. VoL II. Prose Writers. 

Part I. Herodotus to Plato. Part II. Isocrates to Aristotle. 4s. 6d. each Part. 

•A PBIMEB OF GBEBK ANTIQUITIES. With Illustrations. ISmo. Is. 

MAYOR.— BIBLIOGBAPHICAL CLUE TO LATIN LITEBATUBB. Edited 

after HVbneb. By Prof. John E. B. Mayor. Cr. Svo. 10s. 6d. 
NEWTON.—BSSAYS ON ABT AND ABCHiEOLOGY. By Sir Chables Niwton, 

K.C.B., D.C.L. Svo. 12s. 6d. 
PATEB.— PLATO AND PLATONISM. By W. Pater, FeUow of Brasenose 

College, Oxford. Ex. Cr. Svo. 8s. 6d. 
PHILOLOOY.— THB JOUBNAL OF PHILOLOGY. Edited by W. A. Wrioht, 
M.A., I. Btwater, M.A., and H. Jackson, Litt.D. 4s. 6d. each (half-yearly). 
8AY0E.— THB ANCIENT EMPIBES OF THE EAST. By A. H. Satge, M.A., 

Deputy-Professor of Comparative Philology, Oxford. Cr. Svo. 6s. 
SOmroT— WHITB. AN INTBODUCTION TO THB BHYTHMIC AND 
MBTBIC OF THB CLASSICAL LANGUAGES. By Dr. J. H. H. Schmidt. 
Translated by John Williams White, Ph.D. Svo. 10s. 6d. 
SOHBEIBEB— ANDERSON.— ATLAS OF CLASSICAL ABCHABOLOGY. By 
Th. Schreiber, with English Text by Prof. W. C. F. Anderson. [In the Press, 
80HU0HHABDT.— DR. SCHLIEMANN'S EXCAVATIONS AT TROY, TIRYNS, 
MYCENjE, ORCHOMBNOS, ITHACA, presented in the light of recent know- 
ledge. By Dr. Carl Schuchhardt. Translated by Eugenie Sellers. Intro* 
d uction bv Walter Leaf, Litt.D. Illustrated. Sva ISs. net. 
SHUGEBUBOH.— A SCHOOL HISTORY OF ROME. By B. S. Shuckburoh, 
M. A. Cr. Svo. [In the Press. 

S MITH. — A HANDBOOK ON GBEEK PAINTING. By Cecil Smith. [In prep. 
*STEWABT.— THB TALE OF TBOY. Done into English by Aubrey Stewart. 
GL Svo. 8s. 6d. [ISmo. Is. 

rPOZBR.— A PBIMEB OF CLASSICAL GEOGBAPHY. By H. F. Tozer, M.A. 
WILKINS.— Works by Prof. Wilkins, LittD., LL.D. 
•A PBIMEB OF BOMAN ANTIQUITIES. Illustrated. ISmo. Is. 
•A PBIMEB OF BOMAN LITEBATUBB. ISmo. Is. 

WILKINS — ABNOLD.— A MANUAL OF BOMAN ANTIQUITIES. By 
Pro! A. S. Wilkins, LittD., and W. T. Arnold, M. A. Cr. Svo. [In prep. 

MODERN LANGUAGES AND 
LITERATURE. 

*t"g^<»>» ; Frenoh ; German ; Modem Greek ; Italian ; SpanUh. 

ENG-LISH. 

•ABBOTT.— A SHAKESPBABIAN GBAMMAR An Attempt to Illustrate some 

of the Differences between Elizabethan and Modem English. By the Bev. E. 

A. Abbott, D.D., formerly Headmaster of the City of London SchooL Ex. 

fcap. Svo. 6s. 
*ADDI80N.— SELECTIONS FBOM "THE SPECTATOB." With Introduction 

and Notes, by K. Deighton. GL Svo. 2s. 0d. 
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*BA0ON.— ESSAT& With Introduction and Notes, by F. G. Sxlbt, M.A., Prisei- 

Sd and Professor of Logic and Moral Philosophy, Deocan College, Poodi. 
1 fivo fifl. * sewfid 2s fid. 
«THB ADVANC^MBNT OF LEARNING. Book L By the same. GL 8va Sb. 
BROOKE.— EARLY ENGLISH LITERATURE. By Rev. Stopfosd A. Bbookk, 

M.A. 2 vols. 8vo. 20s. net. 
BROWKINO.— A PRIMER ON BROWNING. By F. M. Wilson. GL Sra Ss.6d. 
rBURKE.— REFLECTIONS ON THE FRENCH REVOLUTION. By F. G. Subt, 

M.A. Gl. 8vo. 6s. 
BUTLER.— HUDIBRAS. With Introduction and Notes, by At.tred Miuns, 

M.A. Ex. fcap. 8vo. Part I. 8s. fid. Parts 11. and IIL 4s. fid. 
CAMPBELL.— SELECTIONS. With Introduction and Notes, by Oboil If. Bibbot, 

M.A., Principal of Victoria Collie, Palgh&t GL 8vo. iln pnparaUon. 

CHAUCER.— A PRIMER OF CHAUOBR. By A. W.'Pollabd, ILA. ISma Is. 
OOLLIN&— THE STUDY OF ENGLISH LITERATURE: A Plea for itsBeoognition 

at the Universities. By J. Churton Collins, M.A. Cr. 8yo. 4s. fid. 
COWPEB.— *THB TASK : an Epistle to Joseph Hill, Esq. ; Tmoonauic, or a Re- 
view of the Schools ; and Ths Histobt or Joqn Gilpin. Edited, with Notes, 

by W. BxnhamB.D. Gl. 8vo. Is. 
THE TASK. With Introduction and Notes, by F. J. Rows, H.A., and W. T. 

Webb, M.A. ^ [In preparation. 

CRAIK- ENGLISH PROSE SELECTtONa With Critical Introductions by 

various writers, and General Introductions to each Period. Edited by Hbbbt 

Cbaik, C.B., LL.D. In 5 vols. Vol. 1. 14th to Ifith Century. Or. Svo. 78. 6d. 
DRYDEN.— SELECT PROSE WORKS. Edited, with Introduction and Notes, bj 

Prof. C. D. YoNQE. Fcap. Svo. 2s. fid. 
SELECT SATIRES. With Introduction and Notes. By J. Chubton Collinb, 

M.A. Gl. 8vo. iln pngparaUot^ 

"GLOBE READERS. Edited by A F. Mubison. Illustrated. GL 8yo. 
Primer L (48 pp.) Sd. Primer II. (48 pp.) Sd. Book L (182 pp.) 81 

Book IL (ISfi pp.) lOd. Book IIL (232 pp.) Is. Sd. Book lY. (828 pp.) 

Is. 9d. Book V. (408 pp.) 2s. Book VL (48fi pp.) 2s. fid. 
*THE SHORTER GLOBE READERS.- Illustrated. GL Svo. 
Primer L (48 pp.) Sd. Primer U. (48 pp.) Sd. Book L (182 pp.) 8cL 

Book IL jCLSfi pp.) lOd. Book IIL (178 pp.) Is. Book lY. 082 pp.) 

Is. Book V. (216 pp.) Is. Sd. Book VL (228 pp.) Is. fid. 
^GOLDSMITH.— THE TRAVELLER, or a Prospect of Society ; and The Dbsbbtkd 

ViLLAOE. With Notes, Philological and Explanatory, by J. W. Hales, ILA 

Cr. Svo. fid. 
«THE TRAVELLER AND THE DESERTED VILLAGE. With Introduction and 

Notes, by A. Babbett, B.A., Professor of English Literature, Blphinstone 

College, Bombay. GL Svo. Is. 9d. ; sewed, Is. fid. The lYaveller (separately^ 

Til sfi^irfid 

«THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith, by Prof. 

Masson. gl Svo. Is. 
SELECT ESSAYS. With Introduction and Notes, by Prot 0, D. Yongb. 
Fcap. Svo. 28. fid. 
GOW.— A METHOD OF ENGLISH, for Secondary Schools. Part I. By Janb 

Gow, Litt.D. Gl. Svo. 2s. 
*GRAY.— POEMS. With Introduction and Notes, by John Bbadshaw, LL.D. 
GL Svo. Is. 9d. ; sewed. Is. fid. 

•HALES.— Works by J. W. Hales, M. A, Professor of English Literature at King's 

College, London. 
LONGER ENGLISH POEMS. With Notes, PhUological and Bzplanatory, and 

an Introduction on the Teaching of English. Ex. fcap. 8vo. 4s. fid. 
SHORTER ENGLISH POEMS. Ex. fcap. Svo. [In preparaiUm, 

♦HELPS.- ESSAYS WRITTEN IN THE ENTERVALS OF BUSINBai With 

Introduction and Notes, by F. J. Rowe, M.A, and W. T. Wnbb, M.A 

GL Svo. Is. 9d. ; sewed. Is. fid. 
•JOHNSON.— LIVES OF THE POETS. The Six Chief Lives (Milton, Diyden, 

Swift, Addison, Pope, Gray), with Macaulay's " Life of Johnson." With Fk«> 

Ikce and Notes by Matthew Abnold. Cr. Svo. 4s. fid. 
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*LIFB OF MILTON. With Introduction and Notes, by K. Dbiobtor. 
Globe 8ro. Is. ML 
KELLNEB.— HISTORICAL OUTLINES OF ENGLISH SYNTAX. By L. 

KsixNXB, Ph.D. Globe 8vo. 6s. 
LAMB.— TALES FBOM SHAKBSPEABB. With Introduction and Notes by 

Rev. A. A iNQKB, LL.D., Canon of BristoL 18mo. 2s. 6d. net. 
*LITEBATUBE PBIMEBS.— Edited by J. B. Gbekn, LL.D. 18mo. Is. each. 
ENGLISH GBAMMAB. By Rev. R. Mokris, LL.D. 
ENGLISH GRAMMAR EXERCISES. By R Morris, LL.D., and H. 0. 

Bowssr, M.A. 
EXERCISES ON MORRIS'S PRIMER OF ENGLISH GRAMMAR By J. 

Wkthbrell, M.A. 
ENGLISH COMPOSITION. By Professor Niohol. 
QUESTIONS AND EXERCISES ON ENGLISH COMPOSITION. By Frot 

NiCHOL and W. S. M'Cormiok. 
ENGLISH LITERATURE. By Stopfobd Brooke, M.A. 
BHAESPERE. By Professor Dowdek. 
CHAUCER By A. W. Pollard, M.A. 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. Selected and 
arranged with Notes by Francis Turner Paloravs. In Two Parts. Is. each. 
PHILOLOGY. By J. Pbilb, LittD. 
ROMAN LITERATURE. By Prot A. S. Wilkins, LittD. 
GREEK LITERATURE. By Prof. Jebb, LittD. 
HOMER By the Rt. Hon. W. E. Gladstone, M.P. 
▲ mSTOBY OF ENGLISH UTEBATURE IN FOUR VOLUMES. Or. 8yo. 
EARLY ENGLISH LITERATURE. By Stopford Brooke, M.A. [Jnprtparation. 
ELIZABETHAN LITERATURE. (1660-1665.) By George Saintsburt. 7s. 6d. 
EIGHTEENTH CENTURY LITERATURE. (1660-1780.) By Edmund Gossb, 

M.A . 7s. 6d. 
THE MODERN PERIOD. By Prof. Dowden. [In prepamtum. 

UTTLBDALB.— ESSAYS ON TENNYSON'S IDYLLS OF THE KING. By H. 
LriTLKDALB, M.A., Vice-Principal and Professor of English Literature, Baroda 
College. Cr. 8yo. 4s. 6d. 
MAOLBAN.— ZUPITZA'S OLD AND MIDDLE ENGLISH READER With 
Notes and Vocabulary by Prot G. E. Maclean. [In the Press. 

'•MAOMILLAK'S HISTORY READERS. (See History, p. 48.) 
"MAOMILLANnS BEADING BOOKS. 
PRIMER 18mo. (48 pp.) 2d. BOOK L (96 pp.) 4d. BOOK IL (144 pp.) 
IIL (160 pp.) 6d. BOOK IV. (176 pp.) 8d. BOOK V. (880 



5d. BOOK 



pp.) Is. BOOK VL Cr. 8va (480 pp.) 2s. 

Book vl. is fitted for Higher Classes, and as an Introduction to English Literature. 

MAOMILLAN*S BEOITATION OABDS. Selections flrom Tennyson, Kinoblet, 

Matthew Arnold, Christina Rossetti, Doyle. Annotated. Cr. 8vo. 

Nob. 1 to 18, Id. each ; Nos. 19 to 86, 2d. each. 

•MAGMILLAN*8 OOFT BOOKS.— 1. Large Post 4to. Price 4d. each. 2. Post 

Oblong. Price 2d. each. 

Nos. 8. 4, 6, 6, 7, 8, 9 may he had toith Ooodman's Patent Sliding Copies, Laige 
Post 4to. Price 6d. each. 
KAOAULAT'8 ESSAYS.— LORD CLIVE. With Introduction and Notes by 
K. Deiqhton. G1. 8vo. 
WARREN HASTINGS. By the same. Gl. 8yo. 

ADDISON. With Introduction and Notes by Prof. J. W. Hales, M.A. GL 8vo. 

[In prtpwraiUm. 
MARTIN.— rrHE POET'S HOUR : Poetry selected for Children. By Franou 

Mabtdt. 18ino. 2s. 6d. 
•SPRING-TIME WITH THE POETS. By the same. 18mo. 8s. 6d. 
«MILTOH.— PARADISE LOST. Books I. and IL With Introduction and 
Notes, by Michael Magmillan, B.A., Professor of English Literatore. 
Elphinstone College, Bombay. GL 8vo. Is. 9d. Or separately. Is. 8d. ; sewed 
Is. eacb. 
•LALLEGRO, IL PENSBROSO, LYCIDAS, ARCADES, SONNETS, Ac. With 
Introduction and Notes, by W. Bell, M.A., Professor of Phttosopby and 
Ijc^c, Government College, Lahore. GL 8vo. Is. 9d. 
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«00MTJ8. By the Mine. OL 8yo. Is. 8d. 

*SAMSON AGONISTSa By H. H. Fkrcival, M. A., Professor of SngUah liten- 

tnre, Presidency College, Oslcntta. GL 8vo. 2s. 
•INTRODUCTION TO THE STUDY OP MILTON. By Stoptobd Bboou, 

M.A. Fcap. 8vo. Is. 6d. (CZaciicot Writen.) 
MORRIS.— Works by the Rev. R. Mo&rib, LL.D. 
*A PRIMER OF ENGLISH GRAMMAR. 18ma Is. 
•ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, oon- 

taining Accidence and Word-Formation. 18mo. 2s. 6d. 

•HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, with Chapters on the 

Development of the Language, and on Word-Formation. Ex. fcap. 9vo. 6i. 

NICHOL— MK^ORMIOK.— A SHORT HISTORY OF ENGLISH LI'fiiRATUBI. 

By Prof. John Nichol and Prof, W. S. M'Cormick. [In preparatUm. 

OLIPHANT.— THE LITERARY HISTORY OF ENGLAND, 1790-1825. By 

Mrs. OLiPHAirr. 8 vols. 8vo. 21s. 
OLIPHANT.— THE OLD AND MIDDLE ENGLISH. By T. L. Knronw 
OuPHAirr. 2nd Ed. GL 8vo. 9s. 
THE NEW ENGLISH. By the same. 2 vols. Cr. 8vo. 21s. 
PALGRAVE.— THE GOLDEN TREASURY OF SONGS AND LYRICS. Selected 

by F. T. Paloravs. 18mo. 2s. 6d. net. 
•THE CHILDREN'S TREASURY OF LYRICAL POETRY. Selected by the 

same. 18mo. 2s. 6d. net. Also in Two Parts. Is. each. 
PATMORE.— THE CHILDREN'S GARLAND FROM THE BEST POBIB. 

Selected by Covkntbt Patmore. 18mo. 2s. 6d. net. 
•RANSOME.— SHORT STUDIES OF SHAKESPEARE'S PLOT& By Cnui. 
Ransoms, M. A., Professor of Modem History and Literature, Yoxicshire College, 
Leeds. Cr. 8vo. 8s. 6d. Also HAMLET, MACBETH, THE TEMPEST, 9d. 

•RYLAND.— CHRONOLOGICAL OUTLINES OF ENGLISH LITBRATUBB. 

By F. Rtland, M.A. Cr. 8vo. 6s. 
SOOTT.— *LAY OF THE LAST MINSTREL, and THE LADY OF THE LAKE. 

Edited by Francis Turner PaXiGravb. GL 8vo. Is. 
•THE LAY OF THE LAST MINSTREL. With Introdoction and Notes, by 0. E 

Stuart, M.A., Principal of Enmbakonam College, and E. H. Ei.ijot, BJL 

G1.8V0. 2s. Canto L 9d. Cantos I. to IIL and IV. to YI. Sewed, Is. eacL 
•MARMION, and THE LORD OF THE ISLES. By F. T. Paloravi. GL 8va Is. 
•MARMION. With Introduction and Notes, by Michael Macmiixan, RA 

Gl. 8vo. 8s. ; sewed, 2s. 6d. 
•THE LADY OF THE LAKE. By Q. H. Stuart, M.A. GL 8vo. 2s. 6d.; 

•ROKEBY. With Introduction and Notes, by Michael Macmillan, B.A 
GL 8vo. 8s. ; sewed, 2s. 6d. 

SHAKESPEARE.— •A SHAKESPEARLAJY GRAMMAR. (Set Abbott.) 
•A PRIMER OF SHAKBSFBRE. By Prof. Dowden. 18mo. Is. 
•SHORT STUDIES OF SHAKESPEARE'S PLOTa (See Ransome.) 
•THE TEMPEST. With Introduction and Notes, by K. Dbiqhton. GL 8vo. Is. M. 
•MUCH ADO ABOUT NOTHING. By the same. 2s. 
•A MIDSUMMER NIGHT'S DREAM. By the same. Is. 9d. 
•THE MERCHANT OF VENICE. By the same. Is. 9d. 
•AS YOU LIKE IT. By the same. Is. 9d. 
•TWELFTH NIGHT. By the same. Is. 9d. 
•THE WINTER'S TALE. By the same. 2s. 
•RING JOHN. By the same. Is. 9d. 
•RICHARD IL By the same. Is. 9d. 

•HENRY IV.— PART L Bv the same. [In prtpa/ntiotL 

"^HENRY IV.— PART IL By the same. [In preparattoa 

•HENRY V. By the same. Is. 9d. 

•RICHARD IIL By C. H. Tawney, M.A. 2s. 6d. ; sewed, 2s. 
♦CORIOLANUS. By K. DEiaHTON. 2s. 6d. ; sewed, 2s. 
•ROMEO AND JULIET. By the same. [In vreparaHoH. 

•JULIUS OfiSAR. By the same. Is. 9d. 
•MACBETH. By the same. Is. 9d. 
•HAMLET. By the same. 2s. 6d. ; sewed, 2s. 
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•KING LBAR. By the aame. Is. Od. 
*OTHBLLO. By the same. 2s. 

♦ANTONY AND CLEOPATRA. By the same. 2s. 6d. ; sewed, 2s. 
♦CTMBBLINE. By the same. 2s. 6d. ; sewed, 2s. 

•SONNENSOHEIN— MEIKLEJOHN.— THB BNOLISH METHOD OF TEAOHINO 
TO READ. By A. Soitnenschein and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 
THB NURSERY BOOK, containing all the Two -Letter Words in the Lan- 
guage. Id. (Also in Large Type on Sheets for School Walls. 5s.) 
THE FIRST COURSE, consisting of Short Vowels with Single Consonants. 7d. 
THE SECOND COURSE, with Combinations and Bridges, consisting of Short 

Vowels with Double Consonants. 7d. 
THB THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 
the Double Vowels in the Language. 7d. 
•80XJTHBY.— LIFE OF NELSON. With Introduction and Notes, by Michaml 
Macmiixan, B.A. 01. 8yo. Ss. ; sewed, 2s. 6d. 

♦SPENSER. -THB FAIRIE QUEENE. Book L With Introduction and Notes, 
by H. M. Percival, M.A. Gl. 8vo. 8s. ; sewed, 2s. 6d. 

TAYLOR.— WORDS AND PLACES ; or, Etymological Illustrations of History, 

Ethnology, and Qeography. By Rev. Isaac Taylor, Litt.D. OL 8yo. 6s. 
TENNYSON.— THB COLLECTED WORKS. In 4 Parts. Cr. 8vo. 28. 6d. each. 
•TENNYSON FOR THE YOUNG. Edited by the Rev. Alfred Ainger, LL.D., 

Canon of BristoL ISrao. Is. net. 
•SELECTIONS PROM TENNYSON. With Introduction and Notes, by P. J. 
RowE, M.A., and W. T. Webb, M.A. New Ed., enlarged. Gl. 8vo. 8s. 6d. 
or in two parts. Part I. 2s. 6d. Part II. 2s. 6d. 
•ENOCH ARDEN. By W. T. Webb, M.A. Gl. 8vo. 2s. 6d. 
•AYLMER'S FIELD. By W. T. Webb, M.A. 2s. 6d. 
•THE PRINCESS ; A MEDLEY. By P. M. Wallace, M.A. 8s. 6d. 
•THE COMING OF ARTHUR, and THB PASSING OF ARTHUR. By P. J. 

RowE, M.A. Gl. 8vo. 2s. 6d. 
♦GARETH AND LYNBTTE. By Q. C. Maoaulay, M.A. Globe 8vo. 2s. 6d. 
♦GERAINT AND ENID, and THB MARRIAGE OP GBRAINT. By G. 0. 

Maoaulay, M.A. Gl. 8vo. 2s. 6d. 
•THE HOLY GRAIL. By G. C. Maoaulay, M.A. 2s. 6d. 
THRINa.— THB ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. By 

Edward Thrino, M.A. With Questions. 4th Ed. 18mo. 2s. 
•VAUGHAN.— WORDS FROM THB POETS. By C. M. Vauohak. 18mo. Is. 
WARD.— THE ENGLISH POETS. Selections, with Critical Introductions by 
various Writers. Edited by T. H. Ward, M.A. 4 Vols. VoL I. Chaucer to 
Donne. — Vol. II. Ben Jonson to Dryden.— Vol. III. Addison to Blake. — 
Vol. rV. Wordsworth to Rossbtti. 2nd Ed. Cr. 8vo. 78. 6d. each. 
WARD.- A HISTORY OP ENGLISH DRAMATIC LITERATURE, TO THB 
DEATH OP QUEEN ANNE. By A. W. Ward, Litt.D., Principal of Owens 
College, Manchester. 2 vols. 8vo. [New Ed. in preparation. 

WOODS.— 'A FIRST POETRY BOOK. By M. A. Woods. Ptap. 8vo. 2s. «d. 
•A SECOND POETRY BOOK, By the same. 4s. 6d . ; or, Two Parts. 2s. 6d. each. 
•A THIRD POETRY BOOK. By the same. 4s. 6d. 
HYMNS FOR SCHOOL WORSHIP. By the same. 18mo. Is. 6d. 
WORDSWORTH.— SELECTIONS. With Introduction and Notes, by P. J. Row*, 
M. A., and W. T. Webb, M.A. Gl. 8vo. [In preparation. 

YONGE.— *A BOOK OF GOLDEN DEEDS. By Charlotte M. Yohge. 18mo. 
2s. 6d. net. 

FRENCH. 

BEAUMARGHAIS.— LB BARRIER DE SEVILLE. With Introduction and 
Notes, by L. P. Blodet. Fcap. 8vo. 8s. 6d. 

•BOWEN. -FIRST LESSONS IN FRENCH. By H. Courthopb Bowbn, M.A. 
Ex. fcap. 8vo. Is. 

BRE7MANN.— FIRST FRENCH BXBRCISE BOOK. By Hermann Brsymann, 

Ph.D., Professor of Philology in the University of Munich. Ex.fcap.8va 4s.6d. 

SECOND FRENCH BXBROISB BOOK. By the samew Bx. foap. 8to. 2s. ed. 
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FASNAOHT.— Works by O. E. Fasnacht, late Assistant Master at Westminster. 
THE ORGANIC METHOD OF STUDYING LANGUAGES. Bx. fcap. 8va L 

French. Ss. 6d. 
A FRENCH GRAMMAR FOR SCHOOLS. Cr. 8vo. Ss. 6d. 
GRAMMAR AND GLOSSARY OF THE FRENCH LANGUAGE OF THE 

SEVENTEENTH CENTURY. Cr. 8vo. [I» preparation. 

STUDENT'S HANDBOOK OP FRENCH LITERATURE. Cr. 8vo. [InthePna. 

ICAGMILLAN'S PBD£ARY SERIES OF FRENCH READING BOOKS.— Edited by 

G. E. Fasnacht. Illustrations, Notes, Vocabularies, and Exercises. GL 8to. 
•FRENCH READINGS FOR CHILDREN. By G. E. Fasnacht. Is. 6d. 
»CORNAZ— NOS ENFANTS ET LEURS AMIS. By Edith Habvky. Is. 6d. ^ 
•DB MAISTRE— LA JEUNE SIBERIBNNE ET LE LfiPREUX DB LA CITB 

D'AOSTB. By Stephank Bablbt, B.Sc Is. 6d. 
*FLORIAN— FABLES. By Rev. Charles Yeld, M. A., Headmaster of University 

School, Nottingham. Is. 6d. 
•LA FONTAINE-A SELECTION OF FABLES. By L. M. Mobiabtt, B.A, 

Assistant Master at Harrow. 2s. 6d. 
•MOLESWORTH— FRENCH LIFE IN LETTERS. ByMrs.MoLESWOBTH. ls.6(L 
♦PERRAULT— CONTBS DE FfeES. By G. B. Fasnacht. Is. 6d. 
♦SOUVBSTRE— UN PHILOSOPHE SOUS LES TOITS. By L. M. Moriartt, 

B. A. [In the Pnts. 

AIAOMILLAN'S PROGRESSIVE FBENOH OOURSB.— By G. B. Fasnacht. Bx. 

fcap. Svo. 
•First Year, Easy Lessons on the Regular Accidence. Is. 
•Second Year, an Elementary Grammar with Exercises, NoteSj and VocabU' 

laries. 2s. 
•Third Year, a Systematic Syntax, and Lessons in Composition. 28. Od. 
THE TEACHER'S COMPANION TO THE ABOVE. With Copious Notes, 

Hints for Different Renderings, Sjrnonyms, Philological Remarks, etc By G. 

E. Fasnacht. Ex. fcap. Svo. Each Year, 4s. 6d. 

«1[A0MILLAN'S FRENCH OOMPOSITION.— By G. B. Fasnacht. Part L 

Elementary. Ex. fcap. Svo. 28. 6d. Part II. Advanced. Cr. Svo. 6s. 
THE TEACHER'S COMPANION TO THE ABOVE. By G. B. Fabnaoht. 

Ex. fcap. Svo. Part I. 4s. 6d. Part II. 5s. net. 
A SPECIAL VOCABULARY TO MACMILLAN'S SECOND COURSE OF 

FRENCH COMPOSITION. By the Same. [InthePnst, 

ICAGMILLAN'S PROGRESSIVE FBENOH READERS. By G. B. Fasnacht. Bx. 

fcap. Svo. 
•First Year, containing Tales, Historical Extracts, Letters, Dialogues, Ballads, 

Nursery Songs, etc., with Two Vocabularies : (1) in the order of subjects ; 

(2) iu alphabetical order. With Imitative Exercises. 2s. 6d. 
•Second Year, containing Fiction in Prose and Verse, Historical and Descriptive 

Extracts, Essays, Letters, Dialogues, etc With Imitative Exercises. 28. 6d. 
ICAOMILLAN'S FOREIGN SCHOOL OLASSIOS. Bd. by G. B. Fasnacht. ISmo. 
•CORNEILLE— LB CID. By G. E. Fasnacht. Is. 
•DUMAS— LES DEMOISELLES DB ST. CYR. By Victor Ooeb, Lecturer at 

University College, LiverpooL Is. 6d. 
LA FONTAINE'S FABLES. By L. M. Moriartt, B.A. [In prepomaioTU 

•MOLIfiRB— L'AVARE. By the same. Is. 

•MOLriJRB— LE BOURGEOIS GENTILHOMME. By the same. Is. 6d. 
•MOLIARE— LBS FBMMES SAV ANTES. By G. E. Fasnacht. Is. 
•MOLlftRE— LE MISANTHROPE. By the same. Is. 
•MOLIJgjRE— LE MIjDECIN MALGRB LUI. By the same. Is. 
•MOLI^RB— LBS PRfeCIEUSES RIDICULES. By the same. Is. 
•RACINE— BRIT ANNICUS. By B. Pellissier, M.A. 2s. 
•FRENCH READINGS FROM ROMAN HISTORY. Selected ft-om various 

Authors, by C. Colbeck, M.A., Assistant Master at Harrow. 4s. Cd. 
•SAND, GEORGE— LA MARE AU DIABLB. By W. B. Russejll, M.A 

Assistant Master at Haileybury. Is. , 

•SANDEAU, JULES— MADEMOISELLE DB LA SEIGLIBRB. By H. a 

Steel, Assistant Master at Winchester. Is. 6d. 
•VOLTAIRE— CHARLES XIL By G. B. Fasnacht. Si. 6d. 
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•MA8S0N.— AOOMFBNDIOUS DICTIONARY OF THB FRENCH LANOUAOB. 
Adapted from the Dictionaries of Prof. A. Elwall. By 6. Masson. Or. 8yo. 
88. 6d. 
LA LYRE FRANQAISE. Selected and arranged with Notes. ISmo. 2s. 6d. net. 

MOLI^E.— LB MALADB IMAOINAIRE. With Introdaction and Notes, by F. 

Tabvxb, M.A, Assistant Master at Eton. Fcap. Svo. 2s. 6d. 
PAYNE.— COMMERCIAL FRENCH. By J. B. Paynk, King's CoUege School, 

London. GL Svo. [In preparation, 

•PELLISSIER.— FRENCH ROOTS AND THEIR FAMILIES. A Synthetic 
Vocabnlary, based upon Derivations. By B. Pellissibr, M.A., Assistant 
Master at Clifton College. 61. Svo. 68. 
*STORM.— FRENCH DIALOGUES. A Systematic Introdaction to the Grammar 
and Idiom of spoken French. By Joh. Storm, LL.D. Intermediate Course 
Translated by G. Macconald, M.A. Cr. Svo. 4s. 6d. 

G-ERMAN. 

•BEHAGHEL.— A SHORT HISTORICAL GRAMMAR OF THE GERMAN 
LANGUAGE. By Dr. Otto Behaqhel. Translated by Bmil Trechmank, 
M.A., Ph.D., University of Sydney. Gl. Svo. Ss. 6d. 

BUOHHEDf.— DEUTSCHE LYRIE. The Golden Treasury of the best German 
Lyrical Poems. Selected by Dr. Buohheim. ISmo. 2s. 6d. net. 
BALLADEN UND ROMANZEN. Selection of the best German Ballads and 
Romances. By the same. ISmo. 2s. 6d. net. 
HUSS.— A SYSTEM OF ORAL INSTRUCTION IN GERMAN, by means of 
Progressive lUostrations and Applications of the leading Rules of Grammar. 
By H. C. O. HxTSS, Ph.D. Cr. Svo. 5s. 
MAGMILLAN'S PBIMABY SERIES OF GERMAN READING BOOKS. Edited 

by G. E. Fasnacht. With Notes, Vocabularies, and Exercises. Gl. Svo. 
*GRIMM— KINDER UND HAUSMARCHEN. By G. E. Fasnacht. 2s. 6d. 
*HAUFF— DIE KARAVANB. By Herman Hagbr, Ph.D. Ss. 
*HAUFF— DAS WIRTHSHAUS IM SPESSART. By G. E. Fasnacht. [InthePress. 
•SCHMID, CHR. VON— H. VON EICHENFBLS. By G. E. Fasnacht. 2s. 6d. 
MAGMILLAN'S PROGRESSIVE GERMAN COURSE. By G. E. Fasnaoht. Ex. 

fcap. Svo. 
*FiRST Year. Easy Lessons and Rules on the Regular Accidence. Is. 6d. 
^Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illustititions and Vocabulary. 8s. 6d. 

[Third Year, in the Press, 
THB TEACHER'S COMPANION TO THB ABOVE. With copious Notes, 
Hints for Different Renderings, Synonyms, Philological Remarks, etc. By G. 
B. Fasnaoht. Ex. fcap. Svo. Each Year. 4s. 6d. 

MAGMILLAN'S GERMAN OOMPOSITION. By G. E. Fasnaoht. Ex. fcap. Svo. 
•L FIRST COURSE. Parallel German-English Extracts and Parallel English. 

German Sjrntax. 2s. 6d. 
THB TEACHER'S COMPANION TO THE ABOVE. By G. E. Fasnaoht. 
First Course. Gl. Svo. 4s. 6d. 

MAGMILLAN'S PROGRESSIVE GERMAN READERS. By G. E. Fasnaoht. Ex. 

fcap. Svo. 
*FiRST Year, containing an Introduction to the German order of Words, with 
Copious Examples, extracts from German Authors in Prose and Poetry ; Notes, 
and Vocabularies. 2s. 6d. 

MAGMILLAN'IU'OREIGN SCHOOL 0LAS8I0S.— Edited by G. B. Fasnaoht. ISmo. 
•GOETHE— GOTZ VON BERLICHINGEN. By H. A. Bull, M.A. 2s. 
*GOBTHB— FAUST. Part I., followed by an Appendix on Part IL By Jane 

Lee, Lecturer in German Literature at Newnham College, Cambridge. 4s. 6d. 
•HEINE— SELECTIONS FROM THE RBISEBILDER AND OTHER PROSE 

WORKS. By C. Colbegk, M.A., Assistant Master at Harrow. 2s. 6d. 
•SCHILLER-SELECTIONS FROM SCHILLER'S LYRICAL POEMS. With s 

Memoir. By B. J. Turner, B.A., and E. D. A. Morshead, M.A. 2s. 0d. 
•SOHILLBR— DIB JUNGFRAU VON ORLEANS. By Joseph Gostwiok. Ss.M 
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•SGHILLBB— MARIA STUABT. By 0. Shsuwk, D.Iitt 8s. M. 
•SCHILLBRr-WILHBLM TBLL. By G. E. Pasnacht. 2m. 6d. 
♦SCHILLER— WALLBNSTBIN, DAS LAGER. By H. B. Cottkrill, M.A. 28. 
•UHLAND— SELECT BALLADS. Adapted for Beginners. With Vocabakry. 

By G. B. Fasnacht. Is. 
♦PYLODET.— NEW GUIDE TO GERMAN CONVERSATION ; containing an Alphv 
betical List of nearly 800 Familiar Words ; followed by Exercises, Vocabulary, 
Familiar Phrases and Dialogues. By L. Pylodet. 18mo. 28. 6d. 
•SMITH.— COMMERCIAL GERMAN. By P. C. Smith, M.A. Gl. 8vo. Ss. 6d. 
WHITNET.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. Whitnit, 
Professor of Sanskrit and Instructor in Modem Languages in Tale Coll^ 
Cr. Svo. 48. 6d. 
A GERMAN READER IN PROSE AND VERSE. By the same. With Notes 
ftnd ^oc&l!)iilfti*v Ci* Svo 5s 
•WHITNEY- BDGREN.*— A COMPENDIOUS GERMAN AND ENGLISH DIG- 
TIONARY. By Prof. W. D. Whitney and A. H. Edgekn. Or. Svo. 58. 
THE GERMAN-ENGLISH PART, separately, Ss. 6d. 

MODERN G-REBK. 

OONSTANTINIDES.— NEO-HELLENICA. Dialogues illustrative of the develop- 
ment of the Greek Language. By Prof. M. Constantinides. Cr. Svo. 6s. net. 

VINCENT— DICKSON.— HANDBOOK TO MODERN GREEK. By Sir Edgab 
Vincent, K.C.M.G., and T. G. Dickson, M.A. With Appendix on this relation 
of Modem and Classical Greek by Prof. Jebb. Cr. Svo. 6s. 

ITALIAN. 

DANTE.— With Translation and Notes, by A. J. Butler, M.A. 

THE HELL. Cr. Svo. 12s. 6d. 

THE PURGATORY. 2nd Ed. Cr. Svo. 12s. 6d. 

THE PARADISE. 2nd Ed. Cr. Svo. 128. 6d. 

READINGS ON THE PURGATORIO OP DANTE. Chiefly based on the Com- 
mentary of Benvenuto Da Imola. By Hon. W. Wabben Vernon, M.A. With 
Introduction by Dean Church. 2 vols. Cr. Svo. 24s. 

THE DIVINE COMEDY. Transl. by C. E. Norton. L HELL. IL PURGA- 
TORY. III. PARADISE. Cr. Svo. 6s. each. THE NEW LIFE. Cr. Svo. 68. 

THE' PURGATORY. Translated by C. L. Shadwell, M.A. Ex.Cr. Svo. 10s.net. 

COMPANION TO DANTE. By Professor Scartazzini. Translated by A. J. 
Butler, M.A. Cr. Svo. [In ^ Press. 

SPANISH. 

OALDBRON.— FOUR PLAYS OF CALDBRON. El PHncipe ConstamU, La Vida 
es Sueno, El Alcaide de Zalameat &ncl El Escondido y La Tapada. With Intro- 
duction and Notes. By Norman MacColl, M.A. Cr. Svo. 148. 

DELBO&— COMMERCIAL SPANISH. By Prof. Delbos. QhSvo. [InpreparaUon. 

MATHEMATICS. 

Arlthmetio, Book-keeping, Algebra, Euclid and Pure Qdometry, Oeometrioal 
Drawing, Mensuration, Trigonometry, Analytical Geometry (Plane and 
Solid), Problems and Questions in Mathematics, Higher Pore Mathe- 
matics, Mechanics (Statics, Dynamics, Hydrostatics, Hydrodynamlos: see 
also Physics), Physics (Sound, Light, Heat, Electricity, Elasttoi^, Attrao- 
tlons, &c.), Astronomy, HistoricaL 

ARITHMETIC. 

•ALDIS.— THE GREAT GIANT ARITHMOS. A most Elementary Arithmetic 
for Children. By Mary Steadman Aldis. Illustrated. GL Svo. So. 6d. 

•BBADSHAW.— A COURSE OF EASY ARITHMETICAL EXAMFLBS FOB 
BEGINNERS. By J. G. Bradshaw, B. A., Assistant Master at Glifton GoUegt. 
QL Svo. Ss. With Answers, Ss. 6d. 
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•BBOOKSMITH.— ABITHMBTIO IN THEORY AND PRAOTIOB. By J. Brook- 

SMITH, M.A. Gr. 8vo. is. 6d. KEY, for Teachers only. Grown Svo. 10s. 6d. 
*B&OOKSMITH.— ARITHMETIC FOR BEGINNERS. By J. and B. J. Bbook- 

SMITH. GL 8vo. Is. 6d. KEY, for Teachers only. Ci\ Svo. 68. 6d. 
CANDLER.— HELP TO ARITHMETIO. For the use of Schools. By H. Oandlbr, 

Mathematical Master of Uppingham School. 2nd Ed. Ex. fcap. Svo. 2s. 6d. 
*0OLLAR.— NOTES ON THE METRIC SYSTEM. By Geo. Collar, B.A., B.Sc. 

GL Svo. 3d. 
*DALTON.— RULES AND EXAMPLES IN ARITHMETIO. By Rev. T. Dalton, 

M.A., Senior Mathematical Master at Eton. With Answers. ISmo. 2s. 6d. 
*GOYEN. ^HIGHER ARITHMETIC AND ELEMENTARY MENSURATION. 

By P. GoTEN. Cr. Svo. 5s. [KEY, June 1898. 

»HALL— KNIGHT. — ARITHMETICAL EXERCISES AND EXAMINATION 

PAPERS. With an Appendix containing Questions in Logarithms and 

Mensuration. By H. S. Hall, M.A., Master of the Military Side, Clifton 

College, and S. R. Enioht, B.A., M.B., Ch.B. Gl. 8vo. 2s. 6d. 
HUNTER.— DECIMAL APPROXIMATIONS. By H. St. J. Hunter, M. A., Fellow 

of Jesus College, Cambridge. 18mo. Is. 6d. 

JACKSON.— COMMERCIAL ARITHMETIC. By S. Jackson, M. A. Gl.Svo. 3s. 6d. 

LOCK. — Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville 

and Caius College, Cambridge. 
^ARITHMETIC FOR SCHOOLS. With Answers and 1000 additional Examples 
for Exercise. 4th Ed., revised. GLSvo. 4s. 6d. Or, Part I. 2s. Part IL 3s. 
KEY, for Teachers only. Cr. Svo. 30s. 6d. 
•ARITHMETIC FOR BEGINNERS. A School Class-Book of Commercial Arith- 
metic. Gl. Svo. 2s. 6d. KEY, for Teachers only. Cr. Svo. Ss. 6d. 
«A SHILLING BOOK OP ARITHMETIC, FOR ELEMENTARY SCHOOLS. 
ISmo. Is. With Answers. Is. 6d. [KEY in the Pre^. 

LOCK— COLLAR.— ARITHMETIC FOR THE STANDARDS. By Rev. J. B. 
Lock, M.A., and Geo. Collar, B.A., B.Sc. Standards I. II. III. and lY., 
2d. each ; Standards V. VI. and YII., Sd. each. Answers to I. II. III. lY., 
8d. each ; to V. VI. and VII., 4d. each. 

HACMILLAN'S MENTAL ARITHMETIC. For the Standards. Containing 6000 
Questions and Answers. Standards I. II. , 6d. ; III. IV., 6d. ; V. VI., 6d. 

•PBDLEY. — EXERCISES IN ARITHMETIC, containing 7000 Examples. By 
S. Pedlet. Cr. Svo. 5s. Also in Two Parts, 2s. 6d. each. 

SMITH. — Works by Rev. Barnard Smith, M.A. 

•ARITHMETIC FOR SCHOOLS. Cr. Svo. 4s. 6d. KEY, for Teachers. 8s. 6d. 
EXERCISES IN ARITHMETIC. Cr. Svo. 2s. With Answers, 2s. 6d. An- 
swers separately, 6d. 
SCHOOL CLASS-BOOK OF ARITHMETIC. ISmo. 8s. Or separately, in 

Three Parts, Is. each. KEYS. Parts I. II. and III., 2s. 6d. each. 
SHILLING BOOK OP ARITHMETIC. ISmo. Or separately. Part L, 2d. ; 

Part II., 3d. ; Part IIL, 7d. Answers, 6d. KEY, for Teachers only. ISmo. 

4s. 6d. 
•THE SAME, with Answers. ISmo, cloth. Is. 6d. 
EXAMINATION PAPERS IN ARITHMETIC. 18mo. Is. 6d. The Same, 

with Answers. ISmo. 2s. Answers, 6d. KEY. 18mo. 4s. 6d. 
THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND APPLI- 

CATIONS, with Numerous Examples. ISmo. 8d. 
A CHART OP THE METRIC SYSTEM, on a Sheet, size 42 in. by 84 in. on 

Roller. New Ed. Revised by Geo. Collar, B.A., B.Sc. 4s. 6d. 
EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writing, 

Spelling, and Dictation. Part I. Cr. Svo. 9d. 
EXAMINATION CARDS IN ARITHMETIC. With Answers and Hints. 
Standards I. and II., in box. Is. Standards III. IV. and V., in boxes, Is. each. 

Standard VI. In Two Parts, in boxes, Is. each. 

SMITH (BARNARD)— HUDSON.— ARITHMETIC FOR SCHOOLS. By Rev. 
Barnard Smith, M.A., revised by W. H. H. Hudson, M.A., Prot of Mathe- 
matics, King's College, London. Or. 8to. 4i. 6d. 
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BOOK-KEEPING. 

"THOBMTON.— FIRST LESSONS IN BOOE-EBBPINQ. By J. Thornton. Or. 

8vo. 28. 6d. KEY. Oblong 4to. lOs. 6d. 
*PRIMER OF BOOE-EBEPING. 18mo. Is. KEY. Demy Svo. 28. 6d. 
«EASY EXERCISES IN BOOKKEEPING. 18mo. li. 
•ADVANCED BOOK-KEEPING. [In prepamtwn. 

ALaEBRA. 

*DALTON.— RULES AND EXAMPLES IN ALGEBRA By Rev. T. Daltom, 

Senior Mathematical Master at Eton. Part I. ISmo. 28. ElEY. Cr. Svo. 

78. 6d. Part II. 18mo. 28. 6d. 
DUPUIS.— PRINCIPLES OF ELEMENTARY ALGEBRA. By N. F. Dupuh, 

M.A., Professor of Mathematics, University of Queen's College, EUngston, 

Canada. Cr. Svo. 68. 

HALL— KNIGHT.— Works by H. S. Hall, M.A., Master of the Military Side, 

Clifton College, and S. R. Kniqht, B.A., M.B., Oh.B. 
•ALGEBRA FOR BEGINNERS. Gl. 8vo. 2a. With Answers. 28. 6d. 
•ELEMENTARY ALGEBRA FOR SCHOOLS. «th Ed. GL 8vo. 8s. 6d. With 

Answers, 4s. 6d. Answers, Is. KEY, for Teachers only. 8s. 6d. 
•ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom- 
pany ELEMENTARY ALGEBRA. 2nd Ed., revised. GL Svo. 2s. 6d. 
•HIGHER ALGEBRA. 4th Ed. Cr. Svo. 7s. 6d. KEY. Cr. Svo. 10s. M. 
•JARMAN.— ALGEBRAIC FACTORS. By J. Abbot Jariiak. Gl. 8va 28. 

With Answers, 2s. 6d. 
•JONES— OHBYNE.— ALGEBRAICAL EXERCISES. Progressively Arranged. 
By Rev. C. A. Jones and C. H. Cheykb, M.A., late Mathematical Manera 
at Westminster School. ISmo. 2s. 6d. 
KEY, for Teachers. By Rev. W. Failes, M.A. Cr. Svo. 7s. 6d. 
SMITH.- Works by Chableb Smith, M.A., Master of Sidney Sussex Goll<^ 

Cambridge. 
•ELEMENTARY ALGEBRA 2nd Ed., revised. Gl. Svo. 46. 6d. KEY, for 

Teachers only. Cr. Svo. 10s. 6d. 
•A TREATISE ON ALGEBRA 4th Ed. Cr. Svo. 7s. 6d. KEY. Cr.Svo. lOs. 6d. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

•ALGEBRA FOR BEGINNERS. ISmo. 28. 6d. KEY. Cr. Svo. 6s. 6d. 
•ALGEBRA FOR COLLEGES AND SCHOOLS. By Isaac Todhuntbb, F.R8. 
Cr. Svo. 7s. 6d. KEY, for Teachers. Cr. Svo. 10s. 6d. 

EUCLID AND PURE GEOMETRY. 

OOOKSHOTT— WALTERS.— A TREATISE ON GEOMETRICAL CONICS. By 
A. CooKSHOTT, M.A., Assistant Master at Eton, and Rev. F. B. Walters, 
M.A., Principal of King William's College, Isle of Man. Cr. Svo. 68. 

OONSTABLE.— GEOMETRICAL EXERCISES FOR BEGINNERS. By Samuel 
Constable. Cr. Svo. 8s. 6d. 

OUTHBERTSON.— EUCLIDIAN GEOMETRY. By Fbakcis Cuthbertson, M. A, 
LL.D. Ex. fcap. Svo. 4s. 6d. 

DAY.— PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY. 
By Rev. H. G. Day, M.A. Part I. The Ellipse, with an ample collectiou of 
Problems. Cr. Svo. 8s. 6d. 

•DEAKIN.— RIDER PAPERS ON EUCLID. BOOKS I. and IL By Rupert 

Deakin, M.A. ISmo. Is. 
DODGSON. — ^Works by Charles L. Dodgsok, M.A., Student and late Mathematical 
Lecturer, Christ Church, Oxford. 
EUCLID, BOOKS I. and II. 6th Ed., with words substituted for the Alge- 
braical Symbols used in the 1st Ed. Cr. Svo. 2s. 
EUCLID AND HIS MODERN RIVALS. 2nd Ed. Cr. Svo. 6s. 
CURIOSA MATHBMATICA. Part I. A New Theory of Parallels. Srd Ed. 
Cr. Svo. 2s. Part II. Pillow Problems. Cr. Svo. [ImmediaMy. 

DREW.— GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. H. 
Drew, M.A. New Ed., enlarged. Cr. Svo. to. 
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DUFDIS.— ELBIOSNTABY SYNTHBTIO GEOMETRY OF THE POINT, LINE 
AND CIBGLE IN THE PLANE. By N. F. Dupuis, M. A., Professor of Mathe- 
matics, University of Qaeen's College, Kingston, Canada. GL 8vo. 4b. 6d. 

•HALL— 8TEVENB.>-A TEXT-BOOK OF EUCLID'S ELEMENTS Including 
Alternative Proofs, with additional Theorems and Exercises, classified and 
arranged. By H. S. Hajll, M.A., and F. H. Stbvens, M.A., Masters of the 
Military Side, Clifton College. Gl. 8vo. Book I., Is.; Books I. and II., Is. 
6d.; Books I.-IV., 8s.; Books III.-IV., 2s. ; Books III.-Vl., 8s.; Books V.-VL 
and XI., 2s. 6d.; Books L-VL and XL, 4s. 6d.; Book XL, Is. KEY to Books 
L-IV., 6s. 6d. KEY to VL and XL, 8s. 6d. KEY to L-VL and XL, 8s. 6d. 

HALSTED.— THE ELEMENTS OF GEOMETRY. By G. B. Halstisd, Professor 
of Pure and Applied Mathematics in the University of Texas. 8vo. 12s. 6d. 

HATWARD.— TBTe ELEMENTS OF SOLID GEOMETRY. By K B. Hatward, 
M.A., F.R.S. GL 8vo. 8s. 

LAOHLAN.—AN ELEMENTARY TREATISE ON MODERN PURE GEO- 
METRY. By R. Lachlan, M.A. 8vo. 9s. 

•LOOK.— THE FIRST BOOK OF EUCLID'S ELEMENTS ARRANGED FOR 
BEGINNERS. By Rev. J. B. Look, M.A. Gl. 8vo. Is. Od. 

MILNE— DAVIS.— GEOMETRICAL GONICS. Part L The Parabola. By Rev. 
J. J. MiLNx, M.A., and R F. Davis, M.A. Or. 8vo. 2s. 

IIUKHOPADHAYA.— GEOMETRICAL CONIC SECTIONS By Asutosh Muk- 
HOPADHATA, M.A. [Ready shortly. 

•BIOHABDSON.— THE PROGRESSIVE EUCLID. Books L and IL WithNot^s, 
Exercises, and Deductions. Edited by A. T. Rioha&dson, M.A. 

SMITH.— GEOMETRICAL CONIC SECTIONS By Chablbs Smith, M.A., Master 
of Sidney Sussex College, Cambridge. [In the Press, 

SMITH —INTRODUCTORY MODERN GEOMETRY OF POINT, RAY, AND 
CIRCLE. By W. B. Smith, A.M., Ph.D., Professor of Mathematics, Missouri 
University. Cr. 8vo. 5s. 

SYLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books L-VL>- 
Prepared by the Association for the Improvement of Geometrical Teaching. 
Cr. 8vo. Sewed. Is. 

SYLLABUS OF MODERN PLANE GEOMETRY.— Prepared by the Association 
for the Improvement of Geometrical Teaching. Cr. 8vo. Sewed. Is. 

•TODHUNTER.— THE ELEMENTS OF EUCLID. By I. Todhuntbr, P.R.a 
18mo. 8s. 6d. *Books I. and II. Is. KEY. Cr. 8vo. 6s. 6d. 

WEEKS.— EXERCISES IN EUCLID, GRADUATED AND SYSTEMATIZED. 

^By W. Weeks, Lecturer in Geometry, Training College, Exeter. 18mo. 2s. 

WILSON.— Works by Archdeacon Wilson, M.A., late Headmaster of Clifton College. 
ELEMENTARY GEOMETRY. BOOKS I.-V. (Corresponding to Eucfd. 
Books L-VL) Following the Syllabus of the Geometrical Association. Ex. 
fcap. 8vo. 4s. 6d. 
SOLID GEOMETRY AND CONIC SECTIONS. With Appendices on Trans- 
versals and Harmonic Division. Ex. fcap. 8vo. 8s. 6d. 

QEOMETRIOAL DRA^WING. 

EAGLES.— CONSTRUCTIVE GEOMETRY OF PLANE CURVES. By T. H. 

Baolss, M.A., Insixnctor, Roy. Indian Engineering Coll. Cr. 8vo. 12s. 
EDGAR — PRITOHARD. — NOTE - BOOK ON PRACTICAL SOLID OR 

DESCRIPTIVE GEOMETRY. Containing Problems with help for Solutions. 

By J. H. Edgar and G. S. Paitchabd. 4th Ed. GL 8vo. 4s. 6d. 
^KITCHENER.- A GEOMETRICAL NOTE-BOOK. Containing Easy Problems 

in Geometrical Drawing. By F. E. Kitchener, M.A. 4to. 2s. 
MILLAR.— ELEMENTS OF DESCRIPTIVE GEOMETRY. By J. B. Millar, 

Lecturer on Engineering in the Owens College, Manchester. Or. 8vo. 6s. 
PLANT.— PRACTICAL PLANE AND DESCRIPTIVE GEOMETRY. By E. C. 

PLijrr. Globe 8vo. [In preparaiion. 

MENSURATION. 

STEVENS.- ELEMENTARY MENSURATION. With Exercises on the Mensura- 
tion of Plane and Solid Figures. By F. H. Stevens, M. A. Gl. 8vo. [In prep. 
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TBBAT.— ELEMBNTARY HENSITBATION FOB SCHOOLS. By S. Tmy. 

Bz. fcap. 8vo. Ss. 6d. 
•TODHUNTEB.— MBNSUBATION FOB BB6INNEBS. By Isaac Todhtthtu, 

F.B.& 18mo. 28. 6d. KBT. By Bev. Fr. L. McGabtht. Or. 8to. 7i. 61 

TRiaONOMETRY. 

BOTTOMLBT.— FOUR-FIGURB MATHEMATICAL TABLES. Comprising Log- 
arithinic and Trigonometrical Tables, and Tables of Sijuares, Square Boots, 
and Reciprocals. By J. T. Bottomley, M.A., Lectorer in Natural Philosophy 
in the University of Glasgow, 8vo. 2s. 6d. 

HAYWABD.— THE ALGEBBA OP CO-PLANAB VBCTOBS AND TBIGONO- 
METRY. By B. B. Hayward, M.A., F.B.S. Cr. 8vo. 8s. 6d. 

JOHNSON.— A TREATISE ON TRIGONOMETRY. By W. B. Johoton, M.A, 
late Mathematical Lecturer at King's College, Cambridge. Gr. 8vo. 88. 6d. 

JONES.— LOGABITHMIO TABLES. By Prot Q. W. Jonks, Cornell University. 
8vo. 4s. 6d. net. 

•LEVETT— DAVISON.— THE ELEMENTS OF PLANE TRIGONOMETRY. 
By Bawdon Levett, M.A., and C. Davison, M.A., Assistant Masters at King 
Edward's School, Birmingham. GL 8vo. 6s. 6d. ; or, in 8 parts, 8s. 6d. each. 

LOCK.— Works by Bev. J. B. Lock, M.A., Senior Fellow and Bursar of GonTille 

and Caius College, Cambridge. 
*THB TBIGONOMBTBY OF ONE ANGLE. GL 8vo. 2s. 6d. 
«TBIGONOMETBY FOB BEGINNERS, as fiu* as the Solution of Triangles. 8rd 

Ed. Gl. 8vo. 2s. 6d. KEY, for Teachers. Or. 8vo. 6s. 6d. 
♦ELEMENTARY TRIGONOMETRY. 6th Ed. GL 8vo. 4s. 6d. KEY, for 

Teachers. Cr. 8vo. Ss. 6d. 
HIGHER TRIGONOMETRY. 5th Ed. 4s. 6d. Both Parts complete in One 
Volume. 7s. 6d. [KBY in preparation. 

MK3LELLAND — PRESTON.— A TBBATISB ON SFHBBIOAL TBIGONO- 
METBY. By W. J. M'Clblland, M. A., Principal of the Incorporated Society's 
School, Santry, Dublin, and T. Preston, M.A. Cr. 8vo. Ss. 6d., or : Part L 
To the End of Solution of Triangles, 4s. 6d. Part II., 6s. 

MATTHEWS.— MANUAL OF LOGABITHMS. By G. F. Matthews, B.A. 8to. 
5s. net. 

PALMER.— PBACTICAL LOGARITHMS AND TRIGONOMETRY. By J. H. 
Palmer, Headmaster, B.N., H.M.S. Catribridge, Devonport. Gl. 8vo. 48. 6d. 

SNOWBALL.— THE ELEMENTS OF PLANE AND SPHBBICAL TBIGONO- 
MBTBY. By J. 0. Snowball. 14th Ed. Cr. Svo. Ts. 6d. 

TODHUNTEB.— Works by Isaac Todhunter, F.B.S. 

*TBIGONOMETBY FOR BEGINNEBS. ISmo. 2s. 6d. KEY. Or. 8vo. 88. 6d. 
PLANE TBIGONOMBTBY. Cr. Svo. 5s. KEY. Cr. Svo. 10s. 6d. 
A TBBATISB ON SPHERICAL TRIGONOMETRY. Cr. Svo. 4s. 6d. 

TODHUNTEB— HOGG.— PLANE TRIGONOMETRY. By Isaac Todhuntee. 
Revised by R. W. Hogg, M.A. Cr. Svo. 5s. [KEY in pr^paraUon. 

WOLSTENHOLMB.— EXAMPLES FOR PRACTICE IN THE USB OF SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolstenholme. D.Sc, late Professor 
of Mathematics, Royal Indian Engineering Coll., Coopers Hill. Svo. 6b. 

ANALYTICAL GEOMETRY (Plane and SoUd). 

DTBB.-EXERCISBS IN ANALYTICAL GEOMETRY. By J. M. Dtkr, M.A, 

Assistant Master at Eton. Illusti'ated. Cr. Svo. 4s. 6d. 
FEBBERS.— AN BLEMBNTABY TREATISE ON TRILINEAR CO-ORDIN- 
ATE8, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Ferrers, D.D., F.R.S., Master of Gonville and Oaaua College, 
Cambridge. 4th Ed., revised. Cr. Svo. 6s. 6d. 
FBOST.— Works by Percival Frost, D.Sc, F.B.S., Fellow and Mathematiosl 
Lecturer at King's College, Cambridge. 
AN ELEMENTARY TREATISE ON CURVE TRACING. Svo. 128. 
SOLID GEOMETRY. Srd Ed. Demy Svo. 16s. 
HINTS FOR THE SOLUTION OF PBOBLEMS in the above. 8to. Si. 6d. 
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JOHNSOH.— OUBVB TRACING IN OARTBSIAK 00-OBDINATBS. By W. 

WooLBET Johnson, Professor of Mathematics at the U.S. Naval Academy, 
Annapolis, Maryland. Or. Svo. 48. 6d. 
M<GLELLAND.— A TREATISE ON THE GFEOMBTRT OF THE GIRGLE, and 
some extensions to Gonic Sections by the Method of Reciprocation. By W. J. 
M'GiiBLLAND, M.A. Cr. 8vo. 68. 
PUOKLfi.— AN ELEMENTARY TREATISE ON GONIC SECTIONS AND AL- 
GEBRAIC GEOMETRY. By G. H. Puckle, M.A. 6th Ed. Cr. Svo. 7s. 6d. 
SMITH. —Works by Chas. Smith, M.A., Master of Sidney Sussex Coll., Cambridge. 
GONIC SECTIONS. 7th Ed. Cr. Svo. 78. 6d. KEY. Cr. Svo. 10s. 6d. 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. Cr. Svo. 9s. 6d. 
TODHUNTBR.— Works by Isaac Todhuntbb, F.R.S. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Line and the 

Conic Sections. Cr. Svo. 7s. 6d. KEY. Cr. Svo. 10s. 6d. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 
New Ed., revised. Cr. Svo. 4s. 

PROBLEMS & QUESTIONS IN MATHEMATICS. 

ASMT PRELIMINARY EXAMINATION, PAPERS 1882 -Sept. 1891. With 
Answers to the Mathematical Questions. Cr. Svo. 8s. 6d. 

BALL.— MATHEMATICAL RECREATIONS AND PROBLEMS OP PAST AND 
PRESENT TIMES. By W. W. Rouse Ball, M.A., Fellow and Lecturer of 
Trinity Collie ; Cambridge, 2nd Ed. Cr. Svo. 7s. net. 

OAMBRIDOB SBNTATB- HOUSE PROBLEMS AND RIDBBS^ WITH SOLU- 
TIONS:— 
1876— PROBLEMS AND RIDERS. ByA,G.GBKBNHiLL,F.R.S. Cr.Svo. Ss.6d. 
1878-SOLUTIONS OP SENATE-HOUSE PROBLEMS. Edited by J. W. L. 
Glaishkb, P.R.S., Fellow of Trinity College, Cambridge. Cr. Svo. 12s. 

0HBI8TIE.— A COLLECTION OP ELEMENTARY TEST-QUESTIONS IN PURE 
AND MIXED MATHEMATICS. By J. R. Christie, P.R.S. Cr. Svo. Ss. 6d. 

OUFFOBD.— MATHEMATICAL PAPERS. By W. K. Clifford. Svo. 80s. 

MAOMILLAN'S MENTAL ARITHMETIC. (See page 21.) 

MILNE.— WEEKLY PROBLEM PAPERS. By Rev. John J. Milne, M.A. Pott 
Svo 4s. Od 
SOLUTIONS TO THE ABOVE. By the same. Cr. Svo. lOs. 6d. 
COMPANION TO WEEKLY PROBLEM PAPERS. Cr. Svo. lOs. 6d. 

•RICHARDSON.- PROGRESSIVE MATHEMATICAL EXERCISES FOR HOME 
WORK. By A. T. Richardson, M.A. Gl. Svo. First Series. 2s. With 
Answers, 2s. 6d. Second Series. 8s. With Answers, 8s. Cd. 

SANDHURST MATHEMATICAL PAPERS, for Admission into the Royal MiUtary 
College, 1S81-18S9. Edited by E. J. Brooksmith, B.A. Cr. Svo. 8s. 6d. 

THOMA&— ENUNCIATIONS IN ARITHMETIC, ALGEBRA, EUCLID, AND 
TRIGONOMETRY, with Examples and Notes. By P. A. Thomas, B.A. 

[In (he Press. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 18S0-1S90 inclusive. By the same. Cr. Svo. 6s. 

WOLSTENHOLME.— MATHEMATICAL PROBLEMS, on Subjects included in 
the First and Second Divisions of Cambridge Mathematical Tripos. By Joseph 
Wolstbnholme, D.Sc. 8rd Ed., greatly enlarged. Svo. ISs. 
EXAMPLES FOR PRACTICE IN THE USE OP SEVEN -FIGURE LOG- 
ARITHMS. By the same. Svo. 5s. 

HiaHEB PURE MATHEMATICS. 

AIBT. — Works by Sir Q. B. Airy, K.C.B., formerly Astronomer-Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS. 

With Diagrams. 2nd Ed. Cr. Svo. 5s. 6d. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY OP ERRORS OP 
OBSERVATIONS AND THE COMBINATION OP OBSERVATIONS. 
2nd Ed., revised. Cr. Svo. 6s. 6d. 
BOOLE.— THE CALCULUS OF FINITE DIFFERENCES. By O. Boole. 8rd 
Ed., revised by J. F. Moulton, Q.C. Or. Svo. lOe. 6d. 
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EDWABD8.>-THB DIFFBBBNTIAL OALOULTTS. By Joseph Edwabds, ILA. 

With Applications and numerous Examples. New Ed. 8vo. 14s. 
THE DIFFERENTIAL CALCULUS FOB SCHOOLS. By [the Same, a 

8vo; 4s. 6d. 
THE INTEGRAL CALCULUS. By the same. [In preparaHon, 

THE INTEGRAL CALCULUS FOR SCHOOLa By the same. [In preporotvm. 

FOBSTTH.->A TREATISE ON DIFFERENTIAL EQUATIONS. By Amdskw 

Russell Forsyth, F.R.S., Fellow and Assistant Tutor of Trini^ College, 

Cambridge. 2nd Ed. 8vo. 14s. 
PROST.— AN ELEMENTARY TREATISE ON CURVE TRACING. By PiBClTii 

Frost, M.A., D.Sc. Svo. 128. 
GRAHAM.— GEOMETRY OF POSITION. By B. 6. G&aham. Gr. Syo. 7s. 6d. 
GBEENHILL.— DIFFERENTLAIi AND INTEGRAL CALCULUS. By A. G 

Grbemhill, Professor of Mathematics to the Senior Class of Artillery Offlcen, 

Woolwich. New Ed. Cr. Svo. 10s. 6d. 
APPLICATIONS OF ELLIPTIC FUNCTIONS. By the same. Svo. ISs. 
HEMBONG.— AN ELEMENTARY TREATISE ON THE DIFFERENIT^LL AND 

INTEGRAL CALCULUS. By G. W. Hemmino, M.A. 2nd Ed. Svo. 98. 
JOHNSON.— Works by W. W. Johnson, Professor of Mathematics at the U.S. 

Naval Academy. 
INTEGRAL CALCULUS, an Elementary Treatise. Founded on the Method 

of Rates or Fluxions. Svo. 9s. 
CURVE TRACING IN CARTESIAN CO-ORDINATES. Cr. Svo. 4s. 6d. 
A TREATISE ON ORDINARY AND DIFFERENTIAL EQUATIONS. Ex. cr. 

Svo. 15s. 
KBLLAND— TATP.- INTRODUCTION TO QUATERNIONS, with numeroM 

examples. By P. Eelland and P. G. Tait, Professors in the Department of 

Mathematics in the University of Edinburgh. 2nd Ed. Cr. Svo. 7s. 6d. 
KEMPE.— HOW TO DRAW A STRAIGHT LINE : a Lecture on Linkages. By A 

B. EsMPB. Illustrated. Gr. Svo. Is. 6d. 
KNOX.— DIFFERENTIAL CALCULUS FOR BEGINNERS. By Aubxandm 

Knox, M.A. Fcap. Svo. Ss. 6d. 
BICE- JOHNSON.— AN ELEMENTARY TREATISE ON THE DIFFEREN- 
TIAL CALCULUS. Founded on the Method of Rates or Fluxions. By J. M. 

Rice and W. W. Johnson. 8rd Ed. Svo. ISs. Abridged Ed. 9s. 

TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

AN ELEMENTARY TREATISE ON THE THEORY OF EQUATIONS. 

Cr. Svo. 7s. 6d. 
A TREATISE ON THE DIFFERENTLY CALCULUS. Or. Svo. lOs. 6(L 

KEY. Cr. Svo. lOs. 6d. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS APPLICATIONa 

Cr. Svo. 10s. 6d. KEY. Cr. Svo. 10s. 6d. 
A HISTORY OF THE MATHEMATICAL THEORY OF PROBABILITY, from 
the time of Pascal to that of Laplace. Svo. ISs. 
WELD.— SHORT COURSE IN THE THEORY OF DETERMINANTS. By 
L. G. Weld, M.A. [In the Prm, 

MEOHANIOS : Statics, Dynamics, Hydrostatics, 
Hydrodynamios. (See also Physioa) 

ALEXANDER— THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
Prof. T. Alexander and A. W. Thomson. Part II. Transverse Stress. 
Cr. Svo, lOs. 6d. 

BALL.— EXPERIMENTAL MECHANICS. A Course of Lectures delivered at the 
Royal College of Science, Dublin. By Sir R. S. Ball, F.R.S. 2nd Ed. 
Dlustrated. Cr. Svo. 68. 

CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 
Motion and Rest in Solid and Fluid Bodies. By W. K. Clifford. Part 1— 
Kinematio. Or. Syo Books I.-III. 78. 6d. ; Book lY. and Append!:^ te. 
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OOTTEBILL.— APPLIED HEGHANIOS: An Elementary General Introdne* 
tion to the Theory of Stmctores and Machines. By J. H. Gottsbill, F.R.8., 
Professor of Applied Mechanics in the Boyal ]Naval OoUege, Qreenwich. 
8rd Ed. Bevised. Svo. 18s. 

CXXTTEBILL — SLADE. — LESSONS JN APPLIED MECHANICS. By PtoC 
J. H. CoTTEBiLL and J. H. Slade. Fcap. Svo. 58. 6d. 

GANOUILLET— KUTTBB.— A GENERAL FORMULA FOR THE UNIFORM 
FLOW OF WATER IN RIVERS AND OTHER CHANNELS. By E. Gan- 
ouiUiET and W. R. Kuttbb. Translated by R. Herino and J. C. Tbautwikb. 
8vo. 17s. 

GRAHAM.— GEOMETRY OF POSITION. By R. H. Graham. Cr. Svo. 7s. 6d. 

«GSEAVES.— STATICS FOB BEGINNERS. By John Creates. M.A., Fellow 

and Mathematical Lecturer at Christ's College, Cambridge. Gl. 8vo. 8s. 6d. 
A TREATISE ON ELEMENTARY STATICS. By the same. Cr. Svo. 6s. 6d. 
CKUBENHILL.— ELEMENTARY HYDROSTATICS. By A. G. Greenhill, Pro- 
fessor of Mathematics to the Senior Class of Artillery Of&cers, Woolwich. Cr. 

Svo. [In the Press, 

•HIOKS.— ELEMENTARY DYNAMICS OF PARTICLES AND SOLIDS. By 

W. M. HiOKs, D.Sc, Principal and Professor of Mathematics and Physics, Firth 

College, Sheffield. Cr. 8vo. 6s. 6d. 
HOSKINS.— ELEMENTS OF GRAPHIC STATICS. By L. M. Hoskins. Sva 

10s. net. 
KENNEDY.— THE MECHANICS OF MACHINERY. By A. B. W. Esmnbot, 

F.B.S. Illustrated. Cr. 8vo. 8s. 6d. 
LANGMAID— GAISFORD.— (See Engineering, p. 89.) 
LOOK.- Works by Rey. J. B. Lock, M.A. 
•MECHANICS FOR BEGINNERS. Gl. 8vo. Part L Mechanics of Solids. 

2s. 6d. [Part II. Mechanics of Fluids, in pr^paratUyn. 

•ELEMENTARY STATICS. 2nd Ed. Gl. Svo. 88. 6d. KEY. Cr. 8va Ss. 6d. 

•ELEMENTARY DYNAMICS. SrdEd. Gl. Svo. Ss. 6d. KEY. Cr. Svo. Ss. 6d. 

•ELEMENTARY DYNAMICS AND STATICS. Gl. Svo. 6s. 6d. 

ELEMENTARY HYDROSTATICS. GL Svo. [In preparation. 

MAGGBEGOR.- KINEMATICS AND DYNAMICS. An Elementary Treatise. 

By J. G. MacGregor, D.Sc., Munro Professor of Physics in Dalhousie College, 

Halifax, Nova Scotia. Illustrated. Cr. Svo. lOs. 6d. 
PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 

Parkinson, D.D., F.R.S., late Tutor and Prelector of St John's College, 

Cambridge. 6th Ed., revised. Cr. Svo. 9s. 6d. 
PIEIB.— LESSONS ON RIGID DYNAMICS. By Rev. G. Pirie, M.A., Professor 

of Mathematics in the University of Aberdeen. Cr. Svo. 6s. 
BOUTH. — Works by Edward John Routh, D.Sc., LL.D., F.R.S., Hon. Fellow 

of St. Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OP THE SYSTEM OF RIGID BODIES. 

With numerous Examples. Two vols. Svo. 5th Ed. Vol. I.— Elementary 

Parts. 148. Vol. II.— The Advanced Parts. 14s. 
STABILITY OF A GIVEN STATE OF MOTION, PARTICULARLY STEADY 

MOTION. Adams Prize Essay for 1877. Svo. Ss. 6d. 
•8ANDEES0N.— HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 

M.A., Assistant Master at Dulwich College. Gl. Svo. 4s. 6d. 
SYLLABUS OF ELEMENTARY DYNAMICS. Part I. Linear Dynamics. With 

an Appendix on the Meanings of the Symbols in Physical Equations. Prepared 

by the Association for the Improvement of Geometrical Teaching. 4to. Is. 
TATT- STEELE.— A TREATISE ON DYNAMICS OP A PARTICLE. By 

Professor Tait, M.A., and W. J. Steele, B.A. 6th Ed., revised. Cr. Svo. 128. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

•MECHANICS FOR BEGINNERS. ISmo. 4s. 6d. KEY. Cr. Svo. 6s. 6d. 
A TREATISE ON ANALYTICAL STATICS. 6th Ed. Edited by Prof. J. D. 

Everett, F.R.S. Cr. Svo. 10s. 6d. 
WEISBAOH— HERMANN.— MECHANICS OF HOISTING MACHINERY. By 

Dr. J. WxiBBACH and Prof. G. Hermann. Translated by E. P. Dahlstrom, 

M.B. [In th€ Press, 
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PHTSIOS : Sound, lAght, Heat, Meotrioity, Elaatioity, 
Attractions, etc. (See also Mechanics.) 

AIRY.— ON SOUND AND ATMOSPHERIC VIBRATIONS. By Sir G. B. Amy, 

K.O.B., formerly Astronomer-RoyaL With the Mathematical Blements of 

Music. Or. 8vo. 9s. 
BARKER.— PHYSICS. Advanced Course. By ProC, G. F. Ba&keb 8vo. 218. 
GUMMING.— AN INTRODUCTION TO THE THEORY OP BLBCTRICITY. 

By LimnaubOu]imiko,M.A., Assistant Master at Rugby. Illustrated. Cr.Sva 

86. 6d. 
DANIELL.— A TEXT-BOOK OF THE PRINCIPLES OF PHYSICS. By Aubid 

Daniell, D.Sc. Illustrated. 2nd Ed., revised and enlaraed. 8vo. 218. 
DAY.— ELECTRIC LIGHT ARITHMETIO. By R. B. Day. Pott 8vo. 28. 
EVERETT.— ILLUSTRATIONS OP THE 0. G. S. SYSTEM OF UNITS WHH 

TABLES OF PHYSICAL CONSTANTS. By J. D. EvBBirr, P.R.a, Pro- 
fessor of Natural Philosophy, Queen's College, Bel&st. New Ed. Ex. fcap. 

8vo. 6s. 
FESSENDEN.— PHYSICS FOR PUBLIC SCHOOLa By C. Fessxvdim, 

Principal, Collegiate Institute, Peterboro, Ontario. Illustrated. Fcap. 

8vo. 8s. 
GRAY.— THE THEORY AND PRACTICE OF ABSOLUTE MBASURBMBNTS 

IN BLBCTRICITY AND MAGNETISM. By A. Gray, F.R.S.E., Professor 

of Physics, University College, Bangor. Two vols. Cr. 8vo. VoL I. 128. 6d. 

Vol. II. In 2 Parts. 26s. 
ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNBTISM. 2nd 

Ed., revised and greatly enlarged. Fcap. 8vo. 6s. 6d. 

ELECTRIC LIGHTING AND POWER DISTRIBUTION. [In preparation. 

HANDBOOK OP ELECTRIC LIGHT ENGINEERING. [In preparation. 

HEAVISIDE.— ELECTRICAL PAPERS. By O. Hkavisidb. 2 vols. 8vo. 80s.net 

IBBETSON.— THE MATHEMATICAL THEORY OF PERFECTLY ELASTIC 

SOLIDS, with a Short Account of Viscous Fluids. By W. J. Ibbetson, late 

Senior Scholar of Clare College. Cambridge. 8vo. 2l8. 
JACKSON.— TEXT- BOOK ON ELECTRO -MAGNBTISM AND THE CON- 

STRUCTION OF DYNAMOS. By Prof. D. C. Jackson. [In tiie Press. 

JOHNSON.— NATURE'S STORY BOOKS. SUN8HINB. By Amy Johwson, 

LL.A. Illustrated. Cr. 8vo. 6s. 
«JONES.— EXAMPLES IN PHYSICS. With Answers and Solutions. By 

D. E. Jones, B.Sc, late Professor of Physics, University GoU^e of Wales, 

Aberystwith. 2nd Ed., revised and enlarged. Fcap. 8vo. 8s. &£ 
•ELEMENTARY LESSONS IN HEAT, LIGHT, AND SOUND. By the same. 

GL 8vo. 2s. 6d. 
LESSONS IN HEAT AND LIGHT. By the same. Globe 8vo. 8s. ed. 
KELVIN.— Works by Lord Kslvin, P.R.S., Professor of Natural Philosophy in the 

University of Glasgow. 
ELECTROSTATICS AND MAGNBTISM, REPRINTS OF PAPBRS ON. 

2nd Ed. 8vo. 188. 
POPULAR LECTURES AND ADDRESSES. 3 vols. Illustrated. Or. 8yo. 

Vol. I. Constitution op Matter. 7s. 6d. Vol. IIL Navigation. Ts. 6d. 
LODGE.— MODERN VIEWS OP ELECTRICITY. By Oliver J. Lodge, F.Ra, 

Professor of Physics, University College, LlverpooL Illus. Or. 8vo. 6s. 6d. 
LOEWY.— 'QUESTIONS AND EXAMPLES ON EXPBBIMBNTAL PHYSIOS: 

Sound, Light, Heat, Electricitv, and Magnetism. By B. Loewy, Bzaminer in 

Experimental Physics to the College of Preceptors. Fcap. 8vo. 2s. 
*A GRADUATED COURSE OF NATURAL SCIENCE FOR BLBMBNTABT 

AND TECHNICAL SCHOOLS AND COLLEGES. By the same. Fart L 

First Year's Course. G1. 8vo. 2s. Part II. 2s. 6d. 
LUPTON.— NUMERICAL TABLES AND CONSTANTS IN BLBMBNTABY 

SCIENCE. By S. Lupton, M.A, Ex. fcap. 8vo. 2s. 6d. 
M'AULAY.— UTILITY OF QUATERNIONS IN PHYSICS. By Ausx. M*Aulat. 

8vo. [In the Press. 

MAOFARLANE.— PHYSICAL ARITHMETIC. By A. Maotablamx, D.Sc, late 

Bxaminer in Mathematics at the University of Bdinbai|(h. Cr. 8to. 7a. 6d. 
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.—SOUND : A Series of Simple Bxperiments. By A. M. Mater, Prof. 

of Physics in the Stevens Institute of Technology. Illastrated. Or. 8vo. 

88. 6d . 
*MAY£B— BARNARD.— LIGHT : A Series of Simple Experiments. By A. M. 

Mater and 0. Barnard. Illastrated. Or. 8vo. 2s. 6d. 
MOLLOY.— GLEANINGS IN SCIENCE : Popular Lectures. By Rev. Gerald 

MoLLOT, D.Sc., Rector of the Catholic University of Ireland. 8vo. 7s. 6d. 
NEWTON.- PRINCIPIA. Edited by Prof. Sir W. Thomson, P.R.S., and Prof. 

Blackburne. 4to. 81s. 6d. 
THE FIRST THREE SECTIONS OP NEWTON'S PRINCIPIA. With Notes, 

Illustrations, and Problems. By P. Frost, M. A., D.Sc. 8rd Ed. 8vo. 128, 
PARKINSON.— A TREATISE ON OPTICS. By S. Parkinson, D.D., F.R.S.. 

late Tutor of St. John's College, Cambridge. 4th Ed. Cr. 8vo. lOs. 6d. 
PBABODT.— THERMODYNAMICS OF THE STEAM-ENGINE AND OTHER 

HEAT-ENGINES. By Cecil H. Peabodt. 8vo. 21s. 
PERRY. — STEAM : An Elementary Treatise. By John Pbrrt, Prof, of Applied 

Mechanics, Technical College, Finsbury. 18mo. 4s. 6d. 
PICKERING.— ELEMENTS OF PHYSICAL MANIPULATION. By Prof. Ed- 

WARD C. Pickering. Medium 8vo. Part I., 128. 6d. Part II., 148. 
PRESTON.- THE THEORY OF LIGHT. By Thomas Preston, MiA. Illus- 
trated. 8vo. 158. net. 
THE THEORY OF HEAT. By the same. 8vo. [In the Press. 

RAYLEIGH.— THE THEORY OF SOUND. By Lord Ratleioh, F.R.S. 8va 

Vol. L, 12s. 6d. Vol. IL, 12s. 6d. 
SANDERSON.— ELECTRICITY AND MAGNETISM FOR BEGINNERS. By 

F. "W. Sanderson. [In preparation. 

SHANN.— AN ELEMENTARY TREATISE ON HEAT, IN RELATION TO 

STEAM AND THE STEAM-ENGINE. By G. Shann, M. A. Cr. 8vo. 4s. 6d. 
SPOTTISWOODE.— POLARISATION OF LIGHT. By the late W. Spootiswoode, 

F.R.S. Illustrated. Cr. 8vo. 3s. 6d. 
STEWART.— Works by Balfour Stewart, F.R.S., late Langworthy Professor of 

Physics, Owens College, Manchester. 
•A PRIMER OF PHYSICS. Illustrated. With Questions. 18mo. Is. 
♦LESSONS IN ELEMENTARY PHYSICS. Illustrated. Fcap. 8vo. 4s. 6d. 
♦QUESTIONS. By Prof. T. H. Core. Fcap. 8vo. 2s. 
STEWART— GEE.— LESSONS IN ELEMENTARY PRACTICAL PHYSICa 

By Baltour Stewart, F.R.S., and W. W. Haldane Ger, B.Sc Cr. 8vo. 

Vol. I. General Phtsical Processes. 68. Vol. II. ELECTRicrrv and 

Magnetism. 7s. 6d. [Vol. III. Optics, Heat, and Sound. In the Press. 

•PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OP 

COLLEGES. Gl. 8vo. Vol. I. Electrigitt and Magnetism. 2s. 6d. 

[Vol. II. Optics, Heat, and Sound. In the Press. 
STOKES.- ON LIGHT. Burnett Lectures. By Sir G. G. Stokes, F.R.S., Lucasian 

Professor of Mathematics in the University of Cambridge. I. On the Nature 

OT Light. II. On Light as a Means of Investigation. III. On the Bene- 
ficial Effects of Light. 2nd Ed. Or. 8vo. 7s. 6d. 
STONE.— AN ELEMENTARY TREATISE ON SOUND. By W. H. Stone, 

Illustrated. Fcap, 8vo. 3s. 6d. 
TATP.— HEAT. By P. G. Tait, Professor of Natural Philosophy in the University 

of Edinburgh. Cr. 8vo. 6s. 
LECTURES ON SOME RECENT ADVANCES IN PHYSICAL SCIENCE. By 

the same. 8rd Edition. Crown 8vo. 9s. 
TAYLOR.— SOUND AND MUSIC. An Elementary Treatise on the Physical Con. 

stitution of Musical Sounds and Harmony, including the Chief Acoustical 

Discoveries of Prof. Helmholtz. By S. Taylor, M.A. Ex. cr. 8vo. 8s. 6d. 
•THOMPSON. — ELEMENTARY LESSONS IN ELECTRICITY AND MAGNET- 
ISM. By SiLVANUS P. Thompson, Principal and Professor of Physics in the 

Technical College, Finsbury. Illustrated. Fcap. 8vo. 4s. 6d. 
THOMSON.— Works by J. J. Thomson, Professor of Experimental Physics in the 

University of Cambridge. 
A TREATISE ON THE MOTION OP VORTEX RINGS. 8vo. 6s. 
APPLICATIONS OF DYNAMICS TO PHYSICS AND CHEMISTRY. Cr. Svo 

7s. 6d. 
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TURNEB.— A OOLLBCnON OF EXAMPLES ON HEAT AND ELBOTBIOITT. 

By H. H. TuBKKB, Fellow of Trinity College, Oambridge. Or. 8yo. 2b. 6d. 
WRIGHT.— LIOHT : A Coarse of Experimental Optics, chiefly with the Lonten. 

By Lewis Wright. Illastrated. New Ed. Or. Sro. 7s. 6d. 

ASTRONOMY. 

AIRY.— Works by Sir 6. B. Airt, K.C.B., formerly Astronomer-BoyaL 
♦POPULAR ASTRONOMY. Revised by H. H. Turnkr, M.A. 18mo. 48. 6d. 
GRAVITATION : An Elementary Explanation of the Principal Pertnrbationi in 
the Solar System. 2nd Ed. Or. 8vo. 7s. 6d. 
OHBYNE.— AN ELEMENTARY TREATISE ON THE PLANETARY THEORY. 

By 0. H. H. Chbyne. With Problems. 3rd Ed., revised. Or. 8vo. 7s. 6<1. 
OLABK— SADLER.— THE STAR GUIDE. By L. Olabk and H. Sadlkr. 

Roy. Svo. 68. 
OROSSLBY—GLBDHILL— WILSON.— A HANDBOOK OP DOUBLE STARa 
By E. Crosslet, J. Gledhill, and J. M. Wilson. Svo. 21s. 
CORRECTIONS TO THE HANDBOOK OF DOUBLE STARS. Svo. Is. 
PORBES.— TRANSIT OP VENUS. By G. Forbes, Professor of Natural PhUo- 
sophy in the Andersonian University, Glasgow. Illustrated. Or. Svo. Ss. (Id. 
GK)DFRAY.— Works by Hugh Godfrat, M. A., Mathematical Lecturer at Pemlnoke 
College, Cambridge. 
A TREATISE ON ASTRONOMY. 4th Ed. Svo. 12s. 6d. 
AN ELE MENTARY TREATISE ON THE LUNAR THEORY. Or. Svo. 5s. 6d. 
LOCKYER.— Works by J. Normak Lockter, F.RS. 
•A PRIMER OF ASTRONOMY. Dlustrated. ISmo. Is. 
•ELEMENTARY LESSONS IN ASTRONOMY. With Spectra of the Sun, Stan, 
and Nebuln, and Dins. 36th Thousand. Revised throughout. Pcap. Svo. 5s.6d. 
•QUESTIONS ON THE ABOVE By J. Forbes Robertson. ISmo. Is. 6d. 
THE CHEMISTRY OF THE SUN. Illustrated. Svo. 14s. 
THE METEORITIC HYPOTHESIS OF THE ORIGIN OP COSMICAL 

SYSTEMS. Illustrated. Svo. 17s. net 
STAR-GAZING PAST AND PRESENT. Expanded from Notes with the assist- 
ance of G. M. Seabroke, F.R.A.S. Roy. Svo. 21s. 
LODGE.— PIONEERS OF SCIENCE. By Oliver J. Lodok. Ex. Or. Svo. 78. M. 
NBWOOMB.— POPULAR ASTRONOMY. By S. Nkwoomb, LL.D., Professor 
U.S. Naval Observatory. Illustrated. 2nd Ed., revised. Svo. ISs. 

HISTORICAL. 

BALL.— A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICa By W. 
W. Rouse Ball, M.A. 2nd ed. Cr. Svo. 10s. 6d. 
MATHEMATICAL RECREATIONS, AND PROBLEMS OF PAST AND 
PRESENT TIMES. By the same. Cr. Svo. 7s. net. 

NATURAL SCIENCES. 

Ohezoistry ; Pbyslcal Geograpliy, Geology, and Mineralogy; Biology 
(Botany, Zoology, Oerierdl Biology, Physiology) ; Medlome. 

CHEMISTRY. 

ARMSTRONG.— A MANUAL OF INORGANIC CHEMISTRY. By H. B. Abm 

STROKO, F.R.S., Professor of Chemistry, City and Guilds Central Institute 

[In preparation. 
BBHRENS.— MICRO -CHEMICAL METHODS OF ANALYSIS. By Prot 

Behrens. With Preface by Prof. J. W. Jcdd. Cr.lSvo. [In preparation. 

♦OOHEN.— THE OWENS COLLEGE COURSE OF PRACTICAL ORGANIO 

CHEMISTRY. By Julius B. Cohen, Ph.D., Assistant Lecturer on Chemisby, 

Owens College, Manchester. Fcap. Svo. 28. Cd. 
*D0BBIN— WALKER.— CHEMICAL THEORY FOR BEGINNBRa By L. 

Dobbin, Ph.D., and Jas. Walker, Ph.D., Assistants in the Chemistry Depart* 

ment, university of Edinburgh. ISma 2s. 6d. 
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FLBISOHBB.— A SYSTEM OF VOLUMBTBIG ANALYSIS. By Bmil Flsisohkb. 

Translated, with Additions, by M. M. P. Mum, F.B.S.E. Gr. 8vo. 7s. 6d. 
PRANKLAND.— AGRICULTURAL CHEMICAL ANALYSIS. (See Agriculture.) 
HARTLEY.— A COURSE OF QUANTITATIVE ANALYSIS FOR STUDENTS. 
By W. N. Habtley, F.R.S., Professor of Chemistry, Royal College of Science, 
Dublin. Gl. 8vo. 6s. 
HBMPEL.— METHODS OF GAS ANALYSIS. By Dr. Waltheb Hempel. Trans- 
lated by Dr. L. M. Dennis. Cr. 8vo. 7s. 6d. 
HIORNS.— Works by A. H. Hiorns, Principal of the School of Metallurgy, 
Birmingham and Midland Institute. Gl. 8vo. 
A TEXT-BOOK OF ELEMENTARY METALLURGY. 4b. 
PRACTICAL METALLURGY AND ASSAYING. 6s. 
IRON AND STEEL MANUFACTURE. For Beginners. 8s. 6d. 
MIXED METAI^ OR METALLIC ALLOYS. 6s. 
METAL COLOURING AND BRONZING. By the same. 
JONES.— 'THE OWENS COLLEGE JUNIOR COURSE OF PRACTICAL CHEM- 
ISTRY. By Francis Jones, F.R.S.E., Chemical Master at the Grammar School, 
Manchester. Illustrated. Fcap. 8vo. 2s. 6d. 
•QUESTIONS ON CHEMISTRY. Inorganic and Organic. By the same. Fcap. 

8vo. Ss. 
LANDAUBR.— BLOWPIPE ANALYSIS. By J. Landaukr. Translated by J. 

Taylor, B.Sc. Revised Edition. GL 8vo. 48. 6d, 
LAUIUB.— (See Agriculture, p. 40.) 
LOCKYER.— THE CHEMISTRY OF THE SUN. By J. Norman Lookybr, F.R.a 

ninstrated. 8vo. 14s. 
LUPTON.— CHEMICAL ARITHMETIC. With 1200 Problems. By S. Lupton, 

M.A. 2nd Ed., revised. Fcap. 8vo. 48. 6d. 
MELDOLA.— THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F.R.S., Professor of Chemistry, Technical College, Finsbury. Cr. 8vo. 6s. 
METER.— HISTORY OF CHEMISTRY FROM THE EARLIEST TIMES TO 
THE PRESENT DAY. By Ernst von Meyer, Ph.D. Translated by Georok 
McGowAN, Ph.D. 8vo. 14s. net. 
MDLTBE.— AN ELEMENTARY TEXTBOOK OP CHEMISTRY. By W.Q.Mixter, 

Professor of Chemistry, Yale College. 2nd Ed. Or. 8vo. 7s. 6d. 
MUIR.— PRACTICAL CHEMISTRY FOR MEDICAL STUDENTS : First M.B. 
Course. By M. M. P. Muir, F.R.S.E., Fellow and Preelector in Chemistry at 
Gonyille and Caius College, Cambridge. Fcap. 8vo. Is. 6d. 
MUIR- WILSON.— THE ELEMENTS OF THERMAL CHEMISTRY. By M. 

M. P. Muir, F.RS.E. ; assisted by D. M. Wilson. Svo. 12s. 6d. 
OSTWALD.— OUTLINES OF GENERAL CHEMISTRY: Physical and Theo- 
reticaL By Prot W. Ostwald. Trans, by Jas. Walker, D.Sc 8vo. 10s. net. 
RAMSAY.— EXPERIMENTAL PROOFS OF CHEMICAL THEORY FOR BE- 
GINNERS. By William Ramsay, F.R.S., Professor of Chemistry, Univer- 
sity College, London. 18mo. 28. 6d. 
REMSEN. — Works by Ira Remsen, Prof, of Chemistry, Johns Hopkins University. 
•THE ELEMENTS OF CHEMISTRY. For Beginners. Fcap. Svo. 28. 6d. 
AN INTRODUCTION TO THE STUDY OF CHEMISTRY (INORGANIC 

CHEMISTRY). Cr. Svo. 6s. 6d. 
COMPOUNDS OF CARBON: an Introduction to the Study of Organic 

Chemistry. Cr. Svo. 6s. 6d. 
A TEXT-BOOK OF INORGANIC CHEMISTRY. Svo. 16s. 
ROSCOE. — Works by Sir Henry E. Roscoe, F.R.S., formerly Professor of Chemistry, 

Owens College, Manchester. 
•A PRIMER OF CHEMISTRY. Ulustrated. With Questions. ISmo. Is. 
•CHEMISTRY FOR BEGINNERS. Gl. Svo. [Sept. 189& 

♦LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC AND ORGANIC. 
With Illustrations and Chromolitho of the Solar Spectrum, and of the Alkalies 
and Alkaline Earths. New Ed., 1892. Fcap. Svo. 4s. 6d. 
ROSCOE— SCHORLEMMER.— A TREATISE ON INORGANIC AND ORGANIC 
CHEMISTRY. By Sir Henry Robooe, F.R.S., and Prod a Sohoblkmmsb, 
F.R.S. 8Ya 
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VolB. I. and IL— INORQANIO CHEMISTRY. Vol. L— The Non-Metallic Ble- 

menta. 2nd Ed. 218. Vol. II. Two Parts, 18s. each. 
VoL III.— ORGANIC CHEMISTRY. THE CHEMISTRY OP THE HYDRO- 
CARBONS and their Derivatives. Parts I. II. IV. and YI. 218. each. 
Parts III and V ISs each 

ROSCOE — sbHUSTER.-43PECTRUM ANALYSIS. By Sir Henry Roscob, 
F.R.S. 4th Ed., revised by the Author and A. Schubtkb, F.RS., Professor of 
Applied Mathematics in the Owens College, Manchester. 8vo. 21s. 

80H0RLEMMER.— RISE AND DEVELOPMENT OP ORGANIC CHEMISTRY. 
By Prof. ScHORLEMMER. N. E. Edited by Prof. A. H. Smithells. [In the Press. 

8CHULTZ— JULIUS.— SYSTEMATIC SURVEY OF THE ORGANIC COLOUR- 
ING MATTERS. By Dr. G. Schultz and P. Juurs. Translated and Edited, 
with extensive additions, by Arthur G. Green, F.LC, F.C.S., Examiner in 
Coal Tar Products to the City and Guilds of London Institute. Royal Svo. 

[InthePrm. 

•THOEPE.— A SERIES OP CHEMICAL PROBLEMS. With Key. By T. B. 
Thorpe, P.R.S., Professor of Chemistry, Royal College of Science. NewBd. 
Fcap. Svo. 2s. 

THORPE-BUOKER.— A TREATISE ON CHEMICAL PHYSICS. By Prof. T. B. 
Thorpe and Prof. A, W. RI^cker. Svo. [In preparation. 

*TURPIN.— ORGANIC CHEMISTRY. By G. S. Turpin, M.A. Pari I. Elemen- 
tary. GL Svo. [In ihe Pnst. 

WURTZ.— A HISTORY OP CHEMICAL THEORY. By Ad. Wurtz. Tranakted 

by Henry Watts, F.R.S. Crown Svo. 6s. 

WYNNE.— COAL TAR PRODUCTS. By W. P. Wynne, Royal CoUege of Science. 

[In preparation. 

PHYSICAL GEOGRAPHY, GEOLOGY, AND 

MINERALOGY. 

BLANFORD.— THE RUDIMENTS OF PHYSICAL GEOGRAPHY POR INDIAN 

SCHOOLS ; with Glossary. By H. F. Blanford, F.G.a Cr. Svo. 2s. 6d. 
FERRBL.— A POPULAR TREATISE ON THE WINDS. By W. Ferrkl, M.A, 

Member of the American National Academy of Sciences. Svo. I7s. net. 

FISHER.— PHYSICS OF THE EARTH'S CRUST. By Rev. Osmond Pisher, M.A, 

F.G.S., Hon. Fellow of King's College, London. 2nd Ed., enlarged. Svo. 12s. 

OEB.— SHORT STUDIES IN EARTH KNOWLEDGE. By William Gee. G1. 

Svo. Illustrated. [In the Press. 

OEIKIE. — Works by Sir Archibald Geikie, P.R.S., Director-General of the 

Geological Survey of the United Kingdom. 
♦A PRIMER OF PHYSICAL GEOGRAPHY. Ulus. With Qnestlona. ISmo. 18. 
•ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. Illustrated. Fcap. 

Svo. 48. 6d. ^QUESTIONS ON THE SAME. Is. 6d. 
♦A PRIMER OP GEOLOGY. Ulustrated. ISmo. Is. 

•CLASS-BOOK OP GEOLOGY. Illustrated. Cheaper Bd. Cr. Svo. i§. 6d. 
TEXT-BOOK OP GEOLOGY. Illustrated. 3rd Bd. Svo. 2Ss. 
OUTLINES OP FIELD GEOLOGY. Illustrated. New Ed. GL Svo. Ss. 6d. 
THE SCENERY AND GEOLOGY OP SCOTLAND, VIEWED IN CONNEXION 

WITH ITS PHYSICAL GEOLOGY. Illustrated. Cr. Svo. 12b. 6d. 

HUXLEY.— PHYSIOGRAPHY. An Introduction to the Study of Nature. By 

T. H. Huxley, F,R.8. Illustrated. Cr. Svo. 68. 
LBSSING.— TABLES FOR THE DETERMINATION OP THE ROCK-PORMING 
MINERALS. Compiled by P. L. Loewinson-Lessino, Professor of Geology 
at the University of Dorpat. Translated from the Russian by J. W. Grboobt, 
B.Sc., F.G.S., of the British Museum. With a Glossary added by Prof. G. A. J. 
Cole, P.G.S. Svo. 
LOOKYBR.— OUTLINES OP PHYSIOGRAPHY— THE MOVEMENTS OP THB 
EARTH. By J. Norman Lockter, F.R.S., Examiner in Physiography for the 
Science and Art Department. Illustrated. Cr. Svo. Sewed, Is. da. 
LOUIS.— HANDBOOK OF GOLD MILLING. By Henry Loni& [In (he Prm. 
•ICARR— BARKER. PHYSIOGRAPHY FOR BEGINNERS. By J. B. Mabb, 
M.A., and A. Harksr, M.A. Gl. Svo. [In ike Pnu. 
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MIERS.— A TREATISE ON HINEBAL06T. By H. A. Miers, of the British 
Museum. 8vo. [In preparation, 

MIERS— GR0SSKEY.—<5ee Hygiene, p. 40.) 

PHILLIPS.— A TREATISE ON ORB DEPOSITS. By J.A.Phillips, F.R.S. 8vo. 25s. 

WILLIAMS.— ELEMENTS OF CRYSTALLOGRAPHY, for students of Chemistry, 
Physics, and Mineralogy. By 6. H. Williams, Ph.D. Cr. 8vo. 6s. 

BIOLOGY. 

(Botanyt Zoology^ Gtnerai Biology, Physiology.) 
Botany. 

ALLEN.— ON THE COLOURS OF FLOWERS, as lUustrated in the British Flora. 

By Grakt Allen. Illustrated. Cr. 8vo. 8s. 6d. 
BALFOUR— WARD.— A GENERAL TEXT-BOOK OF BOTANY. By Prof. I. B. 

Balfoub, F.R.S., University of Edinburgh, and Prof. H. Marshall Wabd, 

F.R.S., Roy. Indian Engineering Coll. [In preparation, 

•BBTTANT.— FIRST LESSONS IN PRACTICAL BOTANY. By Q. T. BBTrANT. 

18mo. Is. 
•BOWER.— A COURSE OF PRACTICAL INSTRUCTION IN BOTANY. By F. 

O. BowEB, D.Sc, F.R.S., Regius Professor of Botany in the University of 

Glasgow. Cr. 8vo. 10s. 6d. [Abridged Ed. in preparation. 

OHUROH— VINES.— MANUAL OP VEGETABLE PHYSIOLOGY. By Prof. 

A. H. Church, F.R.S., and S. H. Vines. Illustrated. Cr. 8vo. [In prep. 

GOODALE.— PHYSIOLOGICAL BOTANY. L Outlines of the Histology of 

Phsenonunous Plants. IL Vegetable Physiology. By G. L. Goodalb, M.A., 

M.D., Professor of Botany in Harvard University. 8vo. 10s. 6d. 
GRAY.— STRUCTURAL BOTANY, OR ORGANOGRAPHY ON THE BASIS 

OP MORPHOLOGY. By Prof. Asa Gray, LL.D. 8vo. 10s. 6d. 
HARTIG.— TEXT-BOOK OF THE DISEASES OF TRESa (5ee Agriculture, p. 89.) 
HOOKER.— Works by Sir Joseph Hooker, F.R.S., &c 
•PRIMER OF BOTANY. Illustrated. 18mo. Is. 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS. 8rd Ed., revised. 

Gl. 8vo. 10a. 6d. 
LUBBOCK— FLOWERS, FRUITS, AND LEAVES. By the Right Hon. Sir J. 

.. Lubbock, F.R.S. Illustrated.': 2nd Ed. Cr. 8vo. 4s. 6d. 
MULLER.— THE FERTILISATION OF FLOWERS. By Hermann MOller. 

Translated by D'Arct W. Thompson, B.A., Professor of Biology in University 

College, Dundee. Preface by Charles Darwin. Illustrated. 8vo. 21s. 
NISBET.— BRITISH FOREST TREES. (See Agriculture, p. 40.) 
OLIVER.— 'LESSONS IN ELEMENTARY BOTANY. By Daniel Oliver, F.R.S., 

late Professor of Botany in University College, London. Fcap. 8vo. 4s. 6d. 
FIRST BOOK OF INDIAN BOTANY. By fiie same. Ex. .fcap. 8vo. 6a. 6d. 
SMITH.— DISEASES OP FIELD AND GARDEN CROPS. (See Agriculture, p. 40 ^ 
WARD.— TIMBER AND SOME OF ITS DISEASES. (See Agriculture, p. 40.) 

Zoology. 

BALFOUR.- A TREATISE ON COMPARATIVE EMBRYOLOGY. By P. M. 

Balfour, F.R.S. Illustrated. 2 vols. 8vo. Vol. I. 18s. Vol. II. 2l8. 
BERNARD— THE APODIDAE. By H. M. Bernard, M.A., LL.D. Cr.Svo. rs.6d. 
BUCKTON.— MONOGRAPH OF THE BRITISH CICAD-ai, OR TETTIGIDiB. 

By G. B. BucKTON. 2 vols. 8vo. 33s. 6d. each, net 
OOUES.— HANDBOOK OF FIELD AND GENERAL ORNITHOLOGY. By 

Prot Elliott Coues, M.A. Illustrated. 8vo. 10s. net. 
FLOWER — GADOW.— AN INTRODUCTION TO THE OSTEOLOGY OP 

THE MAMMALIA. By Sir W. H. Flower, F.R.S., Director of the Natural 

History Museum. lUus. 8rd Ed., revised with the help of Hans Gadow, Ph.D. 

Cr. 8vo. 10s. 6d. 
FOSTER — BALFOUR.— THE ELEMENTS OF EMBRYOLOGY. By Prof. 

Michael Foster, M.D., F.R.S., and the late F. M. Balfour, F.R.S., 2nd Ed. 

revised, by A. Sedgwick, M.A., Fellow and Assistant Lecturer of Trinity 
.. College, Cambridge, and W. Heaps, M.A. Illustrated. Cr. 8vo. 10s. 6d. 
OTOTHra.— GUIDE TO BRITISH FISHES. By Dr. A. GUnthkr. Cr. 8vo. 

[In the Prat. 
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HERDMAN. -BRITISH MARINB FAUNA. ByProt W. A. Hkrdmah. Cr.Sro. 

[In prtparaiion. 
LANO.— TEXT-BOOK OF COMPARATIVB ANATOMY. By Dr. Arnold Lamo, 

Professor of Zoology in the University of Zurich. TransL by H. M. and U. 

Bernard. Introduction by Prot Haxckxl. 2 vols, niastrated. Syo. Part L 

17s. net. [Part II. in Ou Prm. 

LUBBOOE.— THE ORIGIN AND METAMORPHOSES OF INSECTS. By the 

Right Hon. Sir John Lubbock, F.R.S., D.O.L. nias. Or. Syo. 8s. 6€L 
MARTIN— MOALE.— ON THE DISSECTION OF VERTEBRATE ANIMALS. 

By Prof. H. N. Martin and W. A. Moalk. Cr. 8vo. [In pr^itaratim. 

MBYRIOK.— BRITISH LEPIDOPTBRA. By L. Mbyriok. [In preparaiUm. 

MIALL.— AQUATIC INSECTS. By Prof. L. C. Miall. [In preparatwn. 

MIVART.— LESSONS IN ELEMENTARY ANATOMY. By St. G. Miyart, P.R.S., 

Lecturer on Comparative Anatomy at St. Mary's Hospital. Fcap. 8vo. 68. 6d. 
PARKER.— A COURSE OF INSTRUCTION IN ZOOTOMY (VBRTEBRATA). 

By T. Jeffkry Parbjer, F.R.S., Professor of Biology in the University of 

Otago, New Zealand. Illustrated. Cr. 8yo. 8s. 6d. 
PARKER— HASWELL.— A TBXT-BOOK OF ZOOLOGY. By Prof. T. J. Parkbb, 

F.R.S., and Prof. Haswell. 8vo. [In preparation. 

SEDGWICK.— TREATISE ON EMBRYOLOGY. By Adam Sbdowick, F.R.S., 

Fellow and Lecturer of Trinity College, Cambridge. 8vo. [In proration. 
SHUFELDT.— THE MYOLOGY OF THE RAVEN {Corvus corax sinuatus}. A 

Guide to the Study of the Muscular System in Birds. By R. W. Bhxtteldt. 

Illustrated. 8vo. 18s. net. 
WIEDERSHEIM.— ELEMENTS OP THE COMPARATIVB ANATOMY OF 

VERTEBRATES. By Prof. R Wiedersheim. Adapted by W. Nbwtov 

Parker, Professor of Biology, University College, Caidml 8yo. 128. 6d. 

General Biology. 

BALL.— ARE THE EFFECTS OP USB AND DISUSE INHBRITBDT By W. 

Platt Ball. Cr. 8vo. Ss. 6d. 
BATESON.— MATERIALS FOR THE STUDY OF VARLA.TION IN ANIMAIA 

Part I. Discontinuous Variation. By W. Batesoh. 8yo. Illus. [In the Press. 
CALDERWOOD.— EVOLUTION AND MAN'S PLACE IN NATURE. By Prot 

H. Calderwood. LL.D. Cr. 8vo. 7s. 6d. 
EIMER.— ORGANIC EVOLUTION as the Result of the Inheritance of Acquired 

Characters according to the Laws of Organic Growth. By Dr. G. H. T. 

EiMER. Transl. by J. T. Cunningham, F.R.S.E. 8vo. 128. 6d. 
HOWES.— AN ATLAS OF PRACTICAL ELEMENTARY BIOLOGY. By G. B. 

Howes, Assistant Professor of Zoology, Royal College of Science. 4to. 14s. 
*HUXLEY.— INTRODUCTORY PRIMER OF SCIENCE. By Prof. T. H. Huilkt, 

F.R.8. 18mo. Is. 
HUXLEY — MARTIN.— A COURSE OF PRACTICAL INSTRUCTION IN 

ELEMENTARY BIOLOGY. By Prof. T. H. Huxley, F.R.S., assisted hy 

H. N. Martin, F.R.S., Professor of Biology in the Johns Hopkiiu University. 

New Ed^ revised by G. B. Howes, Assistant Professor, Royal Coll^^ of Sdenoe, 

and D. H. Scott, D.Sc. Cr. 8vo. 10s. 6d. 
LUBBOCK.- ON BRITISH WILD FLOWERS CONSIDERED IN RELATION 

TO INSECTS. By the Right Hon. Sir J. Lubbock, F.RS. Illustrated. Cr. 

8vo. 48. 6d. 
PARKER.— LESSONS IN ELEMENTARY BIOLOGY. By Prot T. Jkpfebt 

Parker, F.R.S. Illustrated. 2nd Ed. Cr. 8vo. 10s. 6d. 
VARIGNY.— EXPERIMENTAL EVOLUTION. ByH. deVarioky. Or.Sva 68. 
WALLACE.— Works by Alfred Russel Wallace, LL.D. 
DARWINISM : An Exposition of the Theory of Natural Selection. Or. 8yo. 98. 
NATURAL SELECTION: AND TROPICAL NATURE. New Bd. Cr.Svo. 68. 
ISLAND LIFE. New Ed. Cr. 8vo. 68. 

Physiology. 

PBARNLEY.— A MANUAL OF ELEMENTARY PRACTICAL HISTOLOGT. 
By William Fearnlby. Ulnstrated. Cr. 8yo. 78. 6d. 
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FOSTER.— Works by Michael Foster, M.D.j F.B.S., Professor of Physiology in 

the University of Cambridge. 
•A PRIMER OP PHYSIOLOGY. Dlustrated. 18mo. Is. 
A TEXT-BOOK OP PHYSIOLOGY. Illustrated. 6th Ed., largely revised. 8vo. 
Part I. Blood— The Tissues of Movement, The Vascular Mechanism. 10s. 6d. 
Part II. The Tissues of Chemical Action, with their Respectiye Mechanisms 
—Nutrition. 10s. 6d. Part III. The Central Nervous System. 7s. 6d. Part 
IV. The Senses and some Special Muscular Mechanisms. The Tissues and 
Mechanisms of Reproduction. 10s. 6d. APPENDIX— THE CHEMICAL 
BASIS OP THE ANIMAL BODY. By A. S. Lea, M.A. 7s. 6d. 

FOSTER— LANGLEY.— A COURSE OP ELEMENTARY PRACTICAL PHY- 
SIOLOGY AND HISTOLOGY. By Prof. Micjhael Foster, and J. N. Lanqlet, 
P.R.S., Fellow of Trinity College, Cambridge. 6th Ed. Cr. 8vo. 7s. 6d. 

FOSTER— SHORB.—PHYSIOLOGY FOR BEGINNERS. By Michael Foster, 
M.A., and L. E. Shore, M.A. Gl. Bvo. [In the Press. 

0AM6EE.— A TEXT -BOOK OP THE PHYSIOLOGICAL CHEMISTRY OP 
THE ANIMAL BODY. By A. Gamqee, M.D., F.R.S. Svo. Vol. I. 18s. 

[Vol. II. in the Press. 

•HUXLEY.— LESSONS IN ELEMENTARY PHYSIOLOGY. By Prof. T. H. 
Huxley, F.R.S. Illust. Fcap. Svo. 4s. M. 
•QUESTIONS ON THE ABOVE. By T. Alcook, M.D. 18mo. Is. 6d. 

MEDICINE. 

BLYTH.— <Se« Hygiene, p. 40). 

BRUNTON.— Works b^ T. Laxtder BRUNtov, M.D^ F.R.S., Examiner in Materia 
Medica in the University of London, in the Victoria University, and in the 
Royal College of Physicians, London. 

A TEXT-BOOK OP PHARMACOLOGY. THERAPEUTICS, AND MATERIA 
MEDICA. Adapted to the United States Pharmacopoeia by F. H. Willlams, 
M.D., Boston, Mass. Srd Ed. Adapted to the New British Pharmacopceia, 
1885, and additions, 1891. 8vo. 21s. Or in 2 vols. 22s. 6d. Supplement. Is. 

TABLES OF MATERIA MEDICA: A Companion to the Materia Medica 
Museum. Illustrated. Cheaper Issue. 8vo. Ss. 

AN INTRODUCTION TO MODERN THERAPEUTICS. Svo. Bs. 6d. net. 

GRIFFITHS.— LESSONS ON PRESCRIPTIONS AND THE ART OP PRBSCRIB- 
ING. By W.H.GRinriTHS. Adapted to the Pharmacopceia, 1886. 18mo. 8s. 6d. 

HAMILTON.— A TBXT-BOOK OP PATHOLOGY, SYSTEMATIC AND PRAC- 
TICAL. By D. J. Hamilton, F.R.S.E., Professor of Pathological Anatomy, 
University of Aberdeen. Illustrated. Vol. I. Svo. 25s. [Vol. II. in (he Press. 

KLEIN. — ^Works by E. Klein, F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew's Hospital, London. 
MICRO-ORGANISMS AND DISEASE. An Introduction into the Study of 

Specific Micro-Organisms. Illustrated. Srd Ed., revised. Cr. Svo. 68. 
THE BACTERIA. IN ASIATIC CHOLERA. Cr. Svo. 6s. 
VON KAHLDEN.— HANDBOOK OP HISTOLOGICAL METHODS. By Dr. 
VoN Kahlden. Translated by H. Morley Fletcher, M.D. Svo. Being a 
Companion to Ziegler's " Pathological Anatomy." [In preparation. 

WHITE.— A TEXT- BOOK OP GENERAL THERAPEUTICS. By W. Hale 
White, M.D., Senior Assistant Physician to and Lecturer in Materia Medica at 
Guy's HospitaL Illustrated. Cr. Svo. Ss. 6d. 
WILLOUOHBY.— (5ee Hygiene, p. 40.) 

ZIEGLER— MAOALISTER.-TEXT-BOOK OF PATHOLOGICAL ANATOMY 
AND PATHOGENESIS. ' By Prof. B. Ziegler. Translated and Edited by 
Donald MagAlister, M.A., M.D., Fellow and Medical Lecturer of St. John's 
College, Cambridge. Illustrated. Svo. 
Part L— GENERAL PATHOLOGICAL ANATOMY. 2nd Ed. 12s. 6d. 
Part n.— SPECIAL PATHOLOGICAL ANATOMY. Sections L-VIIL 2nd Ed. 
12s. 6d. Sections IX.-XII. 128. 6d. 
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Mental and Moral Fhilosopby ; Political Economy ; Law and FoUtioi; 

Anthropology; Education. 

MENTAL AND MORAL PHILOSOPHY. 

BALDWIN.— HANDBOOK OF PSYCHOLOGY: SENSES AND INTBLLBOT. 

By Frol J. M. Baldwin, M.A., LL.D. 2nd Ed., revised. Svo. 12s. 6d. 
FEELING AND WILL. By the same. 8vo. 12s. 6d. 
BOOLE.— THE MATHEMATICAL ANALYSIS OF LOGIC. Being an Essay 

towards a Calculus of Deductive Reasoning. By Georoe Boolb. 8vo. 5s. 
CALDEBWOOD.— HANDBOOK OF MORAL PHILOSOPHY. By Rev. Hinrt 

Caldsbwood, LL.D., Professor of Moral Philosophy in the Univera'ty of 

Edinburgh. 14th Ed., largely rewritten. Cr. 8vo. 68. 
OLIFFOBD.— SEEING AND THINKING. By the late Prot W. K. Cuftobi^ 

F.R.S. With Diagrams. Cr. Svo. 8s. 6d. 

HOFFDING.— OUTLINES OP PSYCHOLOGY. By Profc H. HorFDiNO. Trans- 
lated by M. E. LowNDSs. Cr. 8vo. 6s. 
JAMES.— THE PRINCIPLES OP PSYCHOLOGY. By Wm. JAins, Professor 
of Psychology in Harvard University. 2 vols. 8vo. 25s. net. 
A TEXT-BOOK OP PSYCHOLOGY. By the same. Cr. 8vo. 7s. net. 
JARDINE.— THE ELEMENTS OF THE PSYCHOLOGY OF COGNITION. By 

R ev. RoBSBT Jardiks, D.Sc. 8rd Ed., revised. Cr. 8va 08. 6d. 
JEVONS.— Works by W. Staklby Jkvons, F.R.S. 
*A PRIMER OF LOGIC. 18mo. Is. 
•ELEMENTARY LESSONS IN LOGIC, Deductive and Inductive, with Ooploni 

Questions and Examples, and a Vocabulary. Fcap. Svo. 8s. 6d. 
THE PRINCIPLES OP SCIENCE. Cr. 8vo. 12s. 6d. 
STUDIES IN DEDUCTIVE LOGIC. 2nd Ed. Cr. Svo. 6s. 
PURE LOGIC: AND OTHER MINOR WORKS. Edited by R Adamsok, 
M.A., LL.D., Professor of Logic at Owens College, Manchester, and Haseibt 
A. Jbvons. With a Preface by Prof. Adamson. Svo. 10s. 6d. 

KANT— MAX MtfLLEB.— CRITIQUE OF PURE REASON. By Iumaitukl Kaft. 

2 vols. Svo. 16s. each. Vol. I. HISTORICAL INTRODUCTION, by Lun- 

wia NoiRl! ; Vol. II. CRITIQUE OF PURE REASON, translated by P. Max 

MUller. 
KANT — MAHAPPY — BEBNABD. — KANT'S CRITICAL PHILOSOPHY FOR 

ENGLISH READERS. By J. P. Mahafft, D.D., Professor of Ancient History 

in the University of Dublin, and John H. Bernard, B.Dj, Fellow of Trinity 

College, Dublin. A new and complete Edition in 2 vols. Cfr. 8vo. 

Vol. I. The Ejiitik of Pure Reason explained and defended. 7s. 6d. 

Vol. II. The Prolegomena. Translated with Notes and Appendices. 6s. 
KANT.— KRITIK OF JUDGMENT. Translated with Introduction and Notes by 

J. H. Bernard, D.D. Svo. lOs. net. 
KEYNES.— FORMAL LOGIC, Studies and Exercises in. By J. N. Ketkeb, D.Sc. 

2nd Ed., revised and enlai^ed. Cr. Svo. 10s. 6d. 
McOOSH.— Works by James McCosh, D.D., President of Princeton College. 
PSYCHOIX)GY. Cr. Svo. I. THE COGNITIVB POWBRa 68.6d.IL THB 

MOTIVE POWERS. 6s. 6d. 
FIRST AND FUNDAMENTAL TRUTHS: a Treatise on Metapliy«ic8. Svo. 98. 
THE PREVAILING TYPES OP PHILOSOPHY. CAN TMY LOGICALLY 

REACH REALITY? Svo. Ss. 6d. 
MAURICE.— MORAL AND METAPHYSICAL PHILOSOPHY. By P. D. 

Maurice, M. A., late Professor of Moral Philosophy in the Universily of Cam- 

bridge. 4th Ed. 2 vols. Svo. 16s. 
•BAY.— A TEXT-BOOK OP DEDUCTIVE LOGIC FOR THE USB OP STUDENTS. 

By P. K. Rat, D.Sc., Professor of Logic and Philosophy, Presidency College, 

Calcutta. 4th Ed. Globe Svo. 4s. 6d. 
SIDGWIOK.— Works by Henry Sidgwick, LL.D.. D.G.L., Enightbridge Professor 

of Moral Philosophy in the University of Cambridge. 
THB METHODS OF ETHICS. 4th Ed. Svo. 14b. 
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OUTLINES OF THE HISTORY OF ETHICS. 8rd Ed. Cr. 8yo. 88. 6d. 
VENN.— Works by John Vknn, F.B.S., Examiner in Moral Philosophy in the 
Uniyersity of London. 
THE LOGIC OF CHANCE. An Essay on the Foundations and Province of the 

Theory of Probability. 8rd Ed., rewritten and enlarged. Gr. Svo. 10s. 6d. 
SYMBOLIC LOGIC. Cr. Svo. 10s. 6d. 

THE PRINCIPLES OF EMPIRICAL OR INDUCTIVB LOGIC. 8yo. 18s. 
WILLIAMS.— REVIEW OP THE SYSTEM OP ETHICS FOUNDED ON THE 
THEORY OF EVOLUTION. By C. M. Williams. Ex. Cr. Svo. 12s. net. 

POLITIOAL ECONOMY. 

BASTABLB.— PUBLIC FINANCE. By C. F. Bastablb, Professor of Political 

Econo my i n the University of Dublin. 8vo. 12s. 6d. net. 
BOHM-BAWEBK.— CAPITAL AND INTEREST. Transited by William Smart, 

M.A. Svo. 12s. net. 
THE POSITIVE THEORY OF CAPITAL. By the same. Svo. 12s. net 
OAIRNES.— THE CHARACTER AND LOGICAL METHOD OF POLITICAL 

ECONOMY. By J. E. Caibnxs. Or. Svo. 68. 
SOME LEADING PRINCIPLES OF POLITICAL ECONOMY NEWLY EX- 

POUNDED. By the same. Svo. 14s. 
GLARE.— ABC OF THE FOREIGN EXCHANGES. By Gbobge Clare. CroTni 

Sto. 8s. net. 
OOSSA.— INTRODUCTION TO THE STUDY OF POLITICAL ECONOMY. 

Being an entirely rewritten third edition of the Guide to the Study of Political 

Economy by Luioi Cossa, Professor in the Royal University of Pavia. Trans- 
lated, with the author's sanction and assistance, from the original Italian by a 

former Taylorian scholar in Italian of the University of Oxford. Crown Svo. 

[In the Press. 
•PAWOBTT.— POLITICAL ECONOMY FOR BEGINNERS, WITH QUESTIONa 

By Mrs. Hsnry Fawoxtt. 7th Ed. ISmo. 2s. 6d. 
FAWOETT.— A MANUAL OP POLITICAL ECONOMY. By the Right Hon. Henry 

Fawcett, F.R.S. 7th Ed., revised. Cr. Svo. 12s. 
AN EXPLANATORY DIGEST of above. By C. A. Waters, B. A. Cr. Svo. 2s. 6d. 
GILBIAN.— PROFIT-SHARING BETWEEN EMPLOYER AND EMPLOYEE. 

By N. P. Oilman. Cr. Svo. 7s. 6d. 
SOCIALISM AND THE AMERICAN SPIRIT. By the Same. Cr. Svo. 6s. 6d. 
GUNTON.— WEALTH AND PROGRESS : An examination of the Wages Question 

and its Economic Relation to Social Reform. By George Gunton. Cr. Svo. 68. 
HOWELL.— THE CONFLICTS OP CAPITAL AND LABOUR HISTORICALLY 

AND ECONOMICALLY CONSIDERED. Being a History and Review of the 

Trade Unions of Great Britain. By George Howell, M.F. 2nd Ed., revised. 

C r. Svo. 7s. 6d. 
JBYONS.— Works by W. Stanley Jevons, F.R.S. 
•PRIMER OF POLITICAL ECONOMY. ISmo. Is. 

THE THEORY OP POLITICAL ECONOMY. 8rd Ed., revised. Svo. 10s. 6d. 
KEYNES.— THE SCOPE AND METHOD OP POLITICAL ECONOMY. By 

J. N. Keynes, D.Sc. 7s. net. 
MARSHALL.- PRINCIPLES OF ECONOMICS. By Alfred Marshall, M.A., 

Professor of Political Economy in the University of Cambridge. 2 vols. Svo. 

Vol. I. 2nd Ed. 12s. 6d. net. 
ELEMENTS OF ECONOMICS OF INDUSTRY. By the same. New Ed., 

1892. Cr. Svo. Ss. 6d. 
PALGRAVE.— A DICTIONARY OF POLITICAL ECONOMY. By various Writers. 

Edited by R. H. Inglis Palgrave, F.RS. 8s. 6d. each, net. No. I. Jviy 1891. 
PANTALEONL— MANUAL OP POLITICAL ECONOMY. By Prof. M. Panta- 

LEONi. Translated by T. Boston Bruce. [In preparation. 

8IDGWI0K.— THE PRINCIPLES OF POLITICAL ECONOMY. By Henry 

SiDowiCK, LL.D., D.C.L., Enightbridge Professor of Moral Philosophy in the 

University of Cambridge. 2nd Ed., revised. Svo. 16s. 
SOIART.— AN INTRODUCTION TO THE THEORY OF VALUE. By William 

Smart, M.A. Crown Svo. Ss. net. 
THOMPSON.— THE THEORY OF WAGES. By H. M. Thompson. Gr.Svo. 88.6d. 
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WALKER.— Works by Francis A. Wauur, M.A. 
FIRST LESSONS IN POLITICAL ECONOMY. Cr. 8to. 6s. 
A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Or. 8vo. 6a. 6d. 
POLITICAL ECONOMY. 2nd Ed., revised and enlarged. 8yo. 12s. 6d. 
THE WAGES QUESTION. Ex. Cr. 8vo. 8s. 6d. net. 
MONEY. Ex. Cr. 8vo. 8s. 6d. net. 

WIOKSTBBD.— ALPHABET OF ECONOMIC SCIENCE. By P. H. Wickstkkd, 
M.A. Part L Elements of the Theory of Value or Worth. GL 87a 2s. 6<L 

LAW AND POLITICS. 

BALL.— THE STUDENT'S GUIDE TO THE BAR. By W. W. Rouse Ball, M. A, 

Fellow of Trinity College, Cambridge. 4th Ed., revised. Cr. 8vo. 2s. 6d. 
BOUTMY. — STUDIES IN CONSTITUTIONAL LAW. By Bmilb Boutmt. 
Translated by Mrs. Dicky, with Preface by Prof. A. V. Dicbt. Or. 8vo. 6s. 
THE ENGLISH CONSTITUTION. By the same. Translated by Mrs. Eadxk, 
with Introduction by Sir F. Pollock, Bart. Cr. 8vo. 6s. 
•BUOKLAND.— OUR NATIONAL INSTITUTIONS. By A. Buckland. 18mo. Is. 
CHERRY.— LECTURES ON THE GROWTH OF CRIMINAL LAW IN ANCIENT 
COMMUNITIEa By R. R. Chbrby, LL.D., Reid Professor of Constitutioiua 
and Criminal Law in the University of Dublin. 8vo. 5s. net. 
DIOEY.— INTRODUCTION TO THE STUDY OF THE LAW OF THE CONSTITU- 
TION. By A. y. Dicey, B.C.L., Vinerian Professor of English Law in the 
University of Oxford. 8rd Ed. 8vo. 12s. 6d. 
HOLMES.— THE COMMON LAW. By O. W. Holmes, Jun. Demy Svo. 128. 
JENKS.— THE GOVERNMENT OF VICTORIA. By Bdwakd Jbnks, B.A, 

LL.B., late Professor of Law in the University of Melbourne. 148. 
BfUNRO.— COMMERCIAL LAW. {Su Commerce, p. 41.) 
PHILLIMORE.— PRIVATE LAW AMONG THE ROSlANS. From the Pandects. 

By J. G. Phillimobb, Q.C. Svo. 16s. 
POLLOCK.- ESSAYS IN JURISPRUDENCE AND ETHICS. By Sir Frederick 
Pollock, Bart. Svo. 10s. 6d. 
INTRODUCTION TO THE HISTORY OF THE SCIENCE OF POLITICS. 
By the same. Cr. Svo. 2s. 6d. 
SIDGWIOK.— THE ELEMENTS OF POLITICS. By Henry Sidowick, LL.D. 

Svo. 14s. net. 
STEPHEN.— Works by Sir James Fitzjames Stephen, Bart. 
A DIGEST OF THE LAW OF EVIDENCE. 6th Ed. Cr. Svo. 6s. 
A DIGEST OF THE CRIMINAL LAW : CRIMES AND PUNISHMENTS. 4th 

Ed., revised. Svo. 168. 

A DIGEST OF THE LAW OF CRIMINAL PROCEDURE IN INDICTABLE 

OFFENCES. By Sir J. F. Stephen, Bart., and H. Stephen. Svo. 12s. 6d. 

A HISTORY OF THE CRIMINAL LAW OF ENGLAND. 8 vols. Svo. 48s. 

A GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. Svo. 148. 

ANTHROPOLOGY. 

TYLOR.— ANTHROPOLOGY. By B. B. Tylor, F.R.S., Reader in Anthropology 
in the University of Oxford. Illustrated. Cr. Svo. 7s. 6d. 

EDUCATION. 

ARNOLD.— REPORTS ON ELEMENTARY SCHOOLS. 1862-1882. By Matthew 

Arnold. Edited by Lord Sandford. Cr. Svo. 8s. 6d. 
HIGHER SCHOOLS AND UNIVERSITIES IN GERMANY. By the same. 

Crown Svo. 6s. 
A FRENCH ETON, AND HIGHER SCHOOLS AND UNIVERSITIES IN 

FRANCE. By the same. Cr. Svo. 6s. 
BALL.— THE STUDENT'S GUIDE TO THE BAR. {See Law, above.) 
•BLAKISTON.— THE TEACHER. Hints on School Management By J. R 

Blakiston, H.M.I.S. Cr. Svo. 28. 6d. 
CALDERWOOD.— ON TEACHING. By Prof. Henry Calderwood. New Ed. 

Ex. fcap. Svo. 2s. 6d. 
FBARON.— SCHOOL INSPECTION. By D. B. Fearon. 6th Bd. Or.Sro. Ss.6d. 
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PrrOH.— NOTES ON AMERICAN SCHOOLS AND TRAINING COLLEGES. 

By J. G. Fitch, M.A., LL.D. Gl. 8vo. 2a. 6d. 
GBIKIE.— THE TEACHING OP GEOGRAPHY. (See Geography, p. 41.) 
GLADSTONE.— SPBLUNG REFORM FROM A NATIONAL POINT OF VIEW 

By J. H. Gladstokk. Cr^ 8vo. Is. 6d. 
HBRTEL.— OVERPRESSURE IN HIGH SCHOOLS IN DENMARK. By Dr. 

Hertsl. Introd. by Sir J. Crxghton-Brownb, F.R.S. Cr. Svo. 8s. 6d. 
RECORD OF TECHNICAL AND SECONDARY EDUCATION. 8vo. Sewed, 

28., net. Part L Not. 1891. 

TECHNICAL KNOWIiEDOE. 

Civil and Mechanical Engineering ; Military and Naval Science ; 
Agriculture ; Domestic Economy ; Hygiene ; Commerce ; Manual Training. 

CIVIL AND MBOHANIOAL ENGINEERING. 

ALEXANDER— THOMSON.— ELEMENTARY APPLIED MECHANICa (5ee 
Mechanics, p. 26.) 

CHALMERS.— GRAPHICAL DETERMINATION OF FORCES IN ENGINEER- 
ING STRUCTURES. By J. B. Chalmkrs, C.B. Illustrated. 8vo. 24s. 

COTTERILL.— APPLIED MECHANICS. {Su Mechanics, p. 27.) 

COTTERILL-SLADE.— LESSONS IN APPLIED MECHANICS. (.Se« Mechan- 
ics, p. 27.) 

GRAHAM.— GEOMETRY OF POSITION. (See Mechanics, 27.) 

KENNEDY.— THE MECHANICS OF MACHINERY. (See Mechanics, 27.) 

LANGMAID—GAISFORD.— ELEMENTARY LESSONS IN STEAM MACHIN. 
BRY AND IN MARINE STEAM ENGINES. By T. Lanqmaid, Chief Engineer 
R.N., and H. Gaisford, R.N. [Shortly. 

PEABODY.— THERMODYNAMICS OF THE STEAM-ENGINE AND OTHER 
HEAT-ENGINES. (See Physics, p. 29.) 

SHANN.— AN ELEMENTARY TREATISE ON HEAT IN RELATION TO 
STEAM AND THE STEAM-ENGINE. (See Physics, p. 29.) 

YOUNG. -SIMPLE PRACTICAL METHODS OP CALCULATING STRAINS ON 
GIRDERS, ARCHES, AND TRUSSES. By B. W. Youno, C.E. Svo. 78. 6d. 

MILITARY AND NAVAL SOIBNOB. 

ARMY PRELIMINARY EXAMINATION PAPERS, 1882-1891. {Su Mathematics.) 
FLAQG.— A PRIMER OP NAVIGATION. ByA.T. Flago. 18mo. [In preparation. 
KELVIN.— POPULAR LECTURES AND ADDRESSES. By Lord Kelvin, 

P.R.S. 8 vols. Illustrated. Cr. Svo. Vol. IIL Navigation. 7s. 6d. 
MATTHEWS.— MANUAL OF LOGARITHMS. (See Mathematics, p. 24.) 
MAURICE.— WAR. By Col. G. F. Maurice, C.B., R.A. Svo. 5s. net 
MERCUR.— ELEMENTS OF THE ART OF WAR. Prepared for the use of 
Cadets of the United States Military Academy. By James Merour. Svo. 17s. 
PALMER.— TEXT -BOOK OF PRACTICAL LOGARITHMS AND TRIGONO- 
METRY. (See Mathematics, p. 24.) 
ROBINSON.— TREATISE ON MARINE SURVEYING. For younger Naval 

Officers. By Rev. J. L. Robinson. Cr. Svo. 78. 6d. 
SANDHURST MATHEMATICAL PAPERS. (See Mathematics, p. 25.) 
SHORTLAND.— NAUTICAL SURVEYING. By Vice-Adm. Shortland. Svo. 218. 
WOLSBLEY.— Works by General Viscount Wolbeley, G.C.M.G. 
THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICE. 16mo. Roan. 6s. 
FIELD POCKET-BOOK FOR THE AUXILIARY FORCES. 16rao. Is. 6d. 
WOOLWICH MATHEMATICAL PAPERS. (See Mathematics, p. 25.) 

AGRIOULTURB AND FORESTRY. 

FRANKLAND.— AGRICULTURAL CHEMICAL ANALYSIS. By P. F. Frank- 
land, F.R.S., Prof, of Chemistry, University College, Dundee. Cr. Svo. 7s. 6d. 

HARTIG.— TEXT-BOOK OP THE DISEASES OP TREES. By Dr. Robert 
Hartio. Translated by Wm. Somerville, B.S., D.(E., Professor of Agriculture 
and Forestry, Durham College of Science. 8vo. [In the Frees, 
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LASLETT.— TIMBBB AND TIMBBR TBBES, NATIVB AND FORBIGN. 67 

Thohab Laslxtt. Gr. 8vo. 88. 6d. 
LAURIE.— THE FOOD OF PLANTS. By A. P. Lauwb, M.A. 18mo. Is. 

MUm.— MANUAL OF DAIRY-WORK. By Professor James Muib, Yorkshire 

College, Leeds. 18mo. Is. 
NIOHOLLS.— A TEXT-BOOK OF TROPICAL AGRICULTURE. By H. A 

AuroBD NiOHOLLS, M.D. ninstrated. Crown 8yo. ds. 
NISBBT.— BRITISH FOREST TREES AND THEIR AGRICULTURAL CHAR- 
ACTERISTICS AND TREATMENT. By Johk Nisbet, D.(E., of the Indian 

Forest Service. Cr. 8vo- 6s. 
SOMERVILLE.— INSECTS IN RELATION TO AGRIOULTURB. By Dr. W. 

SoM KBViLLK. 18mo. [In preparation. 

SMITH.— DISEASES OF FIELD AND GARDEN CROPS, chiefly such as are 

cansed by Fungi. By Wobthinoton G. Smith, F.L.S. Fcap. 8vo. 48. 6d. 
TANNER.— *ELEMENTARY LESSONS IN THE SCIENCE OF AGRICULTURAL 

PRACTICE. By Hbnbt Tanker, F.C.S., M.R.A.C., Examiner in Agriculture 

under the Science and Art Department. Fcap. 870. Ss. 6d. 
•FIRST PRINCIPLES OF AGRICULTURE. By the same. 18mo. Is. 
•THE PRINCIPLES OF AGRICULTURE. For use in Elementary Schools. By 

the same. Ex. fcap. 8vo. I. The Alphabet. 6d. II. Further Steps. Is. 

III. Elementary School Readings for the Third Stage. Is. 
WARD.— TIMBBR AND SOME OF ITS DISEASES. By H. Mabshall Ward, 

F.R.S., Prof, of Botany, Roy. Ind. Engin. Coll., Coapefa HilL Or. 8vo. 68. 
WRIGHT.— A PRIMER OF PRACTICAL HORTICULTURE. By J. Wright, 

F.R.H.S. 18mo. Is. 

DOMESTIC ECONOMY. 

♦BARKER.— FIRST LESSONS IN THE PRINCIPLES OF COOKING. By Lady 

Barker. 18mo. Is. 
•BARNBTT-CNEILL.— A PRIMER OP DOMESTIC ECONOMY. By E. A 

Barnett and H. C. O'Neill. 18mo. Is. 
•COOKERY BOOK.— THE MIDDLE-CLASS COOKERY BOOK. Edited by the 

Manchester School of Domestic Cookery. Fcap. 8vo. Is. 6d. 
CRAVEN.- A GUIDE TO DISTRICT NURSES. By Mrs. Craven. Cr. 8vo. 2s. 6d. 
•GRAND'HOMME.— CUTTING-OUT AND DRESSMAKING. From the French of 

Mdlle. E. Grand'homme. With Diagrams. 18mo. Is. 
^GRENFELL.— DRESSMAKING. A Technical Manual for Teachers. By Mrs. 

Henry Grenfell. With Diagrams. 18mo. Is. 
JEZ-BLAKE.— THE CARE OF INFANTS. A Manual for Mothers and Nurses. 

By SoPHLA Jex-Blakx, M.D. 18mo. Is. 
ROSEVEAR.— MANUAL OF NEEDLEWORK. By E. Rossvbab, Lecturer on 

Needlework, Training College, StockwelL Cr. 8yo. 6s. 
•TEGBTMEIER.— HOUSEHOLD MANAGEMENT AND COOKERY. Compiled 

for the London School Board. By W. B. Teoetmsier. 18mo. Is. 
•WRIGHT.— THE SCHOOL COOKERY-BOOK. Compiled and Edited by 0. B. 

Guthrie Wright, Hon. Sec. to the Edinburgh School of Cookery. 18mo. Is. 

HYGIENE. 

•BEBNERS.— FIRST LESSONS ON HEALTH. By J. Bbrners. 18mo. Is. 

BLYTH.— A MANUAL OF PUBLIC HEALTH. By A. Wynter Blyth, 
M.R.C.S. 8vo. 17s. net. 
LECTURES ON SANITARY LAW. By the same Author. Svo. [In the Press. 

MIERS— OROSSKEY.— THE SOIL IN RELATION TO HEALTH. By H. A. 
MiERS, M.A., F.G.S., F.C.S., Assistant in the British Museum, and R. Cross- 
key, M.A., D.P.H., Fellow of the British Institute of Public Health. Cr. 8va 
8s. 6d. 

REYNOLDS.— A PRIMER OF HYGIENE. By E. S. Reynoldb, M.D., Victoria 
University Extension Lecturer in Hygiene. ISmo. [In prqparation. 

WILLOUGHBY.— HANDBOOK OF PUBLIC HEALTH AND DEMOGRAPHY. 
By Dr. E; F. Willouqhby. Fcap. 8vo. [In the Press. 
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OOMMEBOB. 

BIAGMILLAN'S ELEMENTARY OOMMEBOIAL GLASS BOOKS. Edited by 

James Gow, Litt.D., Headmaster of the High School, Nottingham. Globe 8vo. 

♦THE HISTORY OP COMMERCE IN EUROPE. By H. db B. Qibbins, M.A. 

Ss. 6d. 
•COMMERCIAL ARITHMETIC. By S. Jackson, M.A. Ss. 6d. 
ADVANCED BOOKKEEPING. By J. Thornton. [In the Press. 

COMMERCIAL GEOGRAPHY. By B. C. K. Conner, M.A., Professor of Poli- 
tical Economy in University College, Liverpool. [In preparation. 
•INTRODUCTION TO COMMERCIAL GERMAN. By F. 0. Smith, B.A., 

formerly Scholar of Magdalene College, Cambridge. 8s. 6d. 

COMMERCIAL FRENCH. By James B. Payne, King's College School, 

London. [In preparaiion. 

COMMERCIAL SPANISH. By Pro! DEifiOS, Ixistroctor, H.M.S. Britannia, 

Dartmouth. [In prepa/raiion, 

COMMERCIAL LAW. By J. B. 0. Munro, LL.D., late Frofiassor of Law and 

Political Economy in the Owens College, Manchester. [In the Press. 

MANUAL TRAINING. 

BENSON.— ELEMENTARY HANDICRAFT. By W. A. S. Benson. [In the Press. 
DEGERDON.— THE GRAMMAR OF WOODWORK. By W. E. Dbqerdon, Head 

Instructor, Whitechapel Crafb School. 4to. 2s. 
LETHABY.— CAST IRON AND LEAD WORK. By W. B. Lbthaby. IllustJated. 

Cr. 8vo. [In preparation. 

GEOGRAPHY. 

(See also PHYSICAL GEOGRAPHY, p. 32.) 

BARTHOLOMEW.— *THB ELEMENTARY SCHOOL ATLAS. By John Bar- 

THOLOMEW, F.R.G.S. 4to. Is. 
•MACMILLAN'S SCHOOL ATLAS, PHYSICAL AND POLITICAL. 80 Maps 

and Index. By the same. Royal 4to. 8s. 6d. Half-morocco, 10s. 6d. 
THE LIBRARY REFERENCB ATLAS OF THB WORLD. By the same. 
84 Maps and Index to 100,000 places. Half-morocco. Gilt edges. FoUo. £2:12:6 
net. Also in parts, Ss. each, net. Index, 78. 6d. net. 
"CLARKE.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, F.R.S. With 

18 Maps. Fcap. 8vo. 8s. ; sewed, 28. 6d. 
*GREEN.— A SHORT GEOGRAPHY OF THB BRITISH ISLANDS. By John 

Richard Green, LL.D., and A. S. Green. With Maps. Fcap. 8yo. 88. 6d. 
*GROVE.— A PRIMER OF GEOGRAPHY. By Sir George Grove. 18mo. Is. 
KDBPERT.— A MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kibpert. 

Cr. 8vo. 5s. 
MACMILLAN'S GEOGRAPHICAL SERIES.— Edited by Sir Archibald Gbikie, 

F.R.S., Director-General of the Geological Survey of the United Kingdom. 
*THE TEACHING OF GEOGRAPHY. A Practical Handbook for the Use of 

Teachers. By Sir Archibald Geikie, F.RS. Cr. 8vo. 2s. 
♦MAPS AND MAP-DRAWING. By W. A. Elderton. 18mo. Is. 
•GEOGRAPHY OF THE BRITISH ISLES. By Sir A. Geikie, F.R.S. 18mo. Is. 
*AN ELEMENTARY CLASS-BOOK OF GENERAL GEOGRAPHY. By H. R. 

Mill, D.Sc. Illustrated. Cr. 8vo. 88. Od. 
♦GEOGRAPHY OP EUROPE. By J. Sime, M. A. Illustrated. Gl. 8vo. 8s. 
♦ELEMENTARY GEOGRAPHY OF INDIA, BURMA, AND CEYLON. By H. 

F. Blanford, P.G.S. Gl. 8vo. 2s. 6d. 
GEOGRAPHY OF NORTH AMERICA. By Prof. N. S. Shaler, [In preparation. 
♦ELEMENTARY GEOGRAPHY OF THE BRITISH COLONIES. By G. M. 

Dawson, LL.D., and A. Sutherland. Globe 8vo. 8s. 
STRACHEY.— LECTURES ON GEOGRAPHY. By General Richard Strachey, 

R.E. Cr. 8vo. 4s. 6d. 
TOZER.— A PRIMER OF CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A 
18mo. 18. 
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HISTORY. 

ARNOLD.— THB SECX>ND FUNIC WAR. (See Antiqnifcias, p. IS.) 
ARNOLD.— A HISTORY OF THB BARLY ROMAN EMPIRB. (See p. 13.) 
♦BBBSLY.— STORIBS PROM THB HISTORY OF ROMB. (Su p. 12.) 
BBYOB.— THB HOLY ROMAN BMPIRB. By Jamb Bbyck, M.P., D.O.L., 

Or. 8vo. 78. 6d. Library Bdition. 8yo. 14b. 
•BUOELET.— A HISTORY OF BNGLAND FOR BBGINNBRa By Ababblla 

B. BucKLXY. With Maps and Tables. GL 8vo. 8s. 
BURY.- A HISTORY OF THB LATBR ROMAN BMPIRB FROM AROADIUS 

TO IRBNB. (See Antiquities, p. 12.) 
OASSEL.— MANUAL OF JBWISH HISTORY AND LITBRATURB. By Dr. D. 

Oasskl. Translated by Mrs. Hsmby Lucas. Fcap. 8yo. 2s. 6d. 

ENGLISH STATESMEN, TWELVE. Or. 8yo. 2s. 6d. each. 

William thx Conqusrob. By Bdwabd A. Fbbbman, D.O.L., LL.D. 

Hbmby II. By Mrs. J. R. Gbxbn. 

Bdwabd L By Prof. T. F. Tour. 

Henby VII. By Jambs Gaibdker. 

Oabdinal Wouxy. By Bishop Gbxiohtov. 

Buzabxth. By B. S. Beesly. 

Oliyxb Gbomwxll. By Fbbdebio Habbison. 

William III. By H. D. Traill. 

Walpole. By John Mobley. 

Ohatham. By John Mobley. [In preparation. 

Pitt. By Lord Rosebeby. 

Peel. By J. R. Thubsfield. 
FISKE.— Works by John Fibke, formerly Lecturer on Philosophy at Harvard 
University. 

THB CRITICAL PERIOD IN AMERICAN HISTORY, 1783-1789. lOa. 6d. 

THB BEGINNINGS OF NEW ENGLAND. Cr. 8vo. 78. 6d, 

THB AMERICAN REVOLUTION. 2 vols. Cr. 8vo. 183. 

THE DISCOVERY OF AMERICA. 2 vols. Cr. 8vo. 18s. 

FREEMAN. — Works by the late Bdwabd A. Fbeeman, D.C.L. 
*OLD ENGLISH HISTORY. With Maps. Ex. fcap. 8vo. 68. 
METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d. 
THB CHIEF PERIODS OF EUROPEAN HISTORY. 8vo. 10s. 6d. 
HISTORICAL ESSAYS. 8vo. First Series. 10s. 6d. Second Series. lOs. 6d. 

Third Series. 12s. Fourth Series. 12s. 6d. 
THB GROWTH OF THB ENGLISH CONSTITUTION FROM THB EARLIEST 
TIMES. 5th Ed. Cr. 8vo. 5s. 
OBEEN. — Works by John Richabd Gbebn, LL.D. 

•A SHORT HISTORY OF THB ENGLISH PEOPLE. Cr. 8vo. 8s. «d. 
*Also in Four Parts. With Analysis. Crown 8vo. 8s. each. Part I. 607-1265. 
Part IL 1204-1553. Part III. 1540-1689. Part IV. 1660-1878. lUustrated 
Edition. 8vo. Monthly parts, Is. net. Part I. Oct. 1891. Vols. L and IL 
1.2s fiftcli ufiti 
HISTORY OF* THE ENGLISH PEOPLE. In four vols. 8vo. 168. each. 
Vol. I.— Early England, 449-1071 ; Foreign Kings, 1071-1214 ; The Charter, 

1214-1291 ; The Parliament, 1307-1461. 8 Maps. 
Vol. II.— The Monarchy, 1461-1540 ; The Reformation, 1540-1603. 
Vol. III.— Puritan England, 1603-1660 ; The Revolution, 1660-1688. 4 Maps. 
Vol. IV.— The Revolution, 1688-1760; Modem England, 1760-1815. 
THE MAKING OF ENGLAND (449-829X With Maps. 8vo. 168. 
THB CONQUEST OF ENGLAND (758-1071). With Maps and Portrait 

8vo. 18s. 
•ANALYSIS OF ENGLISH HISTORY, based on Green's *' Short History of the 

English People." By C. W. A. Tait, M.A. Crown 8vo. 4s. 6d. 
•READINGS IN ENGLISH HISTORY. Selected by J. R. Gbeen. Three Parts. 
Gl. 8vo. Is. 6d. each. I. Hengist to Cressy. IL Oressy to CromwelL UL 
Cromwell to Balaklava. 



HISTORY — ^ART 48 

GUEST.— LBCTURES ON THB HISTOBY OF ENGLAND. By M. J. Guvr. 

With Maps. Cr. 8vo. 68. 
HISTOBIOAL OOURSE FOB SOHOOLS.— Edited by E. A. Fbebuan. ISmo. 

GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. Fbsbman. 88. 6d. 

HISTORY OF ENGLAND. By Edith Thompson. 2s. 6d. 

HISTORY OF SCOTLAND. By Mabqabbt Macabthur. 28. 

HISTORY OF FRANCE. By Charlotte M. Yonob. 8s. 6d. 

HISTORY OF GERMANY. By J. Simis, M.A. 8s. 

HISTORY OF ITALY. By Rev. W. Hunt, M.A. 88. 6d. 

HISTORY OF AMERICA. By John A. Doyls. 4s. 6d. 

HISTORY OF EUROPEAN COLONIES By B. J. Paynb, M.A. 48. 6d. 
*HISTOBYPBIMEBS.— Edited by John RichabdGbexn,LL.D. ISma l8.eacli. 

ROME. By Bishop Grsiohton. 

GREECE. By 0. A. Frm, M.A., late Fellow of University College, Oxford. 

EUROPE. By E. A. Freeman, D.CL. 

FRANCE. By Charlotte M. Yonge. 

ROMAN ANTIQUITIES. By Prot Wilkins, LittD. Illustrated. 

GREEK ANTIQUITIES. By Rev. J. P. MAHAFrr, D.D. Illastrated. 

GEOGRAPHY. By Sir G. Grove, D.CL. Maps. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. 

ENGLAND. By Arabella B. Buckley. 

ANALYSIS OF ENGLISH HISTORY. By Prof. T. F. Tour, M.A. 

INDIAN HISTORY : ASIATIC AND EUROPEAN. By J. Talbotb Wheeleb. 
HOLE.— A GENEALOGICAL STEMMA OF THE KINGS OF ENGLAND AND 

FRANCE. By Rev. 0. Hole. On Sheet Is. 
JENNINGS.— CHRONOLOGICAL TABLES OF ANCIENT HISTORY. By Rev. 

LABBEBTON.— NEW HISTORICAL ATLAS AND GENERAL HISTORY. By 
R. H. Labberton. 4to. 15s. 

LETHBRIDGE.— A SHORT MANUAL OF THB HISTORY OF INDIA. With 
an Account of India as it is. By Sir Ropeb Lsthbbidoe. Cr. Svo. 68. 

«MAGMILLAN'S HISTOBY READERS. Adapted to the New Code, 1893. Gl Svo. 
Book I. 9d. Book II. lOd. Book III, Is. Book IV. Is. 8d. Book V. 
Is. 6d. Book VI. Is. 6d. Book YII. Is. 6d. 

MAHAPFY.— GREEK LIFE AND THOUGHT FROM THE AGE OF ALEX- 
ANDER TO THE ROMAN CONQUEST. (See Classics, p. 18.) 
THE GREEK WORLD UNDER ROMAN SWAY. (Su Classics, p. 18.) 
PROBLEMS IN GREEK HISTORY. (See Classics, p. 18.) 

MARRIOTT.— THB MAKERS OF MODERN ITALY : Mazzini, Gavour, Gari- 
baldi. By J. A. R. Mabbiott, M.A. Cr. Svo. Is. 6d. 

MICHELET.— A SUMMARY OF MODERN HISTORY. By M. Michelet. Trans- 
lated by M. C. M. Simpson. G1. Svo. 4s. 6d. 

NOBGATE.— ENGLAND UNDEB THE ANGEVIN K1NG& By Kate Noboatb. 
With Maps and Plans. 2 vols. Svo. 82s. 

OTTfi.— SCANDINAVIAN HISTORY. By B. 0. Orrt. With Maps. GL Svo. 68. 

RHOADES. — HISTORY OF THB UNITED STATES. 1S50-1880. By J. F. 
Rhoades. 2 vols. Svo. 24s. 

SHUCKBUBGH.— A SCHOOL HISTORY OF ROME. (See p. 18.) 

SEELEY.— THE EXPANSION OF ENGLAND. By J. R. Seelet, M.A., Regius 

Professor of Modern History in the University of Cambridge. Or. Svo. 48. 6d. 

OUR COLONIAL EXPANSION. Extracts from the above. Or. Svo. Sewed. Is. 

SEWELL— YONGE.— EUROPEAN HISTORY. Selections firom the Best Author- 
ities. Edited by B. M. Sewell and C. M. Yonqe. Cr. Svo. First Series, 
1008-1154. es. Second Series, 1088-1228. Gs. 

•TAIT.— ANALYSIS OF ENGLISH HISTORY. (Su under Green, p. 42.) 
WHEELER.— Works by J. Talbots Wheeleb. 
•A PRIMER OF INDIAN HISTORY. 18mo. Is. 

•COLLEGE HISTORY OF INDIA. With Maps. Or. Svo. 8s. ; sewed, 2s. 6d. 
A SHORT HISTORY OF INDIA AND OF THB FRONTIER STATES OF 
AFGHANISTAN, NEPAUL, AND BUBMA. With Maps. Cr. Svo. 128. 
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YONOE.— Works by Chablottb M. Yokob. 

GAMBOS FROM ENGLISH HISTORY; Ex. fcap. 8to. 58. each. 0) 
From Rollo to Edward II. (2) The Wars in France. (8) The Wars of the 
Roses. (4) Reformation Times. (5) England and Spain. (6) Forty Years of 
Stewart Rnle (1603-164SX (7) Rebellion and Restoration (1642-1678). 

THE VICTORIAN HALF CENTURY. Cr. 8vo. Is. 6d. ; sewed, Is. 

ART. 

•ANDERSON. — LINEAR PERSPECTIVE AND MODEL DRAWING. With 

Qaestions and Exercises. By Laurence Andebson. Illastrated. Sva 2s. 
GOLUER.— A PRIMER OF ART. By Hon. John Collier. 18mo. Is. 
COOK.— THE NATIONAL GALLERY, A POPULAR HANDBOOK TO. By 

E. T. Cook, with prefoce by Mr. Ruskin, and Selections from his Writings. 
8rd Ed. Cr. 8vo. Half-mor., 14s. Large Paper Edition. 2 vols. 8yo. 

DELAMOTTE.— A BEGINNER'S DRAWING BOOK By P. H. Delamottk, 
F.S.A. Progressively arranged. Cr. 8yo. 8s. 6d. 

ELLIS.— SKETCHING FROM NATURE. A Handbook. By Tristram J. Elus. 
Illustrated by H. Stact Marks, R.A., and the Author. Cr. Sto. Ss. 6d. 

GROVE.- A DICTIONARY OF MUSIC AND MUSICt^S. 1450-1889. Edited 

by Sir George Grove. 4 vols. 8vo. 21s. each. INDEX. 7s. 6d. 

HUNT.— TALKS ABOUT ART. By Willlui Htjmt. Cr. 8vo. 8s. 6d. 

HUTCHINSON.— SOME HINTS ON LEARNING TO DRAW. Containing Ex- 
amples from Leighton, Watts, Poynter, etc. By G. W. C. Hutchinson, Art 
Ma ster at Clifton Coll^;e. Sup. Roy. 8to. 8s. 6d. 

LETHABY.— (See under Manual Training, p. 41.) 

MELDOLA.— THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F. R. S. , Professor of Chemistry in the Technical College, Finsbury. Or. 8yo. 68. 
TAYLOR.— A PRIMER OF PLANOFORTB-PLAYING. By F. Taylor. 18mo. Is. 
TAYLOR.— A SYSTEM OF SIGHT-SINGING FROM THE ESTABLISHED 

MUSICAL NOTATION ; based on the Principle of Tonic Relation. By Ssdlet 
Taylor , M.A. 8vo. 5s. net. 
TYRWHITT.— OUR SKETCHING CLUB. Letters and Studies on Landscape 
Art. By Rev. R. St. John Tyrwhitt. With reproductions of the Lessons and 
Woodcuts in Mr. Ruskin's "Elements of Drawing." Cr. Svo. 7b. 6d. 

DIVINITY. 

The Bible ; History of the Christian Church ; The Church of 
England ; The Fathers ; Hymnology. 

THE BIBLE. 

History of1h$ Bible.— TB.^ ENGLISH BIBLE ; A Criticaf History of the various 
English Translations. By Prof. John Eadie. 2 vols. 8vo. 28s. 
THE BIBLE IN THE CHURCH. By Right Rev. B. F. Westoott, Bishop of 
Durham. 10th Ed. ISmo. 4s. 6d. 
Bihliaa //istory.— BIBLE LESSONS. By Rev. E. A. Abbott. Cr. 8yo. 4s. 6d. 
SIDE-LIGHTS UPON BIBLE HISTORY. By Mrs. Sydney Buxton. Cr.8vo. 6s. 
STORIES FROM THE BIBLE. By Rev. A. J. Chdrgh. Illustrated. Or. 

8vo. 2 parts. 8s. 6d. each. 
*BIBLE READINGS SELECTED FROM THE PENTATEUCH AND THE 

BOOK OF JOSHUA. By Rev. J. A. Cross. G1. 8vo. 2s. 6d. 
»THE CHILDREN'S TREASURY OF BIBLE STORIES. By Mrs. H. Gaskoin. 
18mo. Is. each. Part I. Old Testament. Part II. New Testament. 
Part III. The Apostles. 
•A CLASS-BOOK OF OLD TESTAMENT HISTORY. By Rev. G. F. Macleab, 

D.D. 18mo. 4s. 6d. 
•A CLASS-BOOK OF NEW TESTAMENT HISTORY. 18mo. 5s. 6d. 
*A SHILLING BOOK OP OLD TESTAMENT HISTORY. 18mo. Is. 
»A SHILLING BOOK OF NEW TESTAMENT HISTORY. 18ma la. 
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•SCRIPTURE READINGS FOR SCHOOLS AND FAMILIES. By 0. M. 

ToNOK. Globe Svo. Is. 6d. each ; also with comments, 3s. 6d. each. 

Genesis to Deutebonomt. Joshua to Solomon. Kings and the Prophets. 

The Gospel Tikes. Apostolic. Times. 
The Old Testament.— TB.1& PATRIARCHS AND LAWGIVERS OP THE OLD 

TESTAMENT. By P. D. Maurice. Ct. Svo. Ss. 6d. 
THE PROPHETS AND KINGS OP THE OLD TESTAMENT. By the same. 

Cr. Svo. 8s. 6d. 
THE CANON OP THE, OLD TESTAMENT. Bv Rev. H. B. Rylk, B.D., 

Halsean Professor of Divinity in the University of Cambridge. Cr. Svo. 6s. 
THE EARLY NARRATIVES OP GENESIS. By the same. Cr. Svo. 8s. net. 
THE DIVINE LIBRARY OP THE OLD TESTAMENT. By A. P. Kirk- 

patrick, M.A., Professor of Hebrew in the University of Cambridge. Cr. Svo 

88. net. 

The Pentateuch.— AS HISTORICO-CRITICAL INQUIRY INTO THE ORIGIN 
AND COMPOSITION OP THE PENTATEUCH AND BOOK OP JOSHUA. 
By Prof. A. Kuenen. Trans, by P. H. Wioksteed, M.A. Svo. 14s. 

The Psalms.— TB.^ PSALMS CHRONOLOGICALLY ARRANGED. By Pour 

Friends. Cr. Svo. 5s. net. 
GOLDEN TREASURY PSALTER. Student's Edition of above. ISmo. Ss. 6d. 
THE PSALMS, WITH INTRODUCTION AND NOTES. By A. 0. Jennings, 

M.A., and W. H. Lowe, M.A. 2 vols. Cr. Svo. 10s. 6d. each. 
INTRODUCTION TO THE STUDY AND USB OP THE PSALMa By Rev. 

J. P. Thrdpp. 2nd Ed. 2 vols. Svo. 21s. 
Jaoio^i.— ISAIAH XL.-LXVI. With the Shorter Prophecies allied to it Edited by 

Matthew Arnold. Cr. Svo. 6s. 
ISAIAH OF JERUSALEM. In the Authorised English Version, with Intro- 
duction and Notes. By the same. Cr. Svo. 4s. 6d. 
A BIBLE-READING FOR SCH00I5,— THE GREAT PROPHECY OP 

ISRAEL'S RESTORATION (Isaiah, Chapters xl.-lxvi.) Arranged and 

Edited for Young Learners. By the same. ISmo. Is. 
COMMENTARY ON THE BOOK OP ISAIAH : CRITICAL, HISTORICAL, 

AND PROPHETICAL ; with Translation. By T. R. Birks. Svo. 12s. 6d. 
THE BOOK OF ISAIAH CHRONOLOGICALLY ARRANGED. By T. K. 

Cheyne. Cr. Svo. 78. 6d. 

Zechariah.—IKE HEBREW STUDENT'S COMMENTARY ON ZECHARIAH, 
HEBREW AND LXX. By W. H. Lowe, M.A. Svo. 10s. 6d. 

The Miruyr PropTiete.— DOCTRINE OP THE PROPHETS. By Prof. A. P. Kirk- 
PATRicK. Cr. Svo. 6s. 

The New Testament.— T'SE NEW TESTAMENT. Essay on the Ri^it Estimation 

of MS. Evidence in the Text of the New Testament. By T. B. Birks. Cr. 

Svo. 8s. 6d. 
THE MESSAGES OP THE BOOKS. Discourses and Notes on the Books of 

the New Testament. By Archd. Farrar. Svo. 14s. 
THE CLASSICAL ELEMENT IN THE NEW TESTAMENT. Considered as a 

proof of its Genuineness, with an Appendix on the Oldest Authorities used 

in the Formation of the Canon. By 0. H. Hoole. Svo. IDs. 6d. 
ON A FRESH REVISION OP THE ENGLISH NEW TESTAMENT. With 

an Appendix on the Last Petition of the Lord's Prayer. By Bishop Light- 

foot. Cr. Svo. 78. 6d. 

THE UNITY OP THE NEW TESTAMENT. By P. D. Maurice. 2 vols. 

Cr. Svo. 128. 
A GENERAL SURVEY OP THE HISTORY OP THE CANON OP THE NEW 

TESTAMENT DURING THE FIRST POUR CBNTURIBa By Bishop 

Westcott. Cr. Svo. 10s. 6d. 
THE NEW TESTAMENT IN THE ORIGINAL GREEK. The Text revised 

by Bishop Westcott, D.D., and Prof. P. J. A. Hort, D.D. 2 vols. Cr. Svo. 

10s. 6d. each. Vol. I. Text. Vol. II. Introduction and Appendix. 
SCHOOL EDITION OP THE ABOVE. ISmo, 4s. Cd.; ISmo, roan, 6s. 6d. ; 

morocco, gilt edges, 6s. 6d. 
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The Gtoipeb.— THE OOMHON TRADITION OF THE STNOFTIO GOSPELS, in the 

Text of tiie Beyi8«d Venion. By Bev. B. A. Abbott and W. G. Bushbrookz. 

Or. 8yo. 88. 6d. 
SYNOPTICON: AN EXPOSITION OP THE COMMON MATTER OP THE 

SYNOPTIC GOSPELS. By W. Q. Rushbrookk. Printed in Colours. In six 

Parts, and Appendix. 4to. Part I. Ss. 6d. Parts II. and III. 78. Parts 17. 

V. and VL, With Indices, 10s. 6d. Appendices, 10s. 6d. Complete in 1 toL 85s. 
"Indispensable to a Theological Student."— 7%e Cktmbridge Chiide, 
ESSAYS ON THE WORK ENTITLED "SUPERNATURAL RELIGION." A 

discussion of the authenticity of the Gospels. By Bishop Liohtfoot. 8yo. 

10s. 6d. 
INTRODUCTION TO THE STUDY OP THE POUR GOSPELS. By Bishop 

Wbstcott. Cr. 8vo. 10s. 6d. 
THE COMPOSITION OF THE POUR GOSPELS. By Rer. A. Wrioht. Or. 

870. 5s. 
The Goapd according to St. Matthew.— *T!'SE GREEK TEXT With Introduction and 

Notes by Rev. A. Slomait. Fcap. 8vo. 2s. 6d. 
CHOICE NOTES ON ST. MATTHEW. Drawn ftrom Old and New Sources. 

Cr. 8ya is. 6d. (St Matthew and St Mark in 1 toI. 9s.) 

The GoapeL aeeording to St. MarJb.— •SCHOOL READINGS IN THE GREEK TESTA- 
MENT. Being the Outlines of the Life of our Lord as given by St. Mark, with 
additions trom. the Text of the other Evangelists. Edited, with Notes and 
Vocabulary, by Rev. A. Calvert, M.A. Fcap. Svo. 2s. 6d. 
THE GREEK TEXT, with Introduction and Notes. By Rev. J. 0. P. 
Murray, M.A. [In preparation. 

CHOICE NOTES ON ST. MARK. Drawn from Old and New Sources. Cr. 8vo. 

is. 6d. (St Matthew and St Mark in 1 vol. 9s.) 
The Oospa according to SU Luke.— *TRE GREEK TEXT, with Introduction and 

Notes. By Rev. J. Bond, M.A. Fcap. Svo. 2s. 6d. 
CHOICE NOTES ON ST. LUKE. Drawn from Old and New Sources. Cr. 8vo. 

is. 6d. 
THE GOSPEL OP THE KINGDOM OF HEAVEN. A Course of Lectures on 

the Gospel of St. Luke. By F. D. Maurice. Cr. Svo. 8s. 6d. 
The Gospel according to SU John.~THE GOSPEL OF ST. JOHN. By F. D. 

Maxtrice. 8th Ed. Cr. Svo. 6s. 
CHOICE NOTES ON ST. JOHN. Drawn trom Old and New Sources. Cr. 

Svo. is. 6d. 
The Acts of (he Apos(Us.—*T!KE GREEK TEXT, with Notes by T. B. Page, M.A. 

Fcap. Svo. 8s. 6d. 
THE CHURCH OF THE FIRST DAYS : THE CHURCH OF JERUSALEM, 

THE CHURCH OF THE GENTILES, THE CHURCH OF THE WORLD. 

Lectures on the Acts of the Apostles. By Very Rev. G. J. Vaughan. Cr. 

Svo. 10s. 6d. 
THE CODEX BEZAE OF THE ACTS OF THE APOSTLES. By Rev. F. H. 

Chase. [In the Press, 

The EpisUes of St. PavZ.— THE EPISTLE TO THE ROMANS. The Greek Text, with 

English Notes. By the Very Rev. C. J. Vauohan. 7th Ed. Cr. Svo. 7s. 6d. 
THE EPISTLES TO THE CORINTHIANS. Greek Text, with Commentary. 

By Rev. W. Kay. Svo. 9s. 
THE EPISTLE TO THE GALATIANS. A Revised Text, with Introduction, 

Notes, and Dissertations. By Bishop Liohtfoot. 10th Ed. Svo. 12s. 
THE EPISTLE TO THE PHILIPPIANS. A Revised Text, with Introduction, 

Notes, and Dissertations. By the same. Svo. 12s. 
THE EPISTLE TO THE PHILIPPIANS. With Translation, Paraphrase, and 

Notes for English Readers. By Very Rev. C. J. Vauohan. Cr. Svo. 5s. 
THE EPISTLE TO THE COLOSSIANS AND TO PHILEMON. A Revised 

Text, with Introductions, etc. By Bishop Liohtfoot. 9th Ed. Svo. 12s. 
THE EPISTLES TO THE EPHESIANS, THE COLOSSIANS, AND PHILB- 

MON. With Introduction and Notes. By Rev. J. Ll. Davies. Svo. 7s. 6d. 
THE FIRST EPISTLE TO THE THESSALONIANS. By VerY Rev. 0. J. 

Vauohan. Svo. Sewed, Is. 6d. 



THE CHRISTIAN CHURCH — CHURCH OF ENGLAND 47 

THB BPISTLBS TO THE THESSALONIANa Gommentary on the Greek 

Text. By Prof. John Badie. 8vo. 12s. 
INTRODUCTORY LBCTURBS ON THB BPISTLBS TO THB ROMANS AND 

TO THB BPHBSIANS. By the late Prof. Hort. Gr. 8yo. [In preparation. 
The Epistle qfSt. James.— THE GREBE TBXT, with Introdaotion and Notes. By 

Rev. JosKPH B. Mayor. 8vo. 14fl. 
The EpisiUs of St. /oAn.— THB BPISTLBS OF ST. JOHN. By K D. Maubicx. 

Or. Svo. 88. 6d. 
THE GREEK TEXT, with Notes. By Bishop Wistcojt. 2nd Ed. 8yo. 128. 6d. 
The Epistle to (he Hebrews,— QBJSiRK AND ENGLISH. Edited by Bev. F. Bxndall. 

Or. 8vo. 6s. 
BNGLISH TEXT, with Gommentary. By the same. Gr. Svo. 78. 6d. 
THE GREEK TEXT, with Notes. By Very Rev. G. J. Vauqhan. Gr. Svo. 

78. 6d. 
THE GREEK TEXT, with Notes and Essays. By Bishop Westcott. 8vo. 14s. 

Revelation LECTURES ON THB APOCALYPSE. By F. D. MAURicac Gr. 

Svo. Ss. 6d. 
THB REVELATION OF ST. JOHN. By Prof. W. Milugan. Gr. Svo. 7s. 6d. 
LECTURES ON THE APOCALYPSE. By the same. Gr. Svo. 5s. 
DISCUSSIONS ON THB APOCALYPSE. By the same. Crown Svo. Ss. 
LECTURES ON THB REVELATION OF ST. JOHN. By Very Rev. G. J. 

Vauohak. 5th Ed. Gr. Svo. lOs. 6d. 

WRIGHT.— THE BIBLE WORD-BOOK. By W. Aldis Wbiqht. Gr. Svo. 78. 6d. 

HISTORY OP THE CHRISTIAN CHURCH. 

CUNNINGHAM.— THE GROWTH OF THB CHURCH IN ITS ORGANISATION 

AND INSTITUTIONS. By Rev. John Cukninqham. Svo. 9s. 
CUNNINGHAM.— THB CHURCHES OF ASIA: A METHODICAL SKETCH OF 

THB SECOND CENTURY. By Rev. William Cukninqham. Gr. Svo. 68. 
DALE.— THB SYNOD OF ELVIRA, AND CHRISTIAN LIFE IN THE FOURTH 

CENTURY. By A. W. W. Dalb. Cr. Svo. 10s. Od. 
HARDWIGK.— Works by Archdeacon Hardwiok. 
A HISTORY OF THE CHRISTIAN CHURCH: MIDDLE AGE. Edited by 

Bishop Stubbs. Cr. Svo. lOs. 6d. 

A HISTORY OF THE CHRISTIAN CHURCH DURING THB REFORMATION. 

9th Ed., revised by Bishop Stubbs. Gr. Svo. 10s. 6d. 

HORT.— TWO DISSERTATIONS. 1. ON MONOFENHS OEOS IN SCRIPTURE 

AND TRADITION. II. ON THE " CONSTANTINOPOLITAN " CREED 

AND OTHER CREEDS OF THB FOURTH CENTURY. By the late Prof. 

HoRT. Svo. 7s. 6d. 

LECTURES ON JUDAISTIC CHRISTIANITY. By the same. Or. Svo. 

[In the Press. 
LECTURES ON EARLY CHURCH HISTORY. By the same. Gr. Svo. 

[In the Press. 
KILLEN.— ECCLESIASTICAL HISTORY OF IRELAND, from the earliest date 

to the present time. By W. D. Killen. 2 vols. Svo. 26s. 
SIMPSON.- AN EPITOME OF THE HISTORY OF THE CHRISTIAN CHURCH. 

By Rev. W. Simpson. 7th Ed. Fcap. Svo. 8s. 6d. 
VAUGHAN.— THE CHURCH OF THE FIRST DAYS: THB CHURCH OF 
JERUSALEM, THE CHURCH OF THE GENTILES, THE CHURCH OF 
THE WORLD.* By Very Rev. C. J. Vauqhan. Cr. Svo. 10s. 6d. 

THB CHURCH OP ENGLAND. 

BBNHAM.— A COMPANION TO THB LECTIONARY. By Rev. W. Benham, 
B.D. Cr. Svo. is. 6d. 

OOLENSO.— THE COMMUNION SERVICE FROM THE BOOK OF COMMON 
PRAYER. With Select Readings from the Writings of the Rev. F. D 
Mauriok. Edited by Bishop Golknho. 6th Ed. 16mo. 2s. 6d. 
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MAOLEAR.— Works by Bev. G. F. Maclbab, D.D. 
•A CLASS-BOOK OP THE CATECHISM OF THE CHURCH OF ENGLAND. 

18mo. Is. 6d. 
•A FIRST CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 

ENGLAND. 18mo. 6d. 
THE ORDER OF CONFIRMATION. With Prayers and Devotiona. 82mo. 6<L 
FIRST COMMUNION. With Prayers and Devotions for the newly Confirmed. 

82mo. 6d. 
•A MANUAL OF INSTRUCTION FOR CONFIRMATION AND FIRST COM- 
MUNION. With Prayers and Devotions. 82mo. 2s. 
»AN INTRODUCTION TO THE CREEDS. 18mo. Ss. 6d. 
AN INTRODUCTION TO THE THIRTY-NINE ARTICLES. [In (he Press, 

PROCTER.— A HISTORY OF THE BOOK OF COMMON PRAYER. By Rev. F. 

Pbooteb. 18th Ed. Cr. 8vo. 10s. 6d. 
♦PROCTER— MAOLEAR.— AN ELEMENTARY INTRODUCTION TO THE 

BOOK OP COMMON PRAYER. By Rev. F. Pbocter and Rev. Q. F. 

Maclbab, D.D. 18mo. 2s. 6d. 
VAUGHAN.— TWELVE DISCOURSES ON SUBJECTS CONNECTED WITH 

THE LITURGY AND WORSHIP OF THE CHURCH OF ENGLAND. By 

Very Rev. C. J. Vauohaw. Fcap. 8vo. 6s. 
NOTES FOR LECTURES ON CONFIRMATION. With suitable Prayers. 

By the same. 18mo. Is. 6d. 

THE FATHERS. 

CUNNINGHAM.— THE EPISTLE OF ST. BARNABAS. A Dissertation, in- 
cluding a Discussion of its Date and Authorship. Together with the Greek 
Text, the Latin Version, and a new English Translation and Commentary. By 
Rev. W. CuMNiNOHAM. Cr. 8vo. 7s. 6d. 

DONALDSON.— THE APOSTOLICAL FATHERS. A Critical Account of their 
Genuine Writings, and of their Doctrines. By Prof. Jambs Donaldson. 2nd 
Ed. Cr. 8vo. 7s. 6d. 

GWATKIN.— SELECTIONS FROM THE EARLY CHRISTIAN WRITERS. By 

Rev. Prof. Gwatkin. 6vo. [In the Press. 

EARLY HISTORY OF THE CHRISTIAN CHURCH. By the same. [In prep. 

LIGHTFOOT.— THE APOSTOLIC FATHERS. Part I. St. Clembnt of Rome. 
Revised Texts, with Introductions, Notes, Dissertations, and Translations. 
By Bishop Lightfoot. 2 vols. 8vo. 82s. 

THE APOSTOLIC FATHERS. Part II. St. Ignatius to St. Polycarp. 

Revised Texts, with Introductions, Notes, Dissertations, and Translations. 

By the same. 8 vols. 2nd Ed. Demy 8vo. 48s. 
THE APOSTOLIC FATHERa Abridged Edition. With short Introductions, 

Greek Text, and English Translation. By the same. 8vo. 16s. 

HYMNOLOGY. 

PALGRAVE.— ORIGINAL HYMNS. By Prot P. T. Paloravb. 18mo. Is. 6d. 
8ELB0RNE.— THE BOOK OF PRAISE. By Earl or Sblbobne. ISmo. 

2s. 6d. net 
A HYMNAL. A. 82mo. 6d. B. 18mo, larger type. Is. C. Fine Paper. 

Is. 6d. Edited, with Music, by John Hullah. 18mo. 8s. 6d. 
WOODS.— HYMNS FOR SCHOOL WORSHIP. By M. A. Woods. 18mo. Is. 6d. 
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